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THEORY “Lubs”

11

1 Lubs: Definitions of Upper Bounds and Least

Upper Bounds

theory Lubs
imports Main
begin

Thanks to suggestions by James Margetson

definition
setle :: ['a set, 'a:ord] => bool (infixl x<= 70) where
Ss«<=x=(ALL y: S. y <= 1)

definition
setge :: ['azord, 'a set] => bool (infixl <=% 70) where
x <=+« S =(ALL y: S. z <=y)

definition
leastP i ['a =>bool,’a::ord] => bool where
leastP P x = (P x & x <=x Collect P)

definition
isUb i ['a set, 'a set, 'a:ord] => bool where
isUbR Sz = (S *<=2z & z: R)

definition
isLub 2 ['a set, 'a set, 'a::ord] => bool where
isLub R S © = leastP (isUb R S) x

definition
ubs : ['a set, 'a:ord set] => 'a set where
ubs R S = Collect (isUb R S)

1.1 Rules for the Relations *<= and <=x

lemma setlel: ALL y: S. y <=2 ==> 8§ <=z
by (simp add: setle-def)

lemma setleD: [| S x<=z; y: S || ==>y <=1z
by (simp add: setle-def)

lemma setgel: ALL y: S. z<=y ==> 1 <=x §
by (simp add: setge-def)

lemma setgeD: [| z <=x S; y: S || ==> z <=y
by (simp add: setge-def)

1.2 Rules about the Operators leastP, ub and lub
lemma leastPD1: leastP Pz ==> P x
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by (simp add: leastP-def)

lemma leastPD2: leastP P x ==> x <=x Collect P
by (simp add: leastP-def)

lemma leastPD3: [| leastP P z; y: Collect P || ==>z <=y
by (blast dest!: leastPD2 setgeD)

lemma isLubD1: isLub R Sz ==> S x<= =z

by (simp add: isLub-def isUb-def leastP-def)

lemma isLubDla: isLub R S x ==> z: R

by (simp add: isLub-def isUb-def leastP-def)

lemma isLub-isUb: isLub R S ¢ ==> isUb R S«
apply (simp add: isUb-def)

apply (blast dest: isLubD1 isLubD1a)

done

lemma isLubD2: [| isLub R Sz; y: S || ==>y <=1z
by (blast dest!: isLubD1 setleD)

lemma isLubD3: isLub R S ¥ ==> leastP(isUb R S) x
by (simp add: isLub-def)

lemma isLubll: leastP(isUb R S) x ==> isLub R S x
by (simp add: isLub-def)

lemma isLubl2: || isUb R S z; © <=+ Collect (isUb R S) || ==> isLub R S z

by (simp add: isLub-def leastP-def)

lemma isUbD: [| isUb R Sz;y: S || ==>y <=1
by (simp add: isUb-def setle-def)

lemma isUbD2: isUb R Sz ==> 5§ x<= =z
by (simp add: isUb-def)

lemma isUbD2a: isUb R S ==> z: R
by (simp add: isUb-def)

lemma isUbI: [| S x<=x; 2: R || ==> isUb R Sz
by (simp add: isUb-def)

lemma isLub-le-isUb: || isLub R Sz; isUb R Sy || ==> 2z <=y
apply (simp add: isLub-def)

apply (blast intro!: leastPD3)

done

lemma isLub-ubs: isLub R S ==> z <=x ubs R S

12
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apply (simp add: ubs-def isLub-def)
apply (erule leastPD2)
done

end

2 GCD: The Greatest Common Divisor

theory GCD
imports Main
begin

See [?].

2.1 Specification of GCD on nats

definition
1s-gcd 1 nat = nat = nat = bool where — gcd as a relation
is-ged p mn «—— p dvd m A p dvd n A
(Vd. d dvd m — d dvd n — d dvd p)

Uniqueness

lemma is-gcd-unique: is-gcd m a b = is-ged n a b = m = n
by (simp add: is-ged-def) (blast intro: dvd-anti-sym)

Connection to divides relation

lemma is-gcd-dvd: is-gcd m a b = k dvd a = k dvd b = k dvd m
by (auto simp add: is-ged-def)

Commutativity

lemma is-gcd-commute: is-gcd k m n = is-ged k nm
by (auto simp add: is-ged-def)

2.2 GCD on nat by Euclid’s algorithm

fun
ged i mat X nat => nat
where
ged (my, n) = (if n = 0 then m else ged (n, m mod n))

lemma gcd-induct:
fixes m n :: nat
assumes Am. P m 0
and Amn. 0 <n= Pn (mmodn) = Pmn
shows P m n
apply (rule ged.induct [of split P (m, n), unfolded Product-Type.split])

13
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apply (case-tac n = 0)
apply simp-all

using assms apply simp-all
done

lemma ged-0 [simp]: ged (m, 0) = m
by simp

lemma ged-0-left [simp]: ged (0, m) = m
by simp

lemma ged-non-0: n > 0 = ged (m, n) = ged (n, m mod n)
by simp

lemma ged-1 [simp]: ged (m, Suc 0) = 1
by simp

declare gcd.simps [simp del]

ged (m, n) divides m and n. The conjunctions don’t seem provable sepa-
rately.
lemma ged-dvd? [iff]: ged (m, n) dvd m

and gcd-dvd2 [iff]: ged (m, n) dvd n

apply (induct m n rule: ged-induct)

apply (simp-all add: ged-non-0)
apply (blast dest: dvd-mod-imp-dud)
done

Maximality: for all m, n, k naturals, if ¥ divides m and k divides n then k
divides ged (m, n).

lemma ged-greatest: k dvd m = k dvd n = k dvd ged (m, n)
by (induct m n rule: ged-induct) (simp-all add: ged-non-0 dvd-mod)

Function ged yields the Greatest Common Divisor.
lemma is-ged: is-ged (ged (m, n)) mn

by (simp add: is-ged-def ged-greatest)
2.3 Derived laws for GCD

lemma ged-greatest-iff [iff]: k dvd ged (m, n) «—— k dvd m A k dvd n
by (blast intro!: gcd-greatest intro: dvd-trans)

lemma ged-zero: ged (m, n) =0 «—— m =0 An=10
by (simp only: dvd-0-left-iff [symmetric] ged-greatest-iff )

lemma ged-commute: ged (m, n) = ged (n, m)
apply (rule is-ged-unique)
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apply (rule is-ged)

apply (subst is-ged-commute)
apply (simp add: is-ged)
done

lemma ged-assoc: ged (ged (k, m), n) = ged (k, ged (m, n))
apply (rule is-ged-unique)
apply (rule is-ged)
apply (simp add: is-ged-def)
apply (blast intro: dvd-trans)
done

lemma ged-1-left [simp]: ged (Suc 0, m) = 1
by (simp add: gcd-commute)

Multiplication laws

lemma ged-mult-distrib2: k x ged (m, n) = ged (k * m, k x n)
— [?, page 27|
apply (induct m n rule: ged-induct)
apply simp
apply (case-tac k = 0)
apply (simp-all add: mod-geq gcd-non-0 mod-mult-distrib2)
done

lemma ged-mult [simp]: ged (k, &k« n) =k
apply (rule ged-mult-distrib2 [of k 1 n, simplified, symmetric])
done

lemma ged-self [simp]: ged (k, k) = k
apply (rule ged-mult [of k 1, simplified])
done

lemma relprime-dvd-mult: ged (k, n) = 1 ==> k dvd m « n ==> k dvd m
apply (insert ged-mult-distrib2 [of m k n])
apply simp
apply (erule-tac t = m in ssubst)
apply simp
done

lemma relprime-dvd-mult-iff: ged (k, n) = 1 ==> (k dvd m * n) = (k dvd m)
apply (blast intro: relprime-dvd-mult dvd-trans)
done

lemma ged-mult-cancel: ged (k, n) = 1 ==> ged (k * m, n) = ged (m, n)
apply (rule dvd-anti-sym)
apply (rule ged-greatest)
apply (rule-tac n = k in relprime-dvd-mult)
apply (simp add: ged-assoc)
apply (simp add: ged-commute)
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apply (simp-all add: mult-commute)
apply (blast intro: dvd-trans)
done

Addition laws

lemma ged-add! [simp): ged (m + n, n) = ged (m, n)
apply (case-tac n = 0)
apply (simp-all add: gcd-non-0)
done

lemma ged-add2 [simp): ged (m, m + n) = ged (m, n)

proof —
have gcd (m, m + n) = ged (m + n, m) by (rule ged-commute)
also have ... = ged (n + m, m) by (simp add: add-commute)
also have ... = ged (n, m) by simp
also have ... = ged (m, n) by (rule ged-commute)
finally show ?thesis .

qed

lemma ged-add?2’ [simp]: ged (m, n + m) = ged (m, n)
apply (subst add-commute)
apply (rule gcd-add?2)
done

lemma gcd-add-mult: ged (m, k * m + n) = ged (m, n)
by (induct k) (simp-all add: add-assoc)

lemma ged-dvd-prod: ged (m, n) dvd m x n
using mult-dvd-mono [of 1] by auto

Division by gcd yields rrelatively primes.

lemma div-gcd-relprime:
assumes nz: a # 0V b # 0
shows ged (a div ged(a,b), b div ged(a,b)) = 1
proof —
let 29 = ged (a, b)
let ?a’ = a div g
let 2b' = b div g
let 29’ = ged (%a’, 7b")
have dvdg: ?g dvd a ?g dvd b by simp-all
have dvdg’: 29’ dvd ?a’ 29" dvd 2b' by simp-all
from dvdg dvdg’' obtain ka kb ka’ kb’ where
kab: a = 29 x ka b = 29 x kb ?2a’ = 29’ x ka’ b’ = ?q’ * kb’
unfolding dvd-def by blast
then have ?g x 20’ = (%9 * 29’) x ka’ 29 % 2b' = (29 x ?g") = kb’ by simp-all
then have dvdgg’:?g * 29’ dvd a g% ?g’ dvd b
by (auto simp add: dvd-mult-div-cancel [OF dvdg(1)]
dvd-mult-div-cancel [OF dvdg(2)] dvd-def)
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have ?g # 0 using nz by (simp add: gcd-zero)

then have gp: g > 0 by simp

from gcd-greatest [OF dvdgg’] have ?g = ?¢’ dvd ?g .

with dvd-mult-cancell [OF gp] show 29’ = 1 by simp
qed

2.4 LCM defined by GCD

definition
lem :: nat X nat = nat
where
lem = (A(m, n). m * n div ged (m, n))

lemma lcm-def:
lem (m, n) = m % n div ged (m, n)
unfolding lcm-def by simp

lemma prod-gcd-lem:
m *x n = ged (m, n) * lem (m, n)
unfolding lem-def by (simp add: dvd-mult-div-cancel [OF ged-dvd-prod)])

lemma lem-0 [simp]: lem (m, 0) = 0
unfolding lcm-def by simp

lemma lem-1 [simp]: lem (m, 1) = m
unfolding lcm-def by simp

lemma lem-0-left [simp]: lem (0, n) = 0
unfolding lcm-def by simp

lemma lem-1-left [simp]: lem (1, m) = m
unfolding lcm-def by simp

lemma dvd-pos:
fixes n m :: nat
assumes n > 0 and m dvd n
shows m > 0

using assms by (cases m) auto

lemma lcm-least:
assumes m dvd k and n dvd k
shows lem (m, n) dvd k
proof (cases k)
case () then show ?thesis by auto
next
case (Suc -) then have pos-k: k > 0 by auto
from assms dvd-pos [OF this] have pos-mn: m > 0 n > 0 by auto
with ged-zero [of m n] have pos-ged: ged (m, n) > 0 by simp
from assms obtain p where k-m: kK = m * p using dvd-def by blast
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from assms obtain ¢ where k-n: kK = n x ¢ using dvd-def by blast
from pos-k k-m have pos-p: p > 0 by auto
from pos-k k-n have pos-q: ¢ > 0 by auto
have k * k % ged (q, p) = k * ged (k * ¢, k x p)
by (simp add: mult-ac ged-mult-distrib2)

also have ... =k x gcd (m * p x q, n * ¢ * p)
by (simp add: k-m [symmetric] k-n [symmetric])
also have ... =k x p * ¢ * gcd (m, n)

by (simp add: mult-ac ged-mult-distrib2)

finally have (m * p) * (n * q) * gcd (¢, p) =k * p x ¢ * ged (m, n)
by (simp only: k-m [symmetric] k-n [symmetric])

then have p x ¢ x m x n x ged (q, p) = p * ¢ x k * ged (m, n)
by (simp add: mult-ac)

with pos-p pos-¢ have m x n * ged (q, p) = k * ged (m, n)
by simp

with prod-gcd-lem [of m n]

have lecm (m, n) * ged (g, p) * ged (m, n) = k * ged (m, n)
by (simp add: mult-ac)

with pos-gcd have lem (m, n) x ged (q, p) = k by simp

then show ?thesis using dvd-def by auto

qed

lemma lem-dvd1 [iff]:
m dvd lem (m, n)
proof (cases m)
case () then show ?thesis by simp
next
case (Suc -)
then have mpos: m > 0 by simp
show ?thesis
proof (cases n)
case 0 then show ?thesis by simp
next
case (Suc -)
then have npos: n > 0 by simp
have gcd (m, n) dvd n by simp
then obtain & where n = gcd (m, n) * k using dvd-def by auto
then have m x n div ged (m, n) = m * (ged (m, n) x k) div ged (m, n) by
(simp add: mult-ac)

also have ... = m *x k using mpos npos gcd-zero by simp
finally show ?thesis by (simp add: lem-def)
qed
qed

lemma lem-dvd?2 [iff]:

n dvd lem (m, n)
proof (cases n)

case 0 then show ?thesis by simp
next
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case (Suc -)
then have npos: n > 0 by simp
show ?thesis
proof (cases m)
case 0 then show ?thesis by simp
next
case (Suc -)
then have mpos: m > 0 by simp
have ged (m, n) dvd m by simp
then obtain k¥ where m = ged (m, n) x k using dvd-def by auto
then have m x n div ged (m, n) = (ged (m, n) * k) * n div ged (m, n) by
(simp add: mult-ac)

also have ... = n % k using mpos npos gcd-zero by simp
finally show ?thesis by (simp add: lem-def)
qed
qed

2.5 GCD and LCM on integers

definition
iged : int = int = int where
iged i j = int (ged (nat (abs i), nat (abs j)))

lemma iged-dvd1 [simp): iged i § dvd i
by (simp add: igcd-def int-dvd-iff)

lemma iged-dvd2 [simp): iged i j dvd j
by (simp add: iged-def int-dvd-iff)

lemma iged-pos: iged i j > 0
by (simp add: igcd-def)

lemma iged0 [simp]: (iged ij = 0) = (i =0 N j = 0)
by (simp add: iged-def ged-zero) arith

lemma iged-commute: iged i j = iged j i
unfolding iged-def by (simp add: ged-commaute)

lemma iged-negl [simp): iged (— i) § = iged i j
unfolding igcd-def by simp

lemma iged-neg?2 [simp): iged i (— j) = iged i j
unfolding igcd-def by simp

lemma zrelprime-dvd-mult: iged i j = 1 = i dvd k x j = i dvd k
unfolding igcd-def

proof —
assume int (ged (nat |il, nat [j|)) = 1 i dvd k * j
then have g: ged (nat |i|, nat |j|) = 1 by simp
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from « dvd k * j) obtain h where h: kxj = ixh unfolding dvd-def by blast
have th: nat |i| dvd nat |k| * nat |j
unfolding dvd-def
by (rule-tac = nat |h| in exl, simp add: h nat-abs-mult-distrib [symmetric])
from relprime-dvd-mult [OF ¢ th] obtain h’' where h" nat |k| = nat |i| x b’
unfolding dvd-def by blast
from h’ have int (nat |k|) = int (nat |i| * h') by simp
then have |k| = |i| * int b’ by (simp add: int-mult)
then show ?thesis
apply (subst zdvd-absl [symmetric])
apply (subst zdvd-abs2 [symmetric])
apply (unfold dvd-def)
apply (rule-tac x = int h' in exl, simp)
done
qed

lemma int-nat-abs: int (nat (abs x)) = abs z by arith

lemma igcd-greatest:
assumes k dvd m and k dvd n
shows k dvd iged m n
proof —
let %k’ = nat |k|
let #m’ = nat |m|
let ?n’ = nat |n|
from &k dvd m) and <k dvd n) have dvd”: 2k’ dvd ?m’ 2k’ dvd ?n’
unfolding zdvd-int by (simp-all only: int-nat-abs zdvd-absl zdvd-abs2)
from gcd-greatest [OF dvd’] have int (nat |k|) dvd iged m n
unfolding igcd-def by (simp only: zdvd-int)
then have |k| dvd iged m n by (simp only: int-nat-abs)
then show k dvd iged m n by (simp add: zdvd-absl)
qed

lemma div-igcd-relprime:
assumes nz: a = 0V b # 0
shows iged (a div (iged a b)) (b div (iged a b)) = 1
proof —
from nz have nz": nat |a| # 0 V nat |b| # 0 by arith
let ?2g = iged a b
let ?a’ = a div ?g
let 2b' = b div ?g
let 29’ = iged %a’ 2b’
have dvdg: ?g dvd a ?g dvd b by (simp-all add: iged-dvdl iged-dvd2)
have dvdg”: ?¢9’ dvd ?a’ 29’ dvd ?b' by (simp-all add: iged-dvdl iged-dvd2)
from dvdg dvdg’' obtain ka kb ka’ kb’ where
kab: a = ?gxka b = 2gxkb ?a’ = ?q'xka’ ?b' = 2q' * kb’
unfolding dvd-def by blast
then have g% ?a’ = (29 * 29’) * ka’ 2g9x 20’ = (%9 x %9') = kb’ by simp-all
then have dvdgg’:?g * %9’ dvd a ?gx 29’ dvd b
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by (auto simp add: zdvd-mult-div-cancel [OF dvdg(1)]
zdvd-mult-div-cancel [OF dvdg(2)] dvd-def)
have ?g # 0 using nz by simp
then have gp: ?g # 0 using igcd-pos[where i=a and j=b] by arith
from igcd-greatest [OF dvdgg’] have 29 = 29’ dvd ?g .
with zdvd-mult-cancell [OF gp] have |?¢g’| = 1 by simp
with igcd-pos show ?g’ = 1 by simp
qed

definition ilem = (Ai j. int (Iem(nat(abs i),nat(abs j))))

lemma dvd-ilem-self1 [simp]: i dvd ilem @ j
by (simp add:ilem-def dvd-int-iff )

lemma dvd-ilcm-self2[simp]: j dvd ilem i j
by (simp add:ilem-def dvd-int-iff )

lemma dvd-imp-dvd-ilem1:
assumes k dvd i shows k dvd (ilem i j)
proof —
have nat(abs k) dvd nat(abs i) using & dvd »
by (simp add:int-dvd-iff [symmetric] dvd-int-iff [symmetric] zdvd-abs1)
thus ?thesis by (simp add:ilem-def dvd-int-iff ) (blast intro: dvd-trans)
qed

lemma dvd-imp-dvd-ilcm2:
assumes k dvd j shows k dvd (ilem i@ j)
proof —
have nat(abs k) dvd nat(abs j) using &k dvd
by (simp add:int-dvd-iff [symmetric] dvd-int-iff [symmetric] zdvd-absl)
thus ?thesis by(simp add:ilem-def dvd-int-iff )(blast intro: dvd-trans)
qed

lemma zdvd-self-abs1: (d::int) dvd (abs d)
by (case-tac d <0, simp-all)

lemma zdvd-self-abs2: (abs (d::int)) dvd d
by (case-tac d<0, simp-all)

lemma lcm-pos:

assumes mpos: m > 0

and npos: n>0

shows lcm (m,n) > 0
proof(rule ccontr, simp add: lcm-def gcd-zero)
assume h:mxn div ged(m,n) = 0
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from mpos npos have ged (m,n) # 0 using gcd-zero by simp
hence gedp: ged(m,n) > 0 by simp
with h
have mxn < ged(m,n)

by (cases m x n < ged (m, n)) (auto simp add: div-if|OF gedp, where m=msxn))
moreover
have ged(m,n) dvd m by simp

with mpos dvd-imp-le have t1:ged(m,n) < m by simp

with npos have t1:gcd(m,n)xn < mxn by simp

have gcd(m,n) < ged(m,n)xn using npos by simp

with ¢1 have gcd(m,n) < mx*n by arith
ultimately show Fulse by simp
qed

lemma ilcm-pos:
assumes anz: a # 0
and bnz: b # 0
shows 0 < ilcm a b
proof—
let ?na = nat (abs a)
let ?nb = nat (abs b)
have nap: ?na >0 using anz by simp
have nbp: ?nb >0 using bnz by simp
have 0 < lem (?na,?nb) by (rule lem-pos|OF nap nbp])
thus ?thesis by (simp add: ilcm-def)
qed

end

3 Abstract-Rat: Abstract rational numbers

theory Abstract-Rat
imports GCD
begin

types Num = int x int

abbreviation
Num0-syn :: Num (0n)
where Oy = (0, 0)

abbreviation
Numi-syn :: int = Num (-n)
where iy = (i, 1)

definition
isnormNum :: Num = bool
where
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isnormNum = (A(a,b). (if a = 0 then b = O else b > 0 A iged a b = 1))

definition
normNum :: Num = Num
where
normNum = (A(a,b). (if a=0 V b = 0 then (0,0) else
(let g = iged a b
in if b > 0 then (a div g, b div g) else (— (a div g), — (b div g)))))

lemma normNum-isnormNum [simp]: isnormNum (normNum x)
proof —
have 3 a b. x = (a,b) by auto
then obtain a b where z[simp]: z = (a,b) by blast
{assume a=0 V b = 0 hence ?thesis by (simp add: normNum-def isnormNum-def)}

moreover
{assume anz: a # 0 and bnz: b # 0
let ?g = iged a b
let ?a’ = a div ?g
let 2b' = b div ?g
let 29’ = iged a’ 2b’
from anz bnz have ?g # 0 by simp with igcd-pos|[of a b]
have gpos: ?g > 0 by arith
have gdvd: ?g dvd a ?g dvd b by (simp-all add: iged-dvdl iged-dvd?2)
from zdvd-mult-div-cancel|OF gdvd(1)] zdvd-mult-div-cancel|OF gdvd(2)]
anz bnz
have nz":%a’ # 0 ?b' # 0
by — (rule notl,simp add:igcd-def )+
from anz bnz have stupid: a # 0 V b # 0 by blast
from div-iged-relprime| OF stupid] have gpl: %g' = 1 .
from bnz have b < 0 vV b > 0 by arith
moreover
{assume b: b > 0
from pos-imp-zdiv-nonneg-iff [OF gpos| b
have 20’ > 0 by simp
with nz’ have b 20’ > 0 by simp
from b b’ anz bnz nz’ gpl have ?thesis
by (simp add: isnormNum-def normNum-def Let-def split-def fst-conv
snd-conv)}
moreover {assume b: b < 0
{assume b 20’ > 0
from gpos have th: ?g > 0 by arith
from mult-nonneg-nonneg[OF th b'] zdvd-mult-div-cancel|OF gdvd(2)]
have Fualse using b by simp }
hence b": 20’ < 0 by (presburger add: linorder-not-le[symmetric])
from anz bnz nz' b b’ gpl have ?thesis
by (simp add: isnormNum-def normNum-def Let-def split-def fst-conv
snd-conv)}
ultimately have ?thesis by blast
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}

ultimately show ?thesis by blast
qed

Arithmetic over Num

definition
Nadd :: Num = Num = Num (infixl +x 60)
where

Nadd = (A(a,b) (a’,b'). if a = 0 vV b = 0 then normNum(a’,b’)
else if a’=0 V b’ = 0 then normNum(a,b)
else normNum(axb’ + bxa’, bxb’))

definition
Nmul :: Num = Num = Num (infix] xy 60)
where

Nmaul = (A(a,b) (a’,b’). let g = iged (axa’) (bxb")
in (axa’ div g, bxb' div g))

definition
Nneg :: Num = Num (™n)
where

Nneg = (A(a,b). (—a,b))

definition
Nsub :: Num = Num = Num (infix] —y 60)
where

Nsub = (Aa b. a +n “n b)

definition
Ninv :: Num = Num
where

Ninv = A(a,b). if a < 0 then (=0, |a|) else (b,a)

definition
Ndiv :: Num = Num = Num (infixl ~y 60)
where

Ndiv = Aa b. a xy Ninv b

lemma Nneg-normN [simp]: isnormNum & = isnormNum (~n )
by (simp add: isnormNum-def Nneg-def split-def)
lemma Nadd-normN [simp]: isnormNum (z +n y)
by (simp add: Nadd-def split-def)
lemma Nsub-normN [simp]: [ isnormNum y] = isnormNum (z —n y)
by (simp add: Nsub-def split-def)
lemma Nmul-normN [simp]: assumes zn:isnormNum z and yn: isnormNum y
shows isnormNum (x *y y)
proof—
have 3a b. z = (a,b) and 3 a’ b’. y = (a’,b’) by auto
then obtain a b ¢’ b’ where ab: z = (a,b) and ab”: y = (a’,b’) by blast
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{assume a = 0
hence ?thesis using zn ab ab’
by (simp add: igcd-def isnormNum-def Let-def Nmul-def split-def)}
moreover
{assume a’ = 0
hence ?thesis using yn ab ab’
by (simp add: igced-def isnormNum-def Let-def Nmul-def split-def)}
moreover
{assume a: a #0 and a” a'#£0
hence bp: b > 0 b’ > 0 using zn yn ab ab’ by (simp-all add: isnormNum-def)
from mult-pos-pos|OF bp] have z xn y = normNum (axa’, bxb’)
using ab ab’ a a’ bp by (simp add: Nmul-def Let-def split-def normNum-def)
hence %thesis by simp}
ultimately show ?thesis by blast
qed

lemma Ninv-normN [simp]: isnormNum x = isnormNum (Ninv )
by (simp add: Ninv-def isnormNum-def split-def)
(cases fst x = 0, auto simp add: iged-commute)

lemma isnormNum-int[simp):
isnormNum 0y isnormNum (1::int)n @ # 0 = isnormNum iy
by (simp-all add: isnormNum-def igcd-def)

Relations over Num

definition

NIt0:: Num = bool (0>n)
where

NIt0 = (M(a,b). a < 0)

definition

Nle0:: Num = bool (0>n)
where

Nle0 = (A(a,b). a < 0)

definition

Ngt0:: Num = bool (0<n)
where

Ngt0 = (M(a,b). a > 0)

definition
Nge0:: Num = bool (0<y)
where

Nge0 = (A(a,b). a > 0)

definition

Nit :: Num = Num = bool (infix <y 55)
where

Nit = ()\a b. O0>n (a —N b))
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definition

Nle :: Num = Num = bool (infix <y 55)
where

Nle = (Aa b. 02N (a —n D))

definition
INum = (A(a,b). of-int a / of-int b)

lemma INum-int [simp]: INum iy = ((of-int i) ::'a::field) INum 0n = (0::a::field)
by (simp-all add: INum-def)

lemma isnormNum-unique[simp]:
assumes na: isnormNum x and nb: isnormNum y
shows ((INum z ::'a::{ring-char-0,field, division-by-zero}) = INum y) = (z =
y) (is 2lhs = 9rhs)
proof
have 3 aba’ b z = (a,b) A y = (a’,b’) by auto
then obtain a b o’ b’ where zy[simp]: = = (a,b) y=(a’,b’) by blast
assume H: ?lhs
{assume a = 0V b =0V a' =0V b =0 hence ?rhs
using na nb H
apply (simp add: INum-def split-def isnormNum-def)

apply (cases a = 0, simp-all)
apply (cases b = 0, simp-all)
apply (cases a’ = 0, simp-all)
apply (cases a’ = 0, simp-all add: of-int-eq-0-iff )
done}
moreover

{ assume az: a # 0 and bz: b # 0 and a’z: a'#0 and b'z: b'#£0

from az bz a’z b’z na nb have pos: b > 0 b’ > 0 by (simp-all add: isnormNum-def)

from prems have eq:a * b’ = a’*b
by (simp add: INum-def eq-divide-eq divide-eq-eq of-int-mult[symmetric| del:

of-int-mult)
from prems have gcdl: iged a b = 1 iged b a = 1 iged a’ b’ = 1 iged b’ o’ =
1

by (simp-all add: isnormNum-def add: igcd-commute)

from eq have raw-dvd: a dvd a’+b b dvd b’*a a’ dvd axb’ b’ dvd bxa’
apply (unfold dvd-def)
apply (rule-tac z=b'in exl, simp add: mult-ac)
apply (rule-tac x=a’in exl, simp add: mult-ac)
apply (rule-tac x=b in exl, simp add: mult-ac)
apply (rule-tac z=a in exl, simp add: mult-ac)
done

from zdvd-dvd-eq[OF bz zrelprime-dvd-mult[OF ged1(2) raw-dvd(2)]
zrelprime-dvd-mult[OF ged1(4) raw-dvd(4)]]
have eql: b = b’ using pos by simp-all
with eq have a = a’ using pos by simp
with eg! have ?rhs by simp}
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ultimately show ?rhs by blast
next

assume ?rhs thus ?lhs by simp
qed

lemma isnormNum0[simp]: isnormNum v = (INum z = (0::'a::{ring-char-0,
field, division-by-zero})) = (z = On)

unfolding INum-int(2)[symmetric]

by (rule isnormNum-unique, simp-all)

lemma of-int-div-auz: d ~= 0 ==> ((of-int x)::"a::{field, ring-char-0}) / (of-int
d) =
of-int (z div d) + (of-int (z mod d)) / ((of-int d)::"a)
proof —
assume d ~= 0
hence dz: of-int d # (0::'a) by (simp add: of-int-eq-0-iff )
let %t = of-int (x div d) = ((of-int d)::'a) + of-int(z mod d)
let ?f = A\z. z / of-int d
have z = (z div d) *x d + © mod d
by auto
then have eq: of-int x = 2t
by (simp only: of-int-mult[symmetric] of-int-add [symmetric])
then have of-int © / of-int d = ?t / of-int d
using cong[OF refllof ?f] eq] by simp
then show ?thesis by (simp add: add-divide-distrib ring-simps prems)
qed

lemma of-int-div: (d::int) ~= 0 ==> d dvd n ==>
(of-int(n div d)::'a:{field, ring-char-0}) = of-int n / of-int d
apply (frule of-int-div-auz [of d n, where ?’a = 'a])
apply simp
apply (simp add: zdvd-iff-zmod-eq-0)
done

lemma normNum[simp]: INum (normNum z) = (INum z :: 'a::{ring-char-0,field,
division-by-zero})
proof—
have 3 a b. z = (a,b) by auto
then obtain a b where z[simp]: © = (a,b) by blast
{assume a=0 V b = 0 hence ?thesis
by (simp add: INum-def normNum-def split-def Let-def)}
moreover
{assume a: a#0 and b: b#£0
let ?g = iged a b
from a b have g: g # Oby simp
from of-int-div[OF g, where ?'a = 'q]
have ?thesis by (auto simp add: INum-def normNum-def split-def Let-def)}
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ultimately show ?thesis by blast
qed

lemma INum-normNum-iff [code]: (INum z ::'a::{field, division-by-zero, ring-char-0})
= INum y «— normNum z = normNum y (is ?lhs = 2rhs)
proof —

have normNum z = normNum y «— (INum (normNum z) :: 'a) = INum
(normNum y)

by (simp del: normNum)

also have ... = ?lhs by simp
finally show ?thesis by simp
qed

lemma Nadd[simp]: INum (x +x y) = INum x + (INum y :: 'a :: {ring-char-0,division-by-zero, field })
proof—
let 22 = 0:: 'a
have 3 ab. z = (a,b) 3 a’ b y = (a’,b’) by auto
then obtain a b o’ b’ where z[simp|: z = (a,b)
and y[simp]: y = (a’,b’) by blast
{assume a=0 V a’'= 0 V b =0 V b’ = 0 hence ?thesis
apply (cases a=0,simp-all add: Nadd-def)
apply (cases b= 0,simp-all add: INum-def)
apply (cases a’= 0,simp-all)
apply (cases b'= 0,simp-all)
done }
moreover
{assume aa’a # 0 a'# 0 and bb": b # 0b' # 0
{assume z: a x b’ + bx a’' =0
hence of-int (axb’ + bxa’) / (of-int bx of-int b’) = 2z by simp
hence of-int b’ x of-int a / (of-int b x of-int b") + of-int b x of-int a’ / (of-int
b x of-int b') = ?z by (simp add:add-divide-distrib)
hence th: of-int a / of-int b + of-int a’ / of-int b’ = ?z using bb’ aa’ by
stmp
from z aa’ bb’ have ?thesis
by (simp add: th Nadd-def normNum-def INum-def split-def )}
moreover {assume z: a x b’ + b x a’ # 0
let 29 = iged (a x b’ + b * a’) (bxb)
have gz: ?g # 0 using z by simp
have ?thesis using aa’ bb’ z gz
of-int-div[where ?'a = 'a,
OF gz igcd-dvdl [where i=a x b’ + b x a’ and j=bxb"]]
of-int-div[where ?'a = 'a,
OF gz igcd-dvd2|where i=a x b’ + b x a’ and j=bxb"]]
by (simp add: x y Nadd-def INum-def normNum-def Let-def add-divide-distrib)}
ultimately have ?thesis using aa’ bb’
by (simp add: Nadd-def INum-def normNum-def z y Let-def) }
ultimately show ?thesis by blast
qed
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lemma Nmul[simp]: INum (z xx y) = INum x * (INum y:: 'a :: {ring-char-0,division-by-zero, field})

proof—
let 22 = 0::'a
have 3 ab. z = (a,b) 3 a’ b y = (a’,b’) by auto
then obtain a b a’ b’ where z: z = (a,b) and y: y = (a’,b’) by blast
{assume a=0 V a’'= 0V b =0V b’ = 0 hence ?thesis
apply (cases a=0,simp-all add: z y Nmul-def INum-def Let-def)
apply (cases b=0,simp-all)
apply (cases a’'=0,simp-all)
done }
moreover
{assume z: a # 0a'#0b# 0b' #£ 0
let ?g=igcd (axa’) (bxd’)
have gz: ?g # 0 using z by simp
from z of-int-div[where ?’a = 'a, OF gz igcd-dvd1 [where i=axa’ and j=bxb"]]

of-int-div[where ?’a = 'a , OF gz igcd-dvd2|where i=axa’ and j=bxb]]
have ?thesis by (simp add: Nmul-def z y Let-def INum-def)}
ultimately show ?thesis by blast
qed

lemma Nneg[simp]: INum (~n z) = — (INum z ::'a:: field)
by (simp add: Nneg-def split-def INum-def)

lemma Nsub[simp]: shows INum (x —n y) = INum z — (INum y:: 'a :: {ring-char-0,division-by-zero,field})
by (simp add: Nsub-def split-def)

lemma Ninv[simp]: INum (Ninv x) = (1::'a :: {division-by-zero,field}) / (INum

x)
by (simp add: Ninv-def INum-def split-def)

lemma Ndiv[simp]: INum (z +y y) = INum = / (INum y :'a :: {ring-char-0,
division-by-zero,field}) by (simp add: Ndiv-def)

lemma Nit0-iff [simp]: assumes nzx: isnormNum x
shows ((INum z :: 'a :: {ring-char-0,division-by-zero,ordered-field})< 0) = 0>y
T
proof—
have 3 a b. z = (a,b) by simp
then obtain a b where z[simp]:z = (a,b) by blast
{assume a = 0 hence ?thesis by (simp add: Nit0-def INum-def) }
moreover
{assume a: a#0 hence b: (of-int b::’a) > 0 using nz by (simp add: isnormNum-def)
from pos-divide-less-eq[OF b, where b=of-int a and a=0::"d]
have ?thesis by (simp add: Nit0-def INum-def)}
ultimately show ?thesis by blast
qed
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lemma Nie0-iff [simp]:assumes nz: isnormNum
shows ((INum z :: 'a :: {ring-char-0,division-by-zero,ordered-field}) < 0) = 0>n
T
proof—
have 3 ab. z = (a,b) by simp
then obtain a b where z[simp]:z = (a,b) by blast
{assume a = 0 hence ?thesis by (simp add: Nle0-def INum-def) }
moreover
{assume a: a#£0 hence b: (of-int b :: 'a) > 0 using nz by (simp add: isnormNum-def)
from pos-divide-le-eq[OF b, where b=of-int a and a=0::"a]
have ?thesis by (simp add: NleO-def INum-def)}
ultimately show ?thesis by blast
qed

lemma Ngt0-iff [simp]:assumes nz: isnormNum © shows ((INum z :: 'a :: {ring-char-0,division-by-zero,order
0) =0<n =z
proof—
have 3 a b. z = (a,b) by simp
then obtain a b where z[simp]:z = (a,b) by blast
{assume a = 0 hence ?thesis by (simp add: Ngt0-def INum-def) }
moreover
{assume a: a0 hence b: (of-int b::'a) > 0 using nz by (simp add: isnormNum-def)
from pos-less-divide-eq[OF b, where b=of-int a and a=0::"a]
have ?thesis by (simp add: Ngt0-def INum-def)}
ultimately show ?thesis by blast
qed
lemma Nge0-iff [simp]:assumes nz: isnormNum
shows ((INum x :: 'a :: {ring-char-0,division-by-zero,ordered-field}) > 0) = 0<y
T
proof—
have 3 ab. z = (a,b) by simp
then obtain a b where z[simp]:xz = (a,b) by blast
{assume a = 0 hence ?thesis by (simp add: NgeO-def INum-def) }
moreover
{assume a: a#0 hence b: (of-int b::’a) > 0 using nz by (simp add: isnormNum-def)
from pos-le-divide-eq[OF b, where b=of-int a and a=0::"a]
have ?thesis by (simp add: Nge0-def INum-def)}
ultimately show ?thesis by blast
qed

lemma Nit-iff [simp]: assumes nz: isnormNum z and ny: isnormNum y
shows ((INum z :: 'a :: {ring-char-0,division-by-zero,ordered-field}) < INum y)
=(z <ny)
proof—
let 7z = 0::'a
have ((INum z ::'a) < INum y) = (INum (z —n y) < ?z) using nz ny by simp
also have ... = (0>y (z —n y)) using Nit0-iff[OF Nsub-normN|[OF ny]] by
stmp
finally show ?thesis by (simp add: Nlit-def)
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qed

lemma Nle-iff [simp]: assumes nz: isnormNum z and ny: isnormNum y

shows ((INum z :: 'a :: {ring-char-0,division-by-zero,ordered-field})< INum y)
=(z <y )
proof—

have ((INum z ::'a) < INum y) = (INum (z —n y) < (0::'a)) using nz ny by
simp

also have ... = (0>xn (z —n y)) using Nile0-iff[OF Nsub-normN[OF ny|] by
stmp

finally show ?thesis by (simp add: Nle-def)
qed

lemma Nadd-commute: x +y y =y +nN @
proof—
have n: isnormNum (z +xn y) isnormNum (y +n z) by simp-all
have (INum (z +n y)::'a :: {ring-char-0,division-by-zero,field}) = INum (y +x
z) by simp
with isnormNum-unique|OF n] show ?thesis by simp
qed

lemmal[simp]: (0, b) +n y = normNum y (a, 0) +n y = normNum y
z +n (0, b) = normNum z z +x (a, 0) = normNum z
apply (simp add: Nadd-def split-def, simp add: Nadd-def split-def)
apply (subst Nadd-commute,simp add: Nadd-def split-def)
apply (subst Nadd-commute,simp add: Nadd-def split-def)
done

lemma normNum-nilpotent-auz|simp|: assumes nz: isnormNum z
shows normNum z = x
proof—
let ?a = normNum z
have n: isnormNum ?a by simp
have th:INum ?a = (INum x ::'a :: {ring-char-0, division-by-zero,field}) by simp
with isnormNum-unique| OF n nx]
show ?thesis by simp
qed

lemma normNum-nilpotent[simp]: normNum (normNum z) = normNum x
by simp
lemma normNum0[simp]: normNum (0,b) = 0n normNum (a,0) = Oy
by (simp-all add: normNum-def)
lemma normNum-Nadd: normNum (z +x y) = z +n y by simp
lemma Nadd-normNuml1[simp]: normNum z +n y = ¢ +N Y
proof—
have n: isnormNum (normNum z +x y) isnormNum (z +x y) by simp-all
have INum (normNum x +y y) = INum x + (INum y :: 'a :: {ring-char-0,
division-by-zero,field}) by simp
also have ... = INum (z +n y) by simp
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finally show ?thesis using isnormNum-unique[ OF n] by simp
qed
lemma Nadd-normNum?2[simp): * +n normNum y =z +n y
proof—
have n: isnormNum (z +xn normNum y) isnormNum (z +y y) by simp-all
have INum (xz +n normNum y) = INum x + (INum y :: 'a :: {ring-char-0,
division-by-zero,field}) by simp

also have ... = INum (z +y y) by simp
finally show ?%thesis using isnormNum-unique[OF n] by simp
qed

lemma Nadd-assoc: x +n y +n 2 =z +n (y +n 2)
proof—
have n: isnormNum (z +n5 y +n 2) isnormNum (z +n (y +n 2)) by simp-all
have INum (z +ny y +n 2) = (INum (x +n5 (y +n 2)) = 'a 2 {ring-char-0,
division-by-zero,field}) by simp
with isnormNum-unique[OF n] show %thesis by simp
qed

lemma Nmul-commute: isnormNum © = isnormNum y = T *y Yy = Y *N T
by (simp add: Nmul-def split-def Let-def igcd-commute mult-commute)

lemma Nmul-assoc: assumes nzx: isnormNum x and ny:isnormNum y and nz:isnormNum
z

shows z xny y *ny 2 = z *n (y *N 2)
proof—

from nz ny nz have n: isnormNum (z *n y *n 2) isnormNum (z *y (y *n 2))

by simp-all
have INum (z +n y +~n 2) = (INum (z +n (y +n~ 2)) = ‘a = {ring-char-0,
division-by-zero,field}) by simp
with isnormNum-unique[OF n] show ?thesis by simp

qed
lemma Nsub0: assumes z: isnormNum z and y:isnormNum y shows (z —n y
=0n) = (2 =y)
proof—
{fix h :: 'a :: {ring-char-0,division-by-zero,ordered-field }
from isnormNum-unique[where ?’a = 'a, OF Nsub-normN|[OF y|, where
y=0n]
have (zx —ny y = On) = (INum (z —y y) = (INum Oy :: 'a)) by simp
also have ... = (INum z = (INum y:: 'a)) by simp
also have ... = (z = y) using z y by simp
finally show ?thesis .}
qed

lemma NmulO[simp): ¢ xy Oy = On On *y ¢ = 0N
by (simp-all add: Nmul-def Let-def split-def)
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lemma Nmul-eq0[simp]: assumes nz:isnormNum z and ny: isnormNum y
shows (zxy y = 0ny) = (z = 0n V y = ON)
proof—
{fix h :: ‘a :: {ring-char-0,division-by-zero,ordered-field }
have 3 aba’ b’ z = (a,b) A y= (a’,b’) by auto
then obtain a b o’ b’ where zy[simp]: z = (a,b) y = (a’,b’) by blast
have n0: isnormNum 0y by simp
show ?thesis using nz ny
apply (simp only: isnormNum-unique[where ?'a = 'a;, OF Nmul-normN|[OF
nx ny] n0, symmetric] Nmullwhere ?'a = 'a])
apply (simp add: INum-def split-def isnormNum-def fst-conv snd-conv)
apply (cases a=0,simp-all)
apply (cases a’=0,simp-all)
done }
qed
lemma Nneg-Nneg[simp]: “n (YN ¢) = ¢
by (simp add: Nneg-def split-def)

lemma Nmull [simp]:
isnormNum ¢ = Iy *y ¢ = ¢
isnormNum ¢ = c *xy Iy = ¢
apply (simp-all add: Nmul-def Let-def split-def isnormNum-def)
by (cases fst ¢ = 0, simp-all,cases ¢, simp-all)+

end

4 Rational: Rational numbers

theory Rational
imports Abstract-Rat
uses (rat-arith. ML)
begin

4.1 Rational numbers

4.1.1 Equivalence of fractions

definition
fraction :: (int x int) set where
fraction = {z. snd z # 0}

definition
ratrel :: ((int X int) x (int x int)) set where

ratrel = {(z,y). sndx # 0 AN sndy # 0 A fstx * sndy = fst y * snd x}

lemma fraction-iff [simp]: (x € fraction) = (snd x # 0)
by (simp add: fraction-def)

lemma ratrel-iff [simp]:
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((z,y) € ratrel) =
(sndx # 0 Nsndy # 0N fstzxsndy = fsty =+ sndx)
by (simp add: ratrel-def)

lemma refi-ratrel: refl fraction ratrel
by (auto simp add: refl-def fraction-def ratrel-def)

lemma sym-ratrel: sym ratrel
by (simp add: ratrel-def sym-def)

lemma trans-ratrel-lemma:
assumes I:a*x b'=a’x b
assumes 2: a’ x b = a’ * b’
assumes 3: b’ # (0::int)
shows a x b = a'' * b

proof —
have b' x (a x b') = b" *x (a x b') by simp
also note 1
also have b" % (a’ * b) = b x (a’ x b"") by simp
also note 2
also have b * (a’ % b’) = b’ % (a'' % b) by simp
finally have b’ % (a * b') = b’ % (a’ % D) .
with & show a * b’ = a’' * b by simp

qed

lemma trans-ratrel: trans ratrel
by (auto simp add: trans-def elim: trans-ratrel-lemma)

lemma equiv-ratrel: equiv fraction ratrel
by (rule equiv.intro [OF refl-ratrel sym-ratrel trans-ratrel))

lemmas equiv-ratrel-iff [iff] = eq-equiv-class-iff [OF equiv-ratrel]

lemma equiv-ratrel-iff2:
[snd x # 0; sndy # 0]
= (ratrel ““ {z} = ratrel “ {y}) = ((z,y) € ratrel)
by (rule eq-equiv-class-iff [OF equiv-ratrel], simp-all)

4.1.2 The type of rational numbers

typedef (Rat) rat = fraction//ratrel
proof

have (0,1) € fraction by (simp add: fraction-def)

thus ratrel*{(0,1)} € fraction//ratrel by (rule quotientl)
qed

lemma ratrel-in-Rat [simp]: snd x # 0 = ratrel*“{z} € Rat
by (simp add: Rat-def quotientl)
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declare Abs-Rat-inject [simp] Abs-Rat-inverse [simp]

definition
Fract :: int = int = rat where
[code func del]: Fract a b = Abs-Rat (ratrel*{(a,b)})

lemma Fract-zero:
Fract k 0 = Fract 1 0
by (simp add: Fract-def ratrel-def)

theorem Rat-cases [case-names Fract, cases type: rat]:
Mab. ¢q=PFractab==>b#0==>C) ==>C
by (cases q) (clarsimp simp add: Fract-def Rat-def fraction-def quotient-def)

theorem Rat-induct [case-names Fract, induct type: rat):
Mab. b#0==>P (Fract a b)) ==> P q
by (cases q) simp

4.1.3 Congruence lemmas

lemma add-congruent2:
Az y. ratrel“{(fst © x snd y + fst y * snd z, snd z * snd y)})
respects? ratrel

apply (rule equiv-ratrel [THEN congruent2-commutel)

apply (simp-all add: left-distrib)

done

lemma minus-congruent:
(Ax. ratrel*{(— fst z, snd x)}) respects ratrel
by (simp add: congruent-def)

lemma mult-congruent2:
Az y. ratrel*“{(fst  * fst y, snd x * snd y)}) respects2 ratrel
by (rule equiv-ratrel [THEN congruent2-commutel], simp-all)

lemma inverse-congruent:
(Az. ratrel*“{if fst x=0 then (0,1) else (snd z, fst x)}) respects ratrel
by (auto simp add: congruent-def mult-commute)

lemma le-congruent?2:
Az y. {(fst x * snd y)x(snd x * snd y) < (fst y * snd z)x(snd = * snd y)})
respects?2 ratrel
proof (clarsimp simp add: congruent2-def)
fixaba b cdc dint
assume neq: b# 0 b’ 40 d#0 d'# 0
assume eql: a x b’ =a’ * b
assume eq2: ¢ x d' = ¢’ * d
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let 2le =Xabcd. ((axd)*(bxd) < (c*xb)x*(bxd)
{
fix a b cdx::int assume z: x # 0
have ?leabcd = %le (axz) (bxz)cd
proof —
from z have 0 < z x = by (auto simp add: zero-less-mult-iff )
hence ?lea b c d =
((axd)*x(bxd)*(x*xz)<(c*xb)*(bxd)*(z*uz))
by (simp add: mult-le-cancel-right)
also have ... = ?le (a x z) (b *x x) cd
by (simp add: mult-ac)
finally show %thesis .
qed
} note le-factor = this

let 2D = b x d and ?D’' = b’ x d’

from neq have D: ¢D # 0 by simp

from neq have ?D’ # 0 by simp

hence ?le a b ¢ d = ?le (a x ?D’) (b * ?D’) ¢ d
by (rule le-factor)

also have ... = ((a * ) x 2D x D' x d x d' < (c x d') * D * 2D’ * b * b’)
by (simp add: mult-ac)

also have ... = ((a’x b) * ?D % D'« d x d' < (¢’ * d) * ?D x D' x b x b’)
by (simp only: eql eq?2)

also have ... = ?le (a' x ?D) (b’ % ?D) ¢’ d’
by (simp add: mult-ac)

also from D have ... = ?le a’ b’ ¢’ d’

by (rule le-factor [symmetric])
finally show ?leabcd = ?lea’ b’ ¢’ d’.
qed

lemmas UN-ratrel = UN-equiv-class [OF equiv-ratrel]
lemmas UN-ratrel2 = UN-equiv-class2 [OF equiv-ratrel equiv-ratrel)

4.1.4 Standard operations on rational numbers

instance rat :: zero
Zero-rat-def: 0 == Fract 0 1 ..
lemmas [code func del] = Zero-rat-def

instance rat :: one
One-rat-def: 1 == Fract 1 1 ..
lemmas [code func del] = One-rat-def

instance rat :: plus
add-rat-def
qg+r==
Abs-Rat (Jz € Rep-Rat q. |Jy € Rep-Rat .
ratrel“{(fst x * snd y + fst y *x snd x, snd x * snd y)}) ..
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lemmas [code func del] = add-rat-def

instance rat :: minus
minus-rat-def:
— q¢ == Abs-Rat (Jz € Rep-Rat q. ratrel*{(— fst z, snd x)})
diff-rat-def: q — r == q + — (rurat) ..
lemmas [code func del] = minus-rat-def diff-rat-def

instance rat :: times
mult-rat-def
g*r ==
Abs-Rat (|Jz € Rep-Rat q. |Jy € Rep-Rat r.
ratrel*“{(fst x * fst y, snd  x snd y)}) ..
lemmas [code func del] = mult-rat-def

instance rat :: inverse
inverse-rat-def :
muverse q ==
Abs-Rat (|Jz € Rep-Rat q.
ratrel“{if fst t=0 then (0,1) else (snd x, fst x)})
divide-rat-def: q /| v == q * inverse (r:rat) ..
lemmas [code func del] = inverse-rat-def divide-rat-def

instance rat :: ord
le-rat-def
g < r == contents ((Uz € Rep-Rat q. |Jy € Rep-Rat r.
{(fst z = snd y)*(snd z x snd y) < (fst y * snd z)x(snd z * snd y)})
less-rat-def: (z < (w:rat)) == (z < w & 2z # w) ..
lemmas [code func del] = le-rat-def less-rat-def

instance rat :: abs
abs-rat-def: |q| == if ¢ < 0 then —q else (g::rat) ..

instance rat :: sgn
sgn-rat-def: sgn(q::rat) == (if ¢=0 then 0 else if 0<q then 1 else — 1) ..

instance rat :: power ..

primrec (rat)
rat-power-0: q = 0 =1
rat-power-Suc: q * (Suc n) =

(g:rat) * (¢ " n)

theorem eg-rat: b # 0 ==> d # 0 ==>
(Fract a b = Fract ¢ d) = (a x d = ¢ x b)

by (simp add: Fract-def)

theorem add-rat: b # 0 ==> d # 0 ==>
Fract a b + Fract ¢ d = Fract (a x d + ¢ x b) (b * d)
by (simp add: Fract-def add-rat-def add-congruent2 UN-ratrel2)

37
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theorem minus-rat: b # 0 ==> —(Fract a b) = Fract (—a) b
by (simp add: Fract-def minus-rat-def minus-congruent UN-ratrel)

theorem diff-rat: b # 0 ==> d # 0 ==>
Fract a b — Fract ¢ d = Fract (a x d — ¢ x b) (b * d)
by (simp add: diff-rat-def add-rat minus-rat)

theorem mult-rat: b # 0 ==> d # 0 ==>
Fract a b * Fract ¢ d = Fract (a % ¢) (b x d)
by (simp add: Fract-def mult-rat-def mult-congruent2 UN-ratrel2)

theorem inverse-rat: a # 0 ==> b # 0 ==>
inverse (Fract a b) = Fract b a
by (simp add: Fract-def inverse-rat-def inverse-congruent UN-ratrel)

theorem divide-rat: ¢ # 0 ==> b # 0 ==> d # 0 ==>
Fract a b / Fract ¢ d = Fract (a * d) (b * c)
by (simp add: divide-rat-def inverse-rat mult-rat)

theorem le-rat: b # 0 ==> d # 0 ==>
(Fract a b < Fract cd) = ((a % d) % (b * d) < (¢ *b) * (b x d))
by (simp add: Fract-def le-rat-def le-congruent2 UN-ratrel2)

theorem less-rat: b # 0 ==> d # 0 ==>
(Fract a b < Fract ¢ d) = ((a % d) * (b x d) < (c *x b) = (b x d))
by (simp add: less-rat-def le-rat eg-rat order-less-le)

theorem abs-rat: b # 0 ==> |Fract a b| = Fract |a| |b]
by (simp add: abs-rat-def minus-rat Zero-rat-def less-rat eg-rat)
(auto simp add: mult-less-0-iff zero-less-mult-iff order-le-less
split: abs-split)

4.1.5 The ordered field of rational numbers

instance rat :: field
proof
fix g rs:: rat
show (¢ + )+ s=q+ (r + s)
by (induct q, induct r, induct s)
(simp add: add-rat add-ac mult-ac int-distrib)
show ¢ + r=r + ¢
by (induct q, induct r) (simp add: add-rat add-ac mult-ac)
show 0 + ¢ = ¢
by (induct q) (simp add: Zero-rat-def add-rat)
show (—¢) + ¢ =0
by (induct q) (simp add: Zero-rat-def minus-rat add-rat eq-rat)
show ¢ — r=¢q + (—7)
by (induct q, induct v) (simp add: add-rat minus-rat diff-rat)
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show (g % r) x s = ¢ * (r % s)
by (induct g, induct r, induct s) (simp add: mult-rat mult-ac)
show ¢ x r =1 % ¢
by (induct q, induct r) (simp add: mult-rat mult-ac)
show 1 x ¢ = ¢
by (induct q) (simp add: One-rat-def mult-rat)
show (¢ + r)xs=qgxs+rxs
by (induct q, induct r, induct s)
(simp add: add-rat mult-rat eg-rat int-distrib)
show ¢ # 0 ==> inverse g x ¢ = 1
by (induct q) (simp add: inverse-rat mult-rat One-rat-def Zero-rat-def eq-rat)
show ¢ / r = ¢ * inverse r
by (simp add: divide-rat-def)
show 0 # (1::rat)
by (simp add: Zero-rat-def One-rat-def eg-rat)
qed

instance rat :: linorder
proof
fix grs:rat
{
assume ¢ < rand r < s
show ¢ < s
proof (insert prems, induct ¢, induct r, induct s)
fixabcdef:int
assume neq: b £ 0 d#0 f#0
assume 1: Fract a b < Fract ¢ d and 2: Fract ¢ d < Fract e f
show Fract a b < Fract e f
proof —
from neq obtain bb: 0 < bxband dd: 0 < d xdand ff: 0 < f x f
by (auto simp add: zero-less-mult-iff linorder-neq-iff )
have (a x d) *x (bxd) x (f xf) < (c*xb)x (b*xd) = (f x[f)
proof —
from neq 1 have (a * d) * (b *x d) < (c* b) * (b x d)
by (simp add: le-rat)
with ff show ?thesis by (simp add: mult-le-cancel-right)
qged
also have ... = (¢ x f) * (d * f) = (b * D)
by (simp only: mult-ac)
also have ... < (e *x d) x (d x f) * (b % b)
proof —
from neq 2 have (¢ x f) x (d x f) < (e % d) * (d * f)
by (simp add: le-rat)
with bb show ?thesis by (simp add: mult-le-cancel-right)
qged
finally have (a x f) * (b x f) * (dxd) < exbx* (bx*f)x(dx*d)
by (simp only: mult-ac)
with dd have (a % f) = (b x f) < (e % b) x (b * f)
by (simp add: mult-le-cancel-right)
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with neq show ?Zthesis by (simp add: le-rat)
qed
qed
next
assume ¢ < rand r < ¢
show ¢ = r
proof (insert prems, induct q, induct 1)
fix abcd: int
assume neq: b # 0 d # 0
assume 1: Fract a b < Fract ¢ d and 2: Fract ¢ d < Fract a b
show Fract a b = Fract ¢ d
proof —
from neq 1 have (a * d) * (b *x d) < (¢ * b) x (b x d)
by (simp add: le-rat)
also have ... < (a * d) * (b * d)
proof —
from neq 2 have (¢ * b) * (d x b) < (a x d) * (d * b)
by (simp add: le-rat)
thus %thesis by (simp only: mult-ac)
qed
finally have (a x d) * (b * d) = (¢ * b) * (b x d) .
moreover from neq have b x d # 0 by simp
ultimately have a x d = ¢ * b by simp
with neq show ?thesis by (simp add: eq-rat)
qed
qged
next
show ¢ < ¢
by (induct q) (simp add: le-rat)
show (¢ <7)=(qg<rAgqg#r)
by (simp only: less-rat-def)
show ¢ < rvr<gq
by (induct q, induct 1)
(simp add: le-rat mult-commute, rule linorder-linear)

}
qed

instance rat :: distrib-lattice
mfrs=minrs
suprs=mazrrs
by default (auto simp add: min-max.sup-inf-distrib1 inf-rat-def sup-rat-def)

instance rat :: ordered-field
proof
fix qrs::rat
show ¢ < r==>s+¢g<s+r
proof (induct q, induct r, induct s)
fixabcecdef :int
assume neq: b 20 d# 0 f# 0
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assume le: Fract a b < Fract ¢ d
show Fract e f + Fract a b < Fract e f 4+ Fract ¢ d
proof —
let ?F = f x f from neq have F: 0 < ?F
by (auto simp add: zero-less-mult-iff)
from neq le have (a * d) * (b x d) < (c x b) * (b * d)
by (simp add: le-rat)
with F have (a *x d) x (b *x d) * ?F x ?F < (¢ x b) * (b x d) x 2F x ¢F
by (simp add: mult-le-cancel-right)
with neq show ?thesis by (simp add: add-rat le-rat mult-ac int-distrib)
qed
qed
show ¢ < r==>0<s==>s%xqg<sxr
proof (induct q, induct r, induct s)
fixabcecdef :int
assume neq: b 20 d £ 0 f#0
assume le: Fract a b < Fract ¢ d
assume gt: 0 < Fract e f
show Fract e f x Fract a b < Fract e f x Fract ¢ d
proof —
let 2FE =ex fand 9F = f x f
from neq gt have 0 < ?F
by (auto simp add: Zero-rat-def less-rat le-rat order-less-le eg-rat)
moreover from neq have 0 < 7F
by (auto simp add: zero-less-mult-iff)
moreover from neq le have (a * d) * (b * d) < (¢ * b) * (b x d)
by (simp add: less-rat)
ultimately have (a % d) * (b * d) x ?E %« ?F < (c % b) * (b * d) x ?E % ?F
by (simp add: mult-less-cancel-right)
with neq show ?thesis
by (simp add: less-rat mult-rat mult-ac)
qed
qed
show |¢| = (if ¢ < 0 then —q else q)
by (simp only: abs-rat-def)
qed (auto simp: sgn-rat-def)

instance rat :: division-by-zero
proof
show inverse 0 = (0::rat)
by (simp add: Zero-rat-def Fract-def inverse-rat-def
inverse-congruent UN-ratrel)

qed
instance rat :: recpower
proof

fix ¢ :: rat

fix n :: nat
show ¢ “ 0 = 1 by simp
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show ¢ * (Suc n) = ¢ x (¢ " n) by simp
qed

4.2 Various Other Results

lemma minus-rat-cancel [simp]: b # 0 ==> Fract (—a) (—b) = Fract a b
by (simp add: eq-rat)

theorem Rat-induct-pos [case-names Fract, induct type: rat):
assumes step: la b. 0 < b ==> P (Fract a b)
shows P ¢
proof (cases q)
have step” la b. b < 0 ==> P (Fract a b)
proof —
fix a::int and b::int
assume b: b < 0
hence 0 < —b by simp
hence P (Fract (—a) (=b)) by (rule step)
thus P (Fract a b) by (simp add: order-less-imp-not-eq [OF b))
qed
case (Fract a b)
thus P g by (force simp add: linorder-neg-iff step step’)
qed

lemma zero-less-Fract-iff :
0 <b==>(0<Fractab) = (0 < a)
by (simp add: Zero-rat-def less-rat order-less-imp-not-eq2 zero-less-mult-iff )

lemma Fract-add-one: n # 0 ==> Fract (m + n) n = Fract m n + 1
apply (insert add-rat [of concl: m n 1 1])

apply (simp add: One-rat-def [symmetric])

done

lemma of-nat-rat: of-nat k = Fract (of-nat k) 1
by (induct k) (simp-all add: Zero-rat-def One-rat-def add-rat)

lemma of-int-rat: of-int k = Fract k 1
by (cases k rule: int-diff-cases, simp add: of-nat-rat diff-rat)

lemma Fract-of-nat-eq: Fract (of-nat k) 1 = of-nat k
by (rule of-nat-rat [symmetric])

lemma Fract-of-int-eq: Fract k 1 = of-int k
by (rule of-int-rat [symmetric])

lemma Fract-of-int-quotient: Fract k1 = (if | = 0 then Fract 1 0 else of-int k /
of-int 1)
by (auto simp add: Fract-zero Fract-of-int-eq [symmetric] divide-rat)
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4.3 Numerals and Arithmetic

instance rat :: number
rat-number-of-def: (number-of w :: rat) = of-int w ..

instance rat :: number-ring
by default (simp add: rat-number-of-def)

use rat-arith. ML
declaration ( K rat-arith-setup ))

4.4 Embedding from Rationals to other Fields
class field-char-0 = field + ring-char-0

instance ordered-field < field-char-0 ..

definition
of-rat :: rat = 'a::field-char-0
where

[code func del]: of-rat ¢ = contents (|J (a,b) € Rep-Rat q. {of-int a / of-int b})

lemma of-rat-congruent:

(A(a, b). {of-int a / of-int b::'a::field-char-0}) respects ratrel
apply (rule congruent.intro)
apply (clarsimp simp add: nonzero-divide-eq-eq nonzero-eq-divide-eq)
apply (simp only: of-int-mult [symmetric])
done

lemma of-rat-rat:

b # 0 = of-rat (Fract a b) = of-int a / of-int b
unfolding Fract-def of-rat-def
by (simp add: UN-ratrel of-rat-congruent)

lemma of-rat-0 [simp]: of-rat 0 = 0
by (simp add: Zero-rat-def of-rat-rat)

lemma of-rat-1 [simp]: of-rat 1 = 1
by (simp add: One-rat-def of-rat-rat)

lemma of-rat-add: of-rat (a + b) = of-rat a + of-rat b
by (induct a, induct b, simp add: add-rat of-rat-rat add-frac-eq)

lemma of-rat-minus: of-rat (— a) = — of-rat a
by (induct a, simp add: minus-rat of-rat-rat)

lemma of-rat-diff: of-rat (a — b) = of-rat a — of-rat b
by (simp only: diff-minus of-rat-add of-rat-minus)

lemma of-rat-mult: of-rat (a * b) = of-rat a * of-rat b
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apply (induct a, induct b, simp add: mult-rat of-rat-rat)
apply (simp add: divide-inverse nonzero-inverse-mult-distrib mult-ac)
done

lemma nonzero-of-rat-inverse:
a # 0 = of-rat (inverse a) = inverse (of-rat a)
apply (rule inverse-unique [symmetric])
apply (simp add: of-rat-mult [symmetric])
done

lemma of-rat-inverse:
(of-rat (inverse a)::'a::{field-char-0,division-by-zero}) =
inverse (of-rat a)

by (cases a = 0, simp-all add: nonzero-of-rat-inverse)

lemma nonzero-of-rat-divide:
b # 0 = of-rat (a / b) = of-rat a / of-rat b
by (simp add: divide-inverse of-rat-mult nonzero-of-rat-inverse)

lemma of-rat-divide:
(of-rat (a / b)::'a::{field-char-0,division-by-zero})
= of-rat a / of-rat b

by (cases b = 0, simp-all add: nonzero-of-rat-divide)

lemma of-rat-power:
(of-rat (a " n):'a:{field-char-0,recpower}) = of-rat a " n
by (induct n) (simp-all add: of-rat-mult power-Suc)

lemma of-rat-eq-iff [simp]: (of-rat a = of-rat b) = (a = b)
apply (induct a, induct b)

apply (simp add: of-rat-rat eq-rat)

apply (simp add: nonzero-divide-eq-eq nonzero-eq-divide-eq)
apply (simp only: of-int-mult [symmetric] of-int-eq-iff)
done

lemmas of-rat-eq-0-iff [simp] = of-rat-eq-iff [of - 0, simplified)

lemma of-rat-eq-id [simp]: of-rat = (id :: rat = rat)
proof
fix a
show of-rat a = id a
by (induct a)
(simp add: of-rat-rat divide-rat Fract-of-int-eq [symmetric])
qed

Collapse nested embeddings

lemma of-rat-of-nat-eq [simp]: of-rat (of-nat n) = of-nat n
by (induct n) (simp-all add: of-rat-add)
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lemma of-rat-of-int-eq [simp]: of-rat (of-int z) = of-int z
by (cases z rule: int-diff-cases, simp add: of-rat-diff)

lemma of-rat-number-of-eq [simp):
of-rat (number-of w) = (number-of w :: 'a::{number-ring,field-char-0})
by (simp add: number-of-eq)

lemmas zero-rat = Zero-rat-def
lemmas one-rat = One-rat-def

abbreviation
rat-of-nat :: nat = rat
where
rat-of-nat = of-nat

abbreviation
rat-of-int :: int = rat
where

rat-of-int = of-int

45

4.5 Implementation of rational numbers as pairs of integers

definition

Rational :: int X int = rat
where

Rational = INum

code-datatype Rational

lemma Rational-simp:
Rational (k, 1) = rat-of-int k / rat-of-int |
unfolding Rational-def INum-def by simp

lemma Rational-zero [simp]: Rational On = 0
by (simp add: Rational-simp)

lemma Rational-lit [simp]: Rational in = rat-of-int i
by (simp add: Rational-simp)

lemma zero-rat-code [code, code unfold):
0 = Rational 0 by simp

lemma zero-rat-code [code, code unfold]:
1 = Rational 15 by simp

lemma [code, code unfold]:
number-of k = rat-of-int (number-of k)
by (simp add: number-of-is-id rat-number-of-def)
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definition
[code func del]: Fract’ (b::bool) k1 = Fract k 1

lemma [code]:
Fract k1 = Fract’ (1 # 0) k1
unfolding Fract’-def ..

lemma [code]:
Fract’ True k1 = (if | # 0 then Rational (k, 1) else Fract 1 0)
by (simp add: Fract’-def Rational-simp Fract-of-int-quotient [of k 1])

lemma [code]:
of-rat (Rational (k, 1)) = (if | # 0 then of-int k / of-int | else 0)
by (cases | = 0)
(auto simp add: Rational-simp of-rat-rat [simplified Fract-of-int-quotient [of k
1], symmetric))

instance rat :: eq ..

lemma rat-eq-code [code]: Rational x = Rational y «—— normNum z = normNum

Y
unfolding Rational-def INum-normNum-iff ..

lemma rat-less-eq-code [code]: Rational © < Rational y «—— normNum z <y
normNum y
proof —

have normNum z <y normNum y «— Rational (normNum z) < Rational
(normNum y)

by (simp add: Rational-def del: normNum)

also have ... = (Rational © < Rational y) by (simp add: Rational-def)
finally show ?thesis by simp
qed

lemma rat-less-code [code]: Rational © < Rational y «— normNum z <y norm-
Num y
proof —

have normNum z <y normNum y <— Rational (normNum z) < Rational
(normNum y)

by (simp add: Rational-def del: normNum)

also have ... = (Rational x < Rational y) by (simp add: Rational-def)
finally show ?thesis by simp
qged

lemma rat-add-code [code]: Rational x + Rational y = Rational (z +n y)
unfolding Rational-def by simp

lemma rat-mul-code [code]: Rational z * Rational y = Rational (z *x y)
unfolding Rational-def by simp
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lemma rat-neg-code [code]: — Rational x = Rational (N )
unfolding Rational-def by simp

lemma rat-sub-code [code]: Rational x — Rational y = Rational (x —n )
unfolding Rational-def by simp

lemma rat-inv-code [code]: inverse (Rational x) = Rational (Ninv z)
unfolding Rational-def Ninv divide-rat-def by simp

lemma rat-div-code [code]: Rational x / Rational y = Rational (x +n y)
unfolding Rational-def by simp

Setup for SML code generator

types-code
rat ((int */ int))
attach (term-of) ((
fun term-of-rat (p, q) =
let
val rT = Type (Rational.rat, [])
in
if ¢ = 1 orelse p = 0 then HOLogic.mk-number rT p
else Const (HOL.inverse-class.divide, rT ——> rT ——> rT) $
HOLogic.mk-number T p $ HOLogic.mk-number rT q
end;
»
attach (test) (
fun gen-rat i =
let
val p = random-range 0 1i;
val ¢ = random-range 1 (i + 1);
val g = Integer.gcd p q;
val p’ = p div g;
val ¢’ = q div g;
m
(if one-of [true, false] then p' else ~ p’,
if p’ = 0 then 0 else q)
end;

)

consts-code
Rational ((-))

consts-code

of-int :: int = rat ({(module)rat’-of -int)
attach ((
fun rat-of-int 0 = (0, 0)

| rat-of-int i = (1, 1);

)
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end

5 PReal: Positive real numbers

theory PReal
imports Rational
begin

Could be generalized and moved to Ring-and-Field

lemma add-eg-exists: Jz. a+x = (b::rat)
by (rule-tac z=b—a in exl, simp)

definition
cut :: rat set => bool where
cut A={} Cc A&
A<{r.0<r} &
Vye A (Vz. 0<z & z<y—>2z€ A) & (Fue A y<u)))

lemma cut-of-rat:
assumes ¢: 0 < q shows cut {r:rat. 0 < r & r < ¢} (is cut ?A)
proof —
from ¢ have pos: ?4 < {r. 0 < r} by force
have nonempty: {} C 74
proof
show {} C ?4 by simp
show {} # 74
by (force simp only: q eq-commute [of {}] interval-empty-iff)
qged
show ?thesis
by (simp add: cut-def pos nonempty,
blast dest: dense intro: order-less-trans)
qed

typedef preal = {A. cut A}

by (blast intro: cut-of-rat [OF zero-less-one])
instance preal :: {ord, plus, minus, times, inverse, one} ..
definition

preal-of-rat :: rat => preal where

preal-of-rat ¢ = Abs-preal {z::rat. 0 < z & z < ¢}
definition

psup :: preal set => preal where

psup P = Abs-preal (|JX € P. Rep-preal X)

definition

48
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add-set :: [rat set,rat set] => rat set where
add-set A B ={w. 3z € A. Jy € B. w =z + y}

definition
diff-set :: [rat set,rat set] => rat set where
diff-set AB={w.Jz. 0 <w & 0<z &z ¢ B&z+we A}

definition
mult-set :: [rat set,rat set] => rat set where
mult-set A B ={w. 3z € A. 3y € B. w =z * y}

definition
inverse-set :: rat set => rat set where
inverse-set A = {z. 3y. 0 <z & z < y & inverse y ¢ A}

defs (overloaded)

preal-less-def :
R < S == Rep-preal R < Rep-preal S

preal-le-def :
R < S == Rep-preal R C Rep-preal S

preal-add-def
R + S == Abs-preal (add-set (Rep-preal R) (Rep-preal S))

preal-diff-def
R — 8§ == Abs-preal (diff-set (Rep-preal R) (Rep-preal S))

preal-mult-def :
R = S == Abs-preal (mult-set (Rep-preal R) (Rep-preal S))

preal-inverse-def :
inverse R == Abs-preal (inverse-set (Rep-preal R))

preal-one-def
1 == preal-of-rat 1
Reduces equality on abstractions to equality on representatives
declare Abs-preal-inject [simp]

declare Abs-preal-inverse [simp)

lemma rat-mem-preal: 0 < ¢ ==> {rurat. 0 < r & r < q} € preal
by (simp add: preal-def cut-of-rat)

lemma preal-nonempty: A € preal ==> Jz€A. 0 < z
by (unfold preal-def cut-def, blast)

49
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lemma preal-Ex-mem: A € preal = Jz. x € A
by (drule preal-nonempty, fast)

lemma preal-imp-psubset-positives: A € preal ==> A < {r. 0 < r}
by (force simp add: preal-def cut-def)

lemma preal-ezists-bound: A € preal ==>3Jz. 0 <z &z ¢ A
by (drule preal-imp-psubset-positives, auto)

lemma preal-exists-greater: [| A € preal; y € A || ==>3ue A y<u
by (unfold preal-def cut-def, blast)

lemma preal-downwards-closed: [| A € preal; y € A; 0 < z; 2 < yl|]==>2€ A
by (unfold preal-def cut-def, blast)

Relaxing the final premise

lemma preal-downwards-closed’:
[|A€preal; y e A;0 < z;2<y||==>2€ A4

apply (simp add: order-le-less)

apply (blast intro: preal-downwards-closed)

done

A positive fraction not in a positive real is an upper bound. Gleason p. 122
- Remark (1)

lemma not-in-preal-ub:
assumes A: A € preal
and notz: z ¢ A
and y: y € A
and pos: 0 < x
shows y < z
proof (cases rule: linorder-cases)
assume <y
with notz show %thesis
by (simp add: preal-downwards-closed [OF A y] pos)
next
assume =y
with notr and y show ?thesis by simp
next
assume y<z
thus ?thesis .
qged

preal lemmas instantiated to Rep-preal X
lemma mem-Rep-preal-Ex: Fx. © € Rep-preal X

by (rule preal-Ex-mem [OF Rep-preal))

lemma Rep-preal-exists-bound: 3z>0. © ¢ Rep-preal X
by (rule preal-exists-bound [OF Rep-preal])
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lemmas not-in-Rep-preal-ub = not-in-preal-ub [OF Rep-preal]

5.1 preal-of-prat: the Injection from prat to preal

lemma rat-less-set-mem-preal: 0 < y ==> {uzrat. 0 < v & u < y} € preal
by (simp add: preal-def cut-of-rat)

lemma rat-subset-imp-le:
[Husrat. 0 < u & v <z} C{u. 0 <u&u<y}; 0<z]]==>z<y
apply (simp add: linorder-not-less [symmetric])
apply (blast dest: dense intro: order-less-trans)
done

lemma rat-set-eq-imp-eq:
[Husrat. 0 < v & u <z} ={u. 0 <u&u<y};
0<z0<y||l==>z=y
by (blast intro: rat-subset-imp-le order-antisym)

5.2 Properties of Ordering

lemma preal-le-refl: w < (w::preal)
by (simp add: preal-le-def)

lemma preal-le-trans: [| i < j; j < k || ==> i < (k::preal)
by (force simp add: preal-le-def)

lemma preal-le-anti-sym: [| z < w; w < z || ==> z = (w::preal)
apply (simp add: preal-le-def)

apply (rule Rep-preal-inject [THEN iffD1], blast)

done

lemma preal-less-le: ((w:preal) < z) = (w < z & w # z)
by (simp add: preal-le-def preal-less-def Rep-preal-inject psubset-def)

instance preal :: order
by intro-classes
(assumption |
rule preal-le-refl preal-le-trans preal-le-anti-sym preal-less-le)+

lemma preal-imp-pos: [|A € preal; r € A]] ==> 0 < r
by (insert preal-imp-psubset-positives, blast)

lemma preal-le-linear: © <=y | y <= (z::preal)

apply (auto simp add: preal-le-def)

apply (rule ccontr)

apply (blast dest: not-in-Rep-preal-ub intro: preal-imp-pos [OF Rep-preal]
elim: order-less-asym)

done
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instance preal :: linorder
by intro-classes (rule preal-le-linear)

instance preal :: distrib-lattice
nf = min
sup = max
by intro-classes
(auto simp add: inf-preal-def sup-preal-def min-maz.sup-inf-distrib1)

5.3 Properties of Addition

lemma preal-add-commute: (z:preal) + y =y + «
apply (unfold preal-add-def add-set-def)

apply (rule-tac f = Abs-preal in arg-cong)

apply (force simp add: add-commute)

done

Lemmas for proving that addition of two positive reals gives a positive real

lemma empty-psubset-nonempty: a € A ==> {} C A
by blast

Part 1 of Dedekind sections definition

lemma add-set-not-empty:
[|A € preal; B € preal|]] ==> {} C add-set A B
apply (drule preal-nonempty)-+
apply (auto simp add: add-set-def)
done

Part 2 of Dedekind sections definition. A structured version of this proof is
preal-not-mem-mult-set- Ex below.

lemma preal-not-mem-add-set-Fx:
[|A € preal; B € preal|]] ==> 3¢>0. q ¢ add-set A B
apply (insert preal-ezists-bound [of A] preal-exists-bound [of B], auto)
apply (rule-tac x = z+za in exl)
apply (simp add: add-set-def, clarify)
apply (drule (3) not-in-preal-ub)+
apply (force dest: add-strict-mono)
done

lemma add-set-not-rat-set:
assumes A: A € preal
and B: B € preal
shows add-set A B < {r. 0 < r}
proof
from preal-imp-pos [OF A] preal-imp-pos [OF B]
show add-set A B C {r. 0 < r} by (force simp add: add-set-def)
next
show add-set A B # {r. 0 < r}
by (insert preal-not-mem-add-set-FEx [OF A B], blast)
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qed

Part 3 of Dedekind sections definition

lemma add-set-lemma3:
[|[4 € preal; B € preal; u € add-set A B; 0 < z; z < ul]
==> 2z € add-set A B
proof (unfold add-set-def, clarify)
fix z::rat and y::rat
assume A: A € preal
and B: B € preal
and [simp]: 0 < z
and zless: z <z + y
and z: z € A
and y: y € B
have zpos [simp]: 0<z by (rule preal-imp-pos [OF A z])
have ypos [simp]: 0<y by (rule preal-imp-pos [OF B y))
have zypos [simp]: 0 < z+y by (simp add: pos-add-strict)
let ?f = z/(z+y)
have fless: ?f < 1 by (simp add: zless pos-divide-less-eq)
show dz' € A. Jy'eB. z =z' + y’
proof (intro bexl)
show z = zx?f + yx?f
by (simp add: left-distrib [symmetric] divide-inverse mult-ac
order-less-imp-not-eq2)
next
show y x ?f € B
proof (rule preal-downwards-closed [OF B y))
show 0 < y % 2f
by (simp add: divide-inverse zero-less-mult-iff )
next
show y x 2f <y
by (insert mult-strict-left-mono [OF fless ypos], simp)
qed
next
show z x 2f € A
proof (rule preal-downwards-closed [OF A z))
show 0 < z x f
by (simp add: divide-inverse zero-less-mult-iff)
next
show z x ?2f < x
by (insert mult-strict-left-mono [OF fless xpos|, simp)
qed
qed
qed

Part 4 of Dedekind sections definition

lemma add-set-lemmay:
[|A € preal; B € preal; y € add-set A B|] ==> Ju € add-set A B. y < u
apply (auto simp add: add-set-def)
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apply (frule preal-exists-greater [of A], auto)
apply (rule-tac z=u + y in exl)

apply (auto intro: add-strict-left-mono)
done

lemma mem-add-set:

[|A € preal; B € preal|]] ==> add-set A B € preal
apply (simp (no-asm-simp) add: preal-def cut-def)
apply (blast intro!: add-set-not-empty add-set-not-rat-set

add-set-lemma3 add-set-lemma4)
done

lemma preal-add-assoc: ((z:preal) + y) + z =z + (y + 2)
apply (simp add: preal-add-def mem-add-set Rep-preal)
apply (force simp add: add-set-def add-ac)

done

instance preal :: ab-semigroup-add

proof
fix a b c :: preal
show (a + b) + ¢ = a + (b + ¢) by (rule preal-add-assoc)
show a + b = b + a by (rule preal-add-commute)

qed

lemma preal-add-left-commute: © + (y + z) = y + ((x + 2):preal)
by (rule add-left-commute)
Positive Real addition is an AC operator

lemmas preal-add-ac = preal-add-assoc preal-add-commute preal-add-left-commute

5.4 Properties of Multiplication

Proofs essentially same as for addition

lemma preal-mult-commute: (x::preal) * y = y * x
apply (unfold preal-mult-def mult-set-def)

apply (rule-tac f = Abs-preal in arg-cong)

apply (force simp add: mult-commute)

done

Multiplication of two positive reals gives a positive real.
Lemmas for proving positive reals multiplication set in preal

Part 1 of Dedekind sections definition

lemma mult-set-not-empty:

[|4 € preal; B € preal|]] ==> {} C mult-set A B
apply (insert preal-nonempty [of A] preal-nonempty [of B])
apply (auto simp add: mult-set-def)
done
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Part 2 of Dedekind sections definition

lemma preal-not-mem-mult-set-Ex:
assumes A: A € preal
and B: B € preal
shows 3¢. 0 < ¢ & q ¢ mult-set A B
proof —
from preal-exists-bound [OF A]
obtain z where [simp]: 0 < z z ¢ A by blast
from preal-ezxists-bound [OF B]
obtain y where [simp]: 0 < y y ¢ B by blast
show ?thesis
proof (intro exl conjI)
show 0 < zxy by (simp add: mult-pos-pos)
show z * y ¢ mult-set A B
proof —
{ fix u::rat and v::rat
assume u € A and v € B and zxy = u*v
moreover
with prems have u<z and v<y by (blast dest: not-in-preal-ub)+
moreover
with prems have 0<v
by (blast intro: preal-imp-pos [OF B] order-less-imp-le prems)
moreover
from calculation
have uxv < zxy by (blast intro: mult-strict-mono prems)
ultimately have False by force }
thus ?thesis by (auto simp add: mult-set-def)
qed
qed
qed

lemma mult-set-not-rat-set:
assumes A: A € preal
and B: B € preal
shows mult-set A B < {r. 0 < r}
proof
show mult-set A B C {r. 0 < r}
by (force simp add: mult-set-def
intro: preal-imp-pos [OF A] preal-imp-pos [OF B] mult-pos-pos)
show mult-set A B # {r. 0 < r}
using preal-not-mem-mult-set-Ex [OF A B] by blast
qed

Part 3 of Dedekind sections definition

lemma mult-set-lemma3:
[|A € preal; B € preal; u € mult-set A B; 0 < z; z < ul]
==> 2z € mult-set A B
proof (unfold mult-set-def, clarify)
fix z::rat and y::rat
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assume A: A € preal
and B: B € preal
and [simp]: 0 < z
and zless: z < T x y
and z: z € A
and y: y € B
have [simp]: 0<y by (rule preal-imp-pos [OF B y])
show 3z’ € A.Jy’ € B. 2z =z’ x y’
proof
show Jy’eB. z = (z/y) * y’
proof
show z = (z/y)*y
by (simp add: divide-inverse mult-commute [of y] mult-assoc
order-less-imp-not-eq2)
show y € B by fact
qed
next
show z/y € A
proof (rule preal-downwards-closed [OF A z])
show 0 < z/y
by (simp add: zero-less-divide-iff )
show z/y < z by (simp add: pos-divide-less-eq zless)
qed
qed
qed

Part 4 of Dedekind sections definition

lemma mult-set-lemma:
[|A € preal; B € preal; y € mult-set A B|] ==> Ju € mult-set A B. y < u
apply (auto simp add: mult-set-def)
apply (frule preal-exists-greater [of A], auto)
apply (rule-tac z=u * y in exl)
apply (auto intro: preal-imp-pos [of A] preal-imp-pos [of B
mult-strict-right-mono)
done

lemma mem-mult-set:
[|4A € preal; B € preal|]] ==> mult-set A B € preal
apply (simp (no-asm-simp) add: preal-def cut-def)
apply (blast intro!: mult-set-not-empty mult-set-not-rat-set
mult-set-lemma3d mult-set-lemmad )
done

lemma preal-mult-assoc: ((xz::preal) * y) * z = x * (y * z)
apply (simp add: preal-mult-def mem-muli-set Rep-preal)
apply (force simp add: mult-set-def mult-ac)

done
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instance preal :: ab-semigroup-mult

proof
fix a b ¢ :: preal
show (a * b) * ¢ = a * (b * ¢) by (rule preal-mult-assoc)
show a * b = b * a by (rule preal-mult-commute)

qed

lemma preal-mult-left-commute: z x (y * z) = y x ((z * 2)::preal)
by (rule mult-left-commute)

Positive Real multiplication is an AC operator

lemmas preal-mult-ac =
preal-mult-assoc preal-mult-commute preal-mult-left-commute

Positive real 1 is the multiplicative identity element

lemma preal-mult-1: (1:preal) * z = 2z
unfolding preal-one-def
proof (induct z)
fix A :: rat set
assume A: A € preal
have {w. Ju. 0 <uAhu<1 & Fve A w=uxv)}=A((s ?lhs = A)
proof
show 2lhs C A
proof clarify
fix z::rat and u::rat and v::rat
assume upos: 0<u and u<1 and v: v € A
have wvpos: 0<v by (rule preal-imp-pos [OF A v])
hence uxv < Ixv by (simp only: mult-strict-right-mono prems)
thus u x v € A
by (force intro: preal-downwards-closed [OF A v] mult-pos-pos
upos vpos)
qed
next
show A C ?lhs
proof clarify
fix z::rat
assume z: z € A
have zpos: 0<z by (rule preal-imp-pos [OF A z])
from preal-exists-greater [OF A x]
obtain v where v: v € A and zlessv: z < v ..
have vpos: 0<v by (rule preal-imp-pos [OF A v])
show Ju. 0 < uAu<1A((FveEA z=ux*v)
proof (intro exI conjI)
show 0 < z/v
by (simp add: zero-less-divide-iff xpos vpos)
show z / v < 1
by (simp add: pos-divide-less-eq vpos xlessv)
show Jv'cd. z = (z [/ v) * v’
proof
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show z = (z/v)*v
by (simp add: divide-inverse mult-assoc vpos
order-less-imp-not-eq2)
show v € A by fact
ged
qed
qed
qed
thus preal-of-rat 1 * Abs-preal A = Abs-preal A
by (simp add: preal-of-rat-def preal-mult-def mult-set-def
rat-mem-preal A)
qed

instance preal :: comm-monoid-mult
by intro-classes (rule preal-mult-1)

lemma preal-mult-1-right: z * (1::preal) = 2z
by (rule mult-1-right)

5.5 Distribution of Multiplication across Addition

lemma mem-Rep-preal-add-iff :
(z € Rep-preal(R+S)) = (3x € Rep-preal R. 3y € Rep-preal S. z = z + y)
apply (simp add: preal-add-def mem-add-set Rep-preal)
apply (simp add: add-set-def)
done

lemma mem-Rep-preal-mult-iff :
(z € Rep-preal(R+S)) = (3x € Rep-preal R. 3y € Rep-preal S. z = z * y)
apply (simp add: preal-mult-def mem-muli-set Rep-preal)
apply (simp add: mult-set-def)
done

lemma distrib-subsetl:
Rep-preal (w = (z + y)) C Rep-preal (w *x x + w * y)
apply (auto simp add: Bex-def mem-Rep-preal-add-iff mem-Rep-preal-mult-iff)
apply (force simp add: right-distrib)
done

lemma preal-add-mult-distrib-mean:
assumes a: a € Rep-preal w
and b: b € Rep-preal w
and d: d € Rep-preal x
and e: e € Rep-preal y
shows J¢ € Rep-preal w. a * d + bx e = c x (d + e)
proof
let ¢ = (axd + bxe)/(d+e)
have [simp]: 0<a 0<b 0<d 0<e 0<d+e
by (blast intro: preal-imp-pos [OF Rep-preal] a b d e pos-add-strict)+
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have cpos: 0 < %c
by (simp add: zero-less-divide-iff zero-less-mult-iff pos-add-strict)
show a x d + bxe= %cx* (d+ e)
by (simp add: divide-inverse mult-assoc order-less-imp-not-eq2)
show ?c € Rep-preal w
proof (cases rule: linorder-le-cases)
assume a < b
hence %¢ < b
by (simp add: pos-divide-le-eq right-distrib mult-right-mono
order-less-imp-le)
thus ?thesis by (rule preal-downwards-closed’ [OF Rep-preal b cpos))
next
assume b < a
hence %¢c < a
by (simp add: pos-divide-le-eq right-distrib mult-right-mono
order-less-imp-le)
thus %thesis by (rule preal-downwards-closed’ [OF Rep-preal a cpos])
qed
qed

lemma distrib-subset2:

Rep-preal (w * & + w * y) C Rep-preal (w x (z + y))
apply (auto simp add: Bex-def mem-Rep-preal-add-iff mem-Rep-preal-mult-iff)
apply (drule-tac w=w and z=z and y=y in preal-add-mult-distrib-mean, auto)
done

lemma preal-add-mult-distrib2: (w = ((z::preal) + y)) = (w * ) + (w * y)
apply (rule Rep-preal-inject [THEN iffD1])

apply (rule equalityl [OF distrib-subset! distrib-subset2])

done

lemma preal-add-mult-distrib: (((z::preal) + y) * w) = (z * w) + (y * w)
by (simp add: preal-mult-commute preal-add-mult-distrib2)

instance preal :: comm-semiring
by intro-classes (rule preal-add-mult-distrib)

5.6 Existence of Inverse, a Positive Real

lemma mem-inv-set-ex:
assumes A: A € preal shows Jzy. 0 < z & z < y & inversey ¢ A
proof —
from preal-ezxists-bound [OF A]
obtain z where [simp]: 0<z z ¢ A by blast
show ?thesis
proof (intro exI conjI)
show 0 < inverse (z+1)
by (simp add: order-less-trans [OF - less-add-one])
show inverse(z+1) < inverse ©
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by (simp add: less-imp-inverse-less less-add-one)
show inverse (inverse ) ¢ A
by (simp add: order-less-imp-not-eq2)
qed
qed

Part 1 of Dedekind sections definition

lemma inverse-set-not-empty:

A € preal ==> {} C inverse-set A
apply (insert mem-inv-set-ex [of A])
apply (auto simp add: inverse-set-def)
done

Part 2 of Dedekind sections definition

lemma preal-not-mem-inverse-set-Ex:
assumes A: A € preal shows Jq. 0 < q & q ¢ inverse-set A
proof —
from preal-nonempty [OF A]
obtain z where z: z € A and zpos [simp]: 0<z ..
show ?thesis
proof (intro exl congl)
show 0 < inverse z by simp
show inverse © ¢ inverse-set A
proof —
{ fix y::rat
assume ygt: inverse T < y
have [simp]: 0 < y by (simp add: order-less-trans [OF - ygt])
have iyless: inverse y < x
by (simp add: inverse-less-imp-less [of x| ygt)
have inverse y € A
by (simp add: preal-downwards-closed [OF A z] iyless)}
thus ?thesis by (auto simp add: inverse-set-def)
qed
qged
qed

lemma inverse-set-not-rat-set:

assumes A: A € preal shows inverse-set A < {r. 0 < r}
proof

show inverse-set A C {r. 0 < r} by (force simp add: inverse-set-def)
next

show inverse-set A # {r. 0 < r}

by (insert preal-not-mem-inverse-set-Ex [OF A], blast)

qed

Part 3 of Dedekind sections definition

lemma inverse-set-lemma3:
[|A € preal; u € inverse-set A; 0 < z; z < ul]
==> 7z € inverse-set A
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apply (auto simp add: inverse-set-def)
apply (auto intro: order-less-trans)
done

Part 4 of Dedekind sections definition

lemma inverse-set-lemmad:
[|[A € preal; y € inverse-set A|] ==> Ju € inverse-set A. y < u
apply (auto simp add: inverse-set-def)
apply (drule dense [of y])
apply (blast intro: order-less-trans)
done

lemma mem-inverse-set:
A € preal ==> inverse-set A € preal
apply (simp (no-asm-simp) add: preal-def cut-def)
apply (blast introl: inverse-set-not-empty inverse-set-not-rat-set
inverse-set-lemma3 inverse-set-lemmay,)
done

5.7 Gleason’s Lemma 9-3.4, page 122

lemma Gleason9-34-exists:
assumes A: A € preal
and VzeAd. z +u e A
and 0 < 2
shows 3b€A. b + (of-int z) x u € A
proof (cases z rule: int-cases)
case (nonneg n)
show ?thesis
proof (simp add: prems, induct n)
case (
from preal-nonempty [OF A]
show ?case by force
case (Suc k)
from this obtain b where b € A b + of-natk x u € A ..
hence b + of-int (int k)xu + u € A by (simp add: prems)
thus ?case by (force simp add: left-distrib add-ac prems)
qed
next
case (neg n)
with prems show ?thesis by simp
qed

lemma Gleason9-3/-contra:
assumes A: A € preal
shows [[Vz€d. z + v € A; 0 < u; 0 < y; y ¢ A|] ==> False
proof (induct u, induct y)
fix a::int and b::int
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fix c:int and d::int
assume bpos [simp]: 0 < b

and dpos [simp]: 0 < d

and closed: Vz€A. © + (Fract ¢ d) € A

and upos: 0 < Fract ¢ d

and ypos: 0 < Fract a b

and notin: Fract a b ¢ A
have cpos [simp]: 0 < ¢

by (simp add: zero-less-Fract-iff [OF dpos, symmetric] upos)
have apos [simp]: 0 < a

by (simp add: zero-less-Fract-iff [OF bpos, symmetric] ypos)
let %k = axd
have frle: Fract a b < Fract ?k 1 % (Fract ¢ d)
proof —

have ?thesis = ((a * d x bx d) < cxbx (axd*bx* d))

by (simp add: mult-rat le-rat order-less-imp-not-eq2 mult-ac)
moreover
have (1 x (axdxbxd)) <cxbx(a*xdxbxd)
by (rule mult-mono,
simp-all add: int-one-le-iff-zero-less zero-less-mult-iff
order-less-imp-le)

ultimately

show ?thesis by simp
qed
have k: 0 < %k by (simp add: order-less-imp-le zero-less-mult-iff)
from Gleason9-34-exists [OF A closed k]
obtain z where 2: z € A

and mem: z + of-int 2k * Fract c d € A ..

have less: z + of-int %k * Fract ¢ d < Fract a b

by (rule not-in-preal-ub [OF A notin mem ypos])
have 0<z by (rule preal-imp-pos [OF A z])
with frle and less show Fualse by (simp add: Fract-of-int-eq)

qed

lemma Gleason9-3/:
assumes A: A € preal
and upos: 0 < u
showsdrc A.r+u¢ A
proof (rule ccontr, simp)
assume closed: VreA. r +u € A
from preal-exists-bound [OF A]
obtain y where y: y ¢ A and ypos: 0 < y by blast
show Fulse
by (rule Gleason9-34-contra [OF A closed upos ypos yl)
qed
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5.8 Gleason’s Lemma 9-3.6

lemma lemma-gleason9-36:
assumes A: A € preal
and z: 1 <z
shows 3r € A. rxzx ¢ A
proof —
from preal-nonempty [OF A]
obtain y where y: y € A and ypos: 0<y ..
show ?thesis
proof (rule classical)
assume ~(Ired. rxz ¢ A)
with y have ymem: y x x € A by blast
from ypos mult-strict-left-mono [OF ]
have yless: y < yxz by simp
let 2d = y*xz — y
from yless have dpos: 0 < ?d and eq: y + ?d = y*xx by auto
from Gleason9-34 [OF A dpos]
obtain r where r: r€A and notin: v + 7d ¢ A ..
have rpos: 0<r by (rule preal-imp-pos [OF A r])
with dpos have rdpos: 0 < r + ?d by arith
have ~ (r + 2d < y + 2d)
proof
assume le: r + ?2d < y + 2d
from ymem have yd: y + ?d € A by (simp add: eq)
have r + 2d € A by (rule preal-downwards-closed’ [OF A yd rdpos le])
with notin show False by simp
qed
hence y < r by simp
with ypos have dless: ?d < (r * 2d)/y
by (simp add: pos-less-divide-eq mult-commute [of ?d|
mult-strict-right-mono dpos)
have r + 2d < rxx
proof —
have r + 2d < r + (r * 2d)/y by (simp add: dless)
also with ypos have ... = (r/y) * (y + 2d)
by (simp only: right-distrib divide-inverse mult-ac, simp)
also have ... = rxz using ypos
by (simp add: times-divide-eg-left)
finally show r + 2d < rxx .
qed
with r notin rdpos
show JIreA. r x © ¢ A by (blast dest: preal-downwards-closed [OF A])
qed
qed

5.9 Existence of Inverse: Part 2

lemma mem-Rep-preal-inverse-iff :
(z € Rep-preal(inverse R)) =
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(0 <zA3By.z <y A inverse y ¢ Rep-preal R))
apply (simp add: preal-inverse-def mem-inverse-set Rep-preal)
apply (simp add: inverse-set-def)
done

lemma Rep-preal-of-rat:
0 < q ==> Rep-preal (preal-of-rat q¢) = {z. 0 < z Nz < ¢}
by (simp add: preal-of-rat-def rat-mem-preal)

lemma subset-inverse-mult-lemma:
assumes zpos: 0 < z and zless: ¢ < 1
shows Iruy. 0 < r & r < y & inverse y ¢ Rep-preal R &
u € Rep-preal R & © =1 x u
proof —
from zpos and zless have 1 < inverse x by (simp add: one-less-inverse-iff )
from lemma-gleason9-36 [OF Rep-preal this]
obtain r where r: r € Rep-preal R
and notin: r x (inverse ) ¢ Rep-preal R ..
have rpos: 0<r by (rule preal-imp-pos [OF Rep-preal r])
from preal-exists-greater [OF Rep-preal ]
obtain v where u: u € Rep-preal R and rless: 7 < u ..
have upos: 0<u by (rule preal-imp-pos [OF Rep-preal u))
show ?thesis
proof (intro exl congl)
show 0 < z/u using zpos upos
by (simp add: zero-less-divide-iff)
show z/u < z/r using zpos upos rpos
by (simp add: divide-inverse mult-less-cancel-left rless)
show inverse (x / r) ¢ Rep-preal R using notin
by (simp add: divide-inverse mult-commute)
show u € Rep-preal R by (rule u)
show z = z / u * u using upos
by (simp add: divide-inverse mult-commute)
qed
qed

lemma subset-inverse-mult:
Rep-preal(preal-of-rat 1) C Rep-preal(inverse R x R)
apply (auto simp add: Bex-def Rep-preal-of-rat mem-Rep-preal-inverse-iff
mem-Rep-preal-mult-iff )
apply (blast dest: subset-inverse-mult-lemma)
done

lemma inverse-mult-subset-lemma:
assumes rpos: 0 < r
and rless: r < y
and notin: inverse y ¢ Rep-preal R
and ¢: ¢ € Rep-preal R
shows r*xq < 1
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proof —
have ¢ < inverse y using rpos rless
by (simp add: not-in-preal-ub [OF Rep-preal notin] q)
hence r x ¢ < r/y using rpos
by (simp add: divide-inverse mult-less-cancel-left)
also have ... < 1 using rpos rless
by (simp add: pos-divide-le-eq)
finally show ?thesis .
qed

lemma inverse-mult-subset:
Rep-preal(inverse R x R) C Rep-preal(preal-of-rat 1)
apply (auto simp add: Bex-def Rep-preal-of-rat mem-Rep-preal-inverse-iff
mem-Rep-preal-mult-iff )
apply (simp add: zero-less-mult-iff preal-imp-pos [OF Rep-preal])
apply (blast intro: inverse-mult-subset-lemma)
done

lemma preal-mult-inverse: inverse R « R = (1::preal)

unfolding preal-one-def

apply (rule Rep-preal-inject [THEN iffD1])

apply (rule equalityl [OF inverse-mult-subset subset-inverse-mult))
done

lemma preal-mult-inverse-right: R * inverse R = (1::preal)
apply (rule preal-mult-commute [THEN subst])

apply (rule preal-mult-inverse)

done

Theorems needing Gleason9-3/

lemma Rep-preal-self-subset: Rep-preal (R) C Rep-preal(R + S)
proof
fix r
assume r: r € Rep-preal R
have rpos: 0<r by (rule preal-imp-pos [OF Rep-preal r])
from mem-Rep-preal-Ez
obtain y where y: y € Rep-preal S ..
have ypos: 0<y by (rule preal-imp-pos [OF Rep-preal y])
have ry: r+y € Rep-preal(R + S) using r y
by (auto simp add: mem-Rep-preal-add-iff)
show r € Rep-preal(R + S) using r ypos rpos
by (simp add: preal-downwards-closed [OF Rep-preal ry|)
qed

lemma Rep-preal-sum-not-subset: ~ Rep-preal (R + S) C Rep-preal(R)
proof —

from mem-Rep-preal-Ez

obtain y where y: y € Rep-preal S ..

have ypos: 0<y by (rule preal-imp-pos [OF Rep-preal y])
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from Gleason9-3/ [OF Rep-preal ypos|
obtain r where r: r € Rep-preal R and notin: v + y ¢ Rep-preal R ..
have r + y € Rep-preal (R + S) using r y
by (auto simp add: mem-Rep-preal-add-iff)
thus ?thesis using notin by blast
qed

lemma Rep-preal-sum-not-eq: Rep-preal (R + S) # Rep-preal(R)
by (insert Rep-preal-sum-not-subset, blast)

at last, Gleason prop. 9-3.5(iii) page 123

lemma preal-self-less-add-left: (R::preal) < R + S

apply (unfold preal-less-def psubset-def)

apply (simp add: Rep-preal-self-subset Rep-preal-sum-not-eq [THEN not-sym])
done

lemma preal-self-less-add-right: (R::preal) < S + R
by (simp add: preal-add-commute preal-self-less-add-left)

lemma preal-not-eg-self: © # x + (y::preal)
by (insert preal-self-less-add-left [of z y|, auto)

5.10 Subtraction for Positive Reals

Gleason prop. 9-3.5(iv), page 123: proving A < B =— 3D. A + D = B.
We define the claimed D and show that it is a positive real

Part 1 of Dedekind sections definition

lemma diff-set-not-empty:

R < 8§ ==> {} C diff-set (Rep-preal S) (Rep-preal R)
apply (auto simp add: preal-less-def diff-set-def elim!: equalityFE)
apply (frule-tac x1 = S in Rep-preal [THEN preal-exists-greater))
apply (drule preal-imp-pos [OF Rep-preal], clarify)
apply (cut-tac a=z and b=u in add-eq-exists, force)
done

Part 2 of Dedekind sections definition

lemma diff-set-nonempty:
dq. 0 < q & q ¢ diff-set (Rep-preal S) (Rep-preal R)
apply (cut-tac X = S in Rep-preal-exists-bound)
apply (erule exE)
apply (rule-tac x = z in exl, auto)
apply (simp add: diff-set-def)
apply (auto dest: Rep-preal [THEN preal-downwards-closed])
done

lemma diff-set-not-rat-set:
diff-set (Rep-preal S) (Rep-preal R) < {r. 0 < r} (is ?lhs < ?rhs)
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proof
show ?lhs C ?rhs by (auto simp add: diff-set-def)
show ?lhs # ?rhs using diff-set-nonempty by blast
qed

Part 3 of Dedekind sections definition

lemma diff-set-lemma3:
[|[R < S; u € diff-set (Rep-preal S) (Rep-preal R); 0 < z; z < ul]
==> z € diff-set (Rep-preal S) (Rep-preal R)

apply (auto simp add: diff-set-def)

apply (rule-tac x=z in exl)

apply (drule Rep-preal [THEN preal-downwards-closed], auto)

done

Part 4 of Dedekind sections definition

lemma diff-set-lemmal:
[|R < S; y € diff-set (Rep-preal S) (Rep-preal R)|]
==> Ju € diff-set (Rep-preal S) (Rep-preal R). y < u
apply (auto simp add: diff-set-def)
apply (drule Rep-preal [THEN preal-exists-greater|, clarify)
apply (cut-tac a=z+y and b=u in add-eq-ezists, clarify)
apply (rule-tac x=y+za in exl)
apply (auto simp add: add-ac)
done

lemma mem-diff-set:
R < § ==> diff-set (Rep-preal S) (Rep-preal R) € preal
apply (unfold preal-def cut-def)
apply (blast intro!: diff-set-not-empty diff-set-not-rat-set
diff-set-lemma3 diff-set-lemmal,)
done

lemma mem-Rep-preal-diff-iff :
R <§==>
(z € Rep-preal(S—R)) =
Bz. 0 <z & 0 < 2z& 1z ¢ Rep-preal R & z + z € Rep-preal S)
apply (simp add: preal-diff-def mem-diff-set Rep-preal)
apply (force simp add: diff-set-def)
done

proving that R + D < §

lemma less-add-left-lemma:

assumes Rless: R < §
and a: a € Rep-preal R
and cb: ¢ + b € Rep-preal S
and ¢ ¢ Rep-preal R
and 0 < b
and 0 < ¢

shows a + b € Rep-preal S
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proof —
have 0<a by (rule preal-imp-pos [OF Rep-preal al)
moreover
have a < ¢ using prems
by (blast intro: not-in-Rep-preal-ub )
ultimately show ?thesis using prems
by (simp add: preal-downwards-closed [OF Rep-preal cb)])
qed

lemma less-add-left-lel:
R < (Supreal) ==> R + (S—R) < S
apply (auto simp add: Bex-def preal-le-def mem-Rep-preal-add-iff
mem-Rep-preal-diff-iff)
apply (blast intro: less-add-left-lemma)
done

5.11 proving that S < R + D — trickier

lemma lemma-sum-mem-Rep-preal-ex:

z € Rep-preal S ==> Je. 0 < e & z + e € Rep-preal S
apply (drule Rep-preal [THEN preal-exists-greater|, clarify)
apply (cut-tac a=z and b=wu in add-eg-ezists, auto)
done

lemma less-add-left-lemma2:
assumes Rless: R < S
and z: x € Rep-preal S
and znot: * ¢ Rep-preal R
shows Juvz. 0 <v & 0 < z & u € Rep-preal R & z ¢ Rep-preal R &
z+4+ v € Rep-preal S & x = u + v
proof —
have zpos: 0<z by (rule preal-imp-pos [OF Rep-preal x])
from lemma-sum-mem-Rep-preal-ex [OF ]
obtain e where epos: 0 < e and ze: © + e € Rep-preal S by blast
from Gleason9-34 [OF Rep-preal epos]
obtain r where r: r € Rep-preal R and notin: v + e ¢ Rep-preal R ..
with z znot zpos have rless: v < z by (blast intro: not-in-Rep-preal-ub)
from add-eq-exists [of r z]
obtain y where eq: © = r+y by auto
show ?thesis
proof (intro exl conjI)
show r € Rep-preal R by (rule 1)
show r + e ¢ Rep-preal R by (rule notin)
show r + e + y € Rep-preal S using ze eq by (simp add: add-ac)
show z = r + y by (simp add: eq)
show 0 < r 4 e using epos preal-imp-pos [OF Rep-preal r]
by simp
show 0 < y using rless eq by arith
qed
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qed

lemma less-add-left-le2: R < (S::preal) ==> S < R + (S—R)

apply (auto simp add: preal-le-def)

apply (case-tac x € Rep-preal R)

apply (cut-tac Rep-preal-self-subset [of R], force)

apply (auto simp add: Bex-def mem-Rep-preal-add-iff mem-Rep-preal-diff-iff’)
apply (blast dest: less-add-left-lemma?2)

done

lemma less-add-left: R < (S:preal) ==> R + (S—R) = S
by (blast intro: preal-le-anti-sym [OF less-add-left-lel less-add-left-le2])

lemma less-add-left-Ex: R < (S:preal) ==>3D. R+ D =5
by (fast dest: less-add-left)

lemma preal-add-less2-monol: R < (Supreal) ==> R+ T < S+ T

apply (auto dest!: less-add-left-Ex simp add: preal-add-assoc)

apply (rule-tac y1 = D in preal-add-commute [THEN subst])

apply (auto intro: preal-self-less-add-left simp add: preal-add-assoc [symmetric))
done

lemma preal-add-less2-mono2: R < (S:preal) ==> T + R< T + S
by (auto intro: preal-add-less2-monol simp add: preal-add-commute [of T])

lemma preal-add-right-less-cancel: R + T < S + T ==> R < (S::preal)
apply (insert linorder-less-linear [of R S|, auto)

apply (drule-tac R = S and T = T in preal-add-less2-monol)

apply (blast dest: order-less-trans)

done

lemma preal-add-left-less-cancel: T + R < T + 8 ==> R < (S:preal)
by (auto elim: preal-add-right-less-cancel simp add: preal-add-commute [of T])

lemma preal-add-less-cancel-right: ((R:preal) + T < S+ T) = (R < 9)
by (blast intro: preal-add-less2-monol preal-add-right-less-cancel)

lemma preal-add-less-cancel-left: (T + (R:preal) < T + S) = (R < S)
by (blast intro: preal-add-less2-mono2 preal-add-left-less-cancel)

lemma preal-add-le-cancel-right: ((R:preal) + T < S+ T) = (R < 9)
by (simp add: linorder-not-less [symmetric] preal-add-less-cancel-right)

lemma preal-add-le-cancel-left: (T + (R::preal) < T 4+ S) = (R < S5)
by (simp add: linorder-not-less [symmetric] preal-add-less-cancel-left)

lemma preal-add-less-mono:
[| 21 < yl; 22 < y2|] ==> x1 4+ 22 < yl + (y2::preal)
apply (auto dest!: less-add-left-Ex simp add: preal-add-ac)
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apply (rule preal-add-assoc [THEN subst])
apply (rule preal-self-less-add-right)
done

lemma preal-add-right-cancel: (R::preal) + T =5 4+ T ==> R =5
apply (insert linorder-less-linear [of R S], safe)

apply (drule-tac [\ T = T in preal-add-less2-monol, auto)

done

lemma preal-add-left-cancel: C + A = C + B ==> A = (B::preal)
by (auto intro: preal-add-right-cancel simp add: preal-add-commute)

lemma preal-add-left-cancel-iff: (C + A = C + B) = ((A::preal) = B)
by (fast intro: preal-add-left-cancel)

lemma preal-add-right-cancel-iff: (A + C = B + C) = ((A::preal) = B)
by (fast intro: preal-add-right-cancel)

lemmas preal-cancels =
preal-add-less-cancel-right preal-add-less-cancel-left
preal-add-le-cancel-right preal-add-le-cancel-left
preal-add-left-cancel-iff preal-add-right-cancel-iff

instance preal :: ordered-cancel-ab-semigroup-add
proof

fix a b ¢ :: preal

show a + b = a + ¢ = b = ¢ by (rule preal-add-left-cancel)

show a < b= ¢ + a < ¢ + b by (simp only: preal-add-le-cancel-left)
qed

5.12 Completeness of type preal
Prove that supremum is a cut

Part 1 of Dedekind sections definition

lemma preal-sup-set-not-empty:

P #{}==>{} c (UX € P. Rep-preal(X))
apply auto
apply (cut-tac X = z in mem-Rep-preal-Ez, auto)
done

Part 2 of Dedekind sections definition

lemma preal-sup-not-exists:
VX eP. X<Y==>3¢q0<q&q¢ (UX € P. Rep-preal(X))
apply (cut-tac X = Y in Rep-preal-exists-bound)
apply (auto simp add: preal-le-def)
done

lemma preal-sup-set-not-rat-set:
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VX eP. X <Y ==>(JX €P. Rep-preal(X)) < {r. 0 < r}
apply (drule preal-sup-not-exists)
apply (blast intro: preal-imp-pos [OF Rep-preal])
done

Part 3 of Dedekind sections definition

lemma preal-sup-set-lemmad:
[P#A{ VX eP. X<Y;ue (JX € P. Rep-preal(X)); 0 < z; z < ul]
==>z € (UX € P. Rep-preal(X))

by (auto elim: Rep-preal [THEN preal-downwards-closed])

Part 4 of Dedekind sections definition

lemma preal-sup-set-lemmay :
[P#{} VX eP. X<Y;ye (UX € P. Rep-preal(X)) |]
==>3Ju € (UX € P. Rep-preal(X)). y < u
by (blast dest: Rep-preal [THEN preal-exists-greater))

lemma preal-sup:
[P#{} VX eP. X <Y|==>(UX € P. Rep-preal(X)) € preal
apply (unfold preal-def cut-def)
apply (blast intro!: preal-sup-set-not-empty preal-sup-set-not-rat-set
preal-sup-set-lemmad preal-sup-set-lemmad, )
done

lemma preal-psup-le:

[VXeP. X<Y; z€P||==>uz<psupP
apply (simp (no-asm-simp) add: preal-le-def)
apply (subgoal-tac P # {})
apply (auto simp add: psup-def preal-sup)
done

lemma psup-le-ub: | P #{}; VX € P. X <Y ||==>psup P <Y
apply (simp (no-asm-simp) add: preal-le-def)

apply (simp add: psup-def preal-sup)

apply (auto simp add: preal-le-def)

done

Supremum property

lemma preal-complete:
|[P#£{};VXeP. X<Y|==>3XeP.Z<X)=(Z < psupP)
apply (simp add: preal-less-def psup-def preal-sup)
apply (auto simp add: preal-le-def)
apply (rename-tac U)
apply (cut-tac x = U and y = Z in linorder-less-linear)
apply (auto simp add: preal-less-def)
done

Py
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5.13 The Embedding from rat into preal

lemma preal-of-rat-add-lemmal:

[t <y+20<z0<y|]]==>2zx*yx*inverse (y + z) < (y:rat)
apply (frule-tac ¢ = y * inverse (y + z) in mult-strict-right-mono)
apply (simp add: zero-less-mult-iff)
apply (simp add: mult-ac)
done

lemma preal-of-rat-add-lemma?2:
assumes u© < T + y
and 0 < z
and 0 < y
and 0 < u
shows Jvwirat. w <y & 0<v&v<z&l<w&u=v+w
proof (intro exl conjl)
show u * = x inverse(z+y) < z using prems
by (simp add: preal-of-rat-add-lemmal)
show u * y x inverse(z+y) < y using prems
by (simp add: preal-of-rat-add-lemmal add-commute [of x])
show 0 < u % x % inverse (¢ + y) using prems
by (simp add: zero-less-mult-iff)
show 0 < u * y * inverse (x + y) using prems
by (simp add: zero-less-mult-iff)
show u = u * z * inverse (x + y) + u * y * inverse (z + y) using prems
by (simp add: left-distrib [symmetric] right-distrib [symmetric] mult-ac)
qed

lemma preal-of-rat-add:
|0 <20 <y
==> preal-of-rat ((z::rat) + y) = preal-of-rat & + preal-of-rat y
apply (unfold preal-of-rat-def preal-add-def)
apply (simp add: rat-mem-preal)
apply (rule-tac f = Abs-preal in arg-cong)
apply (auto simp add: add-set-def)
apply (blast dest: preal-of-rat-add-lemma2)
done

lemma preal-of-rat-mult-lemmal:

[z <y; 0 < 0<z|] ==>z % 2 * inverse y < (z::rat)
apply (frule-tac ¢ = z x inverse y in mult-strict-right-mono)
apply (simp add: zero-less-mult-iff)
apply (subgoal-tac y = (z * inverse y) = z * (y * inverse y))
apply (simp-all add: mult-ac)
done

lemma preal-of-rat-mult-lemma2:
assumes zless: T < y * 2
and zpos: 0 < x
and ypos: 0 < y
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shows z x z x inverse y x inverse z < (z:rat)
proof —
have 0 < y * z using prems by simp
hence zpos: 0 < z using prems by (simp add: zero-less-mult-iff)
have z * z x inverse y * inverse z = & * inverse y * (z * inverse z)
by (simp add: mult-ac)
also have ... = z/y using zpos
by (simp add: divide-inverse)
also from zless have ... < z
by (simp add: pos-divide-less-eq [OF ypos] mult-commute)
finally show ?thesis .
qed

lemma preal-of-rat-mult-lemma3:
assumes uless: u < T * Yy
and 0 < z
and 0 < y
and 0 < u
shows Jvwirat. v<z & w<y&li<v&lI<w&u=vx*xw
proof —
from dense [OF uless]
obtain r» where u < rr < z % y by blast
thus ?thesis
proof (intro exl congl)
show u * z * inverse r < z using prems
by (simp add: preal-of-rat-mult-lemmal )
show r x y x inverse x * inverse y < y using prems
by (simp add: preal-of-rat-mult-lemma?2)
show 0 < u * z * inverse r using prems
by (simp add: zero-less-mult-iff)
show 0 < r * y * inverse x % inverse y using prems
by (simp add: zero-less-mult-iff)
have u * = x inverse r x (r * y * inverse z * inverse y) =
u * (r % inverse r) x (z * tnverse x) x (y * inverse y)
by (simp only: mult-ac)
thus u = u x z x inverse r x (r x y * inverse & * inverse y) using prems
by simp
qed
qed

lemma preal-of-rat-mult:
|0 <0<yl
==> preal-of-rat ((z::rat) * y) = preal-of-rat x * preal-of-rat y
apply (unfold preal-of-rat-def preal-mult-def)
apply (simp add: rat-mem-preal)
apply (rule-tac f = Abs-preal in arg-cong)
apply (auto simp add: zero-less-mult-iff mult-strict-mono mult-set-def)
apply (blast dest: preal-of-rat-mult-lemma3)
done
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lemma preal-of-rat-less-iff:
[| 0 < z; 0 <y|] ==> (preal-of-rat x < preal-of-rat y) = (z < y)
by (force simp add: preal-of-rat-def preal-less-def rat-mem-preal)

lemma preal-of-rat-le-iff :
[| 0 <z; 0 < y|] ==> (preal-of-rat © < preal-of-rat y) = (z < y)
by (simp add: preal-of-rat-less-iff linorder-not-less [symmetric])

lemma preal-of-rat-eq-iff:
[| 0 < z; 0 < y|] ==> (preal-of-rat x = preal-of-rat y) = (z = y)
by (simp add: preal-of-rat-le-iff order-eq-iff)

end

6 RealDef: Defining the Reals from the Positive
Reals

theory RealDef
imports PReal
uses (real-arith. ML)
begin

definition
realrel :: ((preal x preal) * (preal x preal)) set where
realrel = {p. 1 y1 22 y2. p = ((x1,y1),(22,y2)) & z1+y2 = z2+yl}

typedef (Real) real = UNIV //realrel
by (auto simp add: quotient-def)

definition

real-of-preal :: preal => real where
real-of-preal m = Abs-Real(realrel*{(m + 1, 1)})

instance real :: zero
real-zero-def: 0 == Abs-Real(realrel*{(1, 1)}) ..
lemmas [code func del] = real-zero-def

instance real :: one
real-one-def: 1 == Abs-Real(realrel“{(1 + 1, 1)}) ..
lemmas [code func del] = real-one-def

instance real :: plus
real-add-def: z + w ==
contents (U (z,y) € Rep-Real(z). J (u,v) € Rep-Real(w).
{ Abs-Real(realrel*{(z+u, y+v)}) }) ..
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lemmas [code func del] = real-add-def

instance real :: minus

real-minus-def: — r == contents (J (z,y) € Rep-Real(r). { Abs-Real(realrel*{(y,z)})
1)

real-diff-def: r — (s:real) == r + — s ..
lemmas [code func del] = real-minus-def real-diff-def

instance real :: times
real-mult-def :
Z ok w ==
contents (U (z,y) € Rep-Real(z). |J (u,v) € Rep-Real(w).
{ Abs-Real(realrel*{(z+xu + y*xv, zxv + y*xu)}) }) ..
lemmas [code func del] = real-mult-def

instance real :: inverse
real-inverse-def: inverse (R::real) == (THES. (R=0& S=0)| S+« R=1)
real-divide-def: R / (S::real) == R * inverse S ..

lemmas [code func del] = real-inverse-def real-divide-def

instance real :: ord
real-le-def: z < (w::real) ==
Jzyuv. z+v < uty & (z,y) € Rep-Real z & (u,v) € Rep-Real w
real-less-def: (v < (yureal)) == (z <y &z # y) ..
lemmas [code func del] = real-le-def real-less-def

instance real :: abs
real-abs-def: abs (r:real) == (if r < 0 then — relse ) ..

instance real :: sgn
real-sgn-def: sgn © == (if =0 then 0 else if 0<z then 1 else — 1) ..

6.1 Equivalence relation over positive reals

lemma preal-trans-lemma:
assumes ¢ + yl =21 + y
and z + y2 =22 + y
shows z1 + y2 = 22 + (yl::preal)

proof —
have (21 + y2) + = (¢ + y2) + zI by (simp add: add-ac)
also have ... = (22 + y) + z1 by (simp add: prems)
also have ... = 22 + (21 + y) by (simp add: add-ac)
also have ... = 22 + (z + y1) by (simp add: prems)
also have ... = (22 + yI) + z by (simp add: add-ac)

finally have (21 + y2) + z = (22 + yl) + = .
thus ?thesis by (rule add-right-imp-eq)
qed
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lemma realrel-iff [simp]: (((z1,y1),(22,y2)) € realrel) = (x1 + y2 = 22 + yl)
by (simp add: realrel-def)

lemma equiv-realrel: equiv UNIV realrel

apply (auto simp add: equiv-def refl-def sym-def trans-def realrel-def)
apply (blast dest: preal-trans-lemma)

done

Reduces equality of equivalence classes to the realrel relation: (realrel *“ {z}
= realrel *“ {y}) = ((z, y) € realrel)

lemmas equiv-realrel-iff =
eq-equiv-class-iff [OF equiv-realrel UNIV-I UNIV-I]

declare equiv-realrel-iff [simp]

lemma realrel-in-real [simp]: realrel*‘{(z,y)}: Real
by (simp add: Real-def realrel-def quotient-def, blast)

declare Abs-Real-inject [simp)
declare Abs-Real-inverse [simp]

Case analysis on the representation of a real number as an equivalence class
of pairs of positive reals.

lemma eq-Abs-Real [case-names Abs-Real, cases type: real]:

(Nz y. z = Abs-Real(realrel*“{(z,y)}) ==> P) ==> P
apply (rule Rep-Real [of z, unfolded Real-def, THEN quotientE))
apply (drule arg-cong [where f=Abs-Real))
apply (auto simp add: Rep-Real-inverse)
done

6.2 Addition and Subtraction

lemma real-add-congruent2-lemma:
[la + ba = aa + b; ab + be = ac + bb|]
==> a + ab + (ba + bc) = aa + ac + (b + (bb::preal))
apply (simp add: add-assoc)
apply (rule add-left-commute [of ab, THEN ssubst])
apply (simp add: add-assoc [symmetric))
apply (simp add: add-ac)
done

lemma real-add:
Abs-Real (realrel*“{(z,y)}) + Abs-Real (realrel*{(u,v)}) =
Abs-Real (realrel*“{(z4u, y+v)})
proof —
have (A\z w. (A(z,y). (A(u,v). {Abs-Real (realrel *“ {(z+u, y+v)})}) w) z)
respects?2 realrel
by (simp add: congruent2-def, blast intro: real-add-congruent2-lemma)
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thus ?thesis
by (simp add: real-add-def UN-UN-split-split-eq
UN-equiv-class2 [OF equiv-realrel equiv-realrel])
qed

lemma real-minus: — Abs-Real(realrel*{(z,y)}) = Abs-Real(realrel *“ {(y,z)})
proof —
have (\(z,y). {Abs-Real (realrel*{(y,x)})}) respects realrel
by (simp add: congruent-def add-commute)
thus ?thesis
by (simp add: real-minus-def UN-equiv-class [OF equiv-realrel])
qed

instance real :: ab-group-add
proof
fix vy z :: real
show (z + y) + 2=z + (y + 2)
by (cases z, cases y, cases z, simp add: real-add add-assoc)
showz +y=y +
by (cases z, cases y, simp add: real-add add-commute)
show 0 + z =z
by (cases x, simp add: real-add real-zero-def add-ac)
show —z + 2z =0
by (cases x, simp add: real-minus real-add real-zero-def add-commute)
showz —y=z+4+ — y
by (simp add: real-diff-def)
qged

6.3 Multiplication

lemma real-mult-congruent2-lemma:
NW(xlzpreal). [| o1 + y2 = 22 + yl || ==>

zxzl +yxyl +(zxy2 +yx*a2)=

zHxx2 4+ yxy2 + (zxyl +yxal)
apply (simp add: add-left-commute add-assoc [symmetric])
apply (simp add: add-assoc right-distrib [symmetric])
apply (simp add: add-commute)
done

lemma real-mult-congruent2:

(%p1 p2.

(h(al 1), (%(a2,92).
{ Abs-Real (realrel“{(z1xz2 + yl*y2, z1xy2+yl*z2)}) }) p2) pl)

respects2 realrel
apply (rule congruent2-commutel [OF equiv-realrel], clarify)
apply (simp add: mult-commute add-commute)
apply (auto simp add: real-mult-congruent2-lemma)
done
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lemma real-mult:
Abs-Real((realrel*“{(z1,y1)})) * Abs-Real((realrel*“{(z2,y2)})) =
Abs-Real(realrel “ {(x1xx2+yl*y2,x1xy2+yl*z2)})
by (simp add: real-mult-def UN-UN-split-split-eq
UN-equiv-class2 [OF equiv-realrel equiv-realrel real-mult-congruent2))

lemma real-mult-commute: (z::real) * w = w * z
by (cases z, cases w, simp add: real-mult add-ac mult-ac)

lemma real-mult-assoc: ((z1::real) * 22) x 28 = z1 * (22 * 23)
apply (cases z1, cases 22, cases 23)

apply (simp add: real-mult right-distrib add-ac mult-ac)

done

lemma real-mult-1: (1::real) x z = 2

apply (cases z)

apply (simp add: real-mult real-one-def right-distrib
mult-1-right mult-ac add-ac)

done

lemma real-add-mult-distrib: ((z1::real) + 22) * w = (21 * w) + (22 * w)
apply (cases z1, cases z2, cases w)

apply (simp add: real-add real-mult right-distrib add-ac mult-ac)

done

one and zero are distinct

lemma real-zero-not-eq-one: 0 # (1::real)
proof —
have (1:preal) < 1 + 1
by (simp add: preal-self-less-add-left)
thus ?thesis
by (simp add: real-zero-def real-one-def)
qed

instance real :: comm-ring-1
proof
fix vy z :: real
show (z * y) * z = x * (y % 2) by (rule real-mult-assoc)
show z * y = y * = by (rule real-mult-commute)
show I x z = z by (rule real-mult-1)
show (z + y) x 2 =z x z + y * z by (rule real-add-mult-distrib)
show 0 # (1::real) by (rule real-zero-not-eq-one)
qed

6.4 Inverse and Division

lemma real-zero-iff : Abs-Real (realrel *“ {(x, z)}) = 0
by (simp add: real-zero-def add-commute)

Instead of using an existential quantifier and constructing the inverse within
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the proof, we could define the inverse explicitly.

lemma real-mult-inverse-left-ex: © # 0 ==> Jy. yxz = (1::real)
apply (simp add: real-zero-def real-one-def, cases )
apply (cut-tac © = za and y = y in linorder-less-linear)
apply (auto dest!: less-add-left-Ex simp add: real-zero-iff )
apply (rule-tac
xz = Abs-Real (realrel*{(1, inverse (D) + 1)})
in exl)
apply (rule-tac [2]
xz = Abs-Real (realrel*‘{(inverse (D) + 1, 1)})
in ezl)
apply (auto simp add: real-mult preal-mult-inverse-right ring-simps)
done

lemma real-mult-inverse-left: © # 0 ==> inverse(z)xx = (1::real)
apply (simp add: real-inverse-def)

apply (drule real-mult-inverse-left-ex, safe)

apply (rule thel, assumption, rename-tac z)

apply (subgoal-tac (z x z) x y = z * (x * y))

apply (simp add: mult-commute)

apply (rule mult-assoc)

done

6.5 The Real Numbers form a Field

instance real :: field

proof
fix vy z :: real
show z # 0 ==> inverse x * x = 1 by (rule real-mult-inverse-left)
show z / y = z * inverse y by (simp add: real-divide-def)

qged

Inverse of zero! Useful to simplify certain equations

lemma INVERSE-ZERO: inverse 0 = (0::real)
by (simp add: real-inverse-def)

instance real :: division-by-zero
proof

show inverse 0 = (0::real) by (rule INVERSE-ZERO)
qed

6.6 The < Ordering

lemma real-le-refl: w < (w::real)
by (cases w, force simp add: real-le-def)

The arithmetic decision procedure is not set up for type preal. This lemma
is currently unused, but it could simplify the proofs of the following two
lemmas.
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lemma preal-eq-le-imp-le:
assumes ¢q: a+b = c+d and le: ¢ < a
shows b < (d::preal)

proof —
have c+d < a+d by (simp add: prems)
hence a+b < a+d by (simp add: prems)
thus b < d by simp

qed

lemma real-le-lemma:
assumes [: ul + v2 < u2 + vl
and z! + vl = ul + yl
and z2 + v2 = u2 + y2
shows z1 + y2 < 22 + (yl::preal)
proof —
have (z1+v1) + (u2+y2) = (ul+yl) + (z2+v2) by (simp add: prems)
hence (z1+y2) + (u24v1) = (22+yl) + (ul+v2) by (simp add: add-ac)
also have ... < (22+y1) + (u24v1) by (simp add: prems)
finally show ?¢thesis by simp
qed

lemma real-le:
(Abs-Real(realrel*“{(z1,y1)}) < Abs-Real(realrel*{(z2,y2)})) =
(21 +y2 <22 + yl)

apply (simp add: real-le-def)

apply (auto intro: real-le-lemma)

done

lemma real-le-anti-sym: [| z < w; w < z || ==> z = (w::real)
by (cases z, cases w, simp add: real-le)

lemma real-trans-lemma:
assumes z + v < u + ¥y
and v + v/ < u' 4+ v
and 22 + v2 = u2 + y2
shows = + v’ < u’ 4 (y::preal)
proof —
have (z+v') + (u+v) = (z+v) + (u+v’) by (simp add: add-ac)
also have ... < (u+y) + (u+v’) by (simp add: prems)
also have ... < (u+y) + (u'+v) by (simp add: prems)
also have ... = (u’+y) + (u+v) by (simp add: add-ac)
finally show ?thesis by simp
qed

lemma real-le-trans: [| i < j;j < k || ==> i < (k::real)
apply (cases i, cases j, cases k)

apply (simp add: real-le)

apply (blast intro: real-trans-lemma)

done
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lemma real-less-le: ((w:real) < z) = (w < 2z & w # 2)
by (simp add: real-less-def)

instance real :: order
proof qed
(assumption |
rule real-le-refl real-le-trans real-le-anti-sym real-less-le)+

lemma real-le-linear: (z:real) < w | w < z
apply (cases z, cases w)

apply (auto simp add: real-le real-zero-def add-ac)
done

instance real :: linorder
by (intro-classes, rule real-le-linear)

lemma real-le-eqg-diff : (z < y) = (z—y < (0::real))

apply (cases x, cases y)

apply (auto simp add: real-le real-zero-def real-diff-def real-add real-minus
add-ac)

apply (simp-all add: add-assoc [symmetric])

done

lemma real-add-left-mono:
assumes le: © < y shows z + z < z + (y::real)
proof —
have 2 + 2 — (z+y) = (2 + —2) + (x — y)
by (simp add: diff-minus add-ac)
with [e show ?thesis
by (simp add: real-le-eq-diff [of x] real-le-eq-diff [of z+x] diff-minus)
qed

lemma real-sum-gt-zero-less: (0 < S + (—Wzireal)) ==> (W < )
by (simp add: linorder-not-le [symmetric] real-le-eq-diff [of S| diff-minus)

lemma real-less-sum-gt-zero: (W < S) ==> (0 < S + (— Wreal))
by (simp add: linorder-not-le [symmetric] real-le-eq-diff [of S] diff-minus)

lemma real-mult-order: [| 0 < z; 0 < y || ==> (0:real) < z * y
apply (cases x, cases y)
apply (simp add: linorder-not-le [where 'a = real, symmetric]
linorder-not-le [where 'a = preal]
real-zero-def real-le real-mult)
— Reduce to the (simpler) < relation
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apply (auto dest!: less-add-left-Ex
simp add: add-ac mult-ac
right-distrib preal-self-less-add-left)
done

lemma real-mult-less-mono2: [| (0::real) < z;x < yl|]==>z*xz < 2%y
apply (rule real-sum-gt-zero-less)

apply (drule real-less-sum-gt-zero [of x y])

apply (drule real-mult-order, assumption)

apply (simp add: right-distrib)

done

instance real :: distrib-lattice
mfry=minzy
sup Ty =marzTy
by default (auto simp add: inf-real-def sup-real-def min-max.sup-inf-distrib1)

6.7 The Reals Form an Ordered Field

instance real :: ordered-field
proof
fix xy 2z :: real
show z < y ==> z + 2 < z + y by (rule real-add-left-mono)
show z < y ==> 0 < z ==> z x & < z x y by (rule real-mult-less-mono2)
show |z| = (if £ < 0 then —z else x) by (simp only: real-abs-def)
show sgn x = (if =0 then 0 else if 0<x then 1 else — 1)
by (simp only: real-sgn-def)
qed

instance real :: lordered-ab-group-add ..

The function real-of-preal requires many proofs, but it seems to be essential
for proving completeness of the reals from that of the positive reals.

lemma real-of-preal-add:
real-of-preal ((z::preal) + y) = real-of-preal x + real-of-preal y
by (simp add: real-of-preal-def real-add left-distrib add-ac)

lemma real-of-preal-mult:
real-of-preal ((z::preal) * y) = real-of-preal xx real-of-preal y
by (simp add: real-of-preal-def real-mult right-distrib add-ac mult-ac)

Gleason prop 9-4.4 p 127

lemma real-of-preal-trichotomy:

Im. (z::real) = real-of-preal m | = 0 | © = —(real-of-preal m)
apply (simp add: real-of-preal-def real-zero-def, cases x)
apply (auto simp add: real-minus add-ac)
apply (cut-tac x = z and y = y in linorder-less-linear)
apply (auto dest!: less-add-left-Ex simp add: add-assoc [symmetric])
done
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lemma real-of-preal-leD:
real-of-preal m1 < real-of-preal m2 ==> mi1 < m2
by (simp add: real-of-preal-def real-le)

lemma real-of-preal-lessl: m1 < m2 ==> real-of-preal m1 < real-of-preal m2
by (auto simp add: real-of-preal-leD linorder-not-le [symmetric])

lemma real-of-preal-lessD:
real-of-preal m1 < real-of-preal m2 ==> mi1 < m2
by (simp add: real-of-preal-def real-le linorder-not-le [symmetric])

lemma real-of-preal-less-iff [simp]:
(real-of-preal m1 < real-of-preal m2) = (m1 < m2)
by (blast intro: real-of-preal-lessI real-of-preal-lessD)

lemma real-of-preal-le-iff
(real-of-preal m1 < real-of-preal m2) = (m1 < m2)
by (simp add: linorder-not-less [symmetric))

lemma real-of-preal-zero-less: 0 < real-of-preal m

apply (insert preal-self-less-add-left [of 1 m])

apply (auto simp add: real-zero-def real-of-preal-def
real-less-def real-le-def add-ac)

apply (rule-tac x=m + 1 in exl, rule-tac z=1 in exl)

apply (simp add: add-ac)

done

lemma real-of-preal-minus-less-zero: — real-of-preal m < 0
by (simp add: real-of-preal-zero-less)

lemma real-of-preal-not-minus-gt-zero: ~ 0 < — real-of-preal m
proof —

from real-of-preal-minus-less-zero

show ?thesis by (blast dest: order-less-trans)
qged

6.8 Theorems About the Ordering

lemma real-gt-zero-preal-Ex: (0 < ) = (3y. x = real-of-preal y)
apply (auto simp add: real-of-preal-zero-less)

apply (cut-tac x = z in real-of-preal-trichotomy)

apply (blast elim!: real-of-preal-not-minus-gt-zero [THEN notE])
done

lemma real-gt-preal-preal-Ezx:
real-of-preal z < © ==> Fy. x = real-of-preal y
by (blast dest!: real-of-preal-zero-less [THEN order-less-trans]
intro: real-gt-zero-preal-Ex [THEN iffD1])
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lemma real-ge-preal-preal-Ex:
real-of-preal z < © ==> Jy. x = real-of-preal y
by (blast dest: order-le-imp-less-or-eq real-gt-preal-preal-Ex)

lemma real-less-all-preal: y < 0 ==> Vz. y < real-of-preal
by (auto elim: order-le-imp-less-or-eq [THEN disjE)
intro: real-of-preal-zero-less [THEN [2] order-less-trans]
simp add: real-of-preal-zero-less)

lemma real-less-all-real2: ~ 0 < y ==> V. y < real-of-preal
by (blast intro!: real-less-all-preal linorder-not-less [THEN iffD1])

6.9 More Lemmas

lemma real-mult-left-cancel: (c::real) # 0 ==> (cxa=cxb) = (a=b)
by auto

lemma real-mult-right-cancel: (c::real) # 0 ==> (axc=bxc) = (a=b)
by auto

lemma real-mult-less-iff1 [simp]: (0::real) < z ==> (xxz < y*xz) = (z < y)
by (force elim: order-less-asym
simp add: Ring-and-Field.mult-less-cancel-right)

lemma real-mult-le-cancel-iff1 [simp]: (0::real) < z ==> (xxz < yxz) = (z<y)
apply (simp add: mult-le-cancel-right)

apply (blast intro: elim: order-less-asym)

done

lemma real-mult-le-cancel-iff2 [simp]: (0::real) < z ==> (zxz < zxy) = (z<y)
by (simp add:mult-commute)

lemma real-inverse-gt-one: [| (0::real) < z; & < 1 || ==> 1 < inverse x
by (simp add: one-less-inverse-iff )

6.10 Embedding numbers into the Reals

abbreviation

real-of-nat :: nat = real
where

real-of-nat = of-nat

abbreviation
real-of-int :: int = real
where
real-of-int = of-int

abbreviation
real-of-rat :: rat = real
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where
real-of-rat = of-rat

consts
real :: 'a => real

defs (overloaded)
real-of-nat-def [code inline]: real == real-of-nat
real-of-int-def [code inline]: real == real-of-int

lemma real-eq-of-nat: real = of-nat
unfolding real-of-nat-def ..

lemma real-eq-of-int: real = of-int
unfolding real-of-int-def ..

lemma real-of-int-zero [simp]: real (0::int) = 0
by (simp add: real-of-int-def)

lemma real-of-one [simp]: real (1::int) = (1::real)
by (simp add: real-of-int-def)

lemma real-of-int-add [simp]: real(z + y) = real (x::int) + real y
by (simp add: real-of-int-def)

lemma real-of-int-minus [simp]: real(—z) = —real (z::int)
by (simp add: real-of-int-def)

lemma real-of-int-diff [simp]: real(x — y) = real (x::int) — real y
by (simp add: real-of-int-def)

lemma real-of-int-mult [simp]: real(x * y) = real (z::int) * real y
by (simp add: real-of-int-def)

lemma real-of-int-setsum [simp]: real ((SUM x:A. f x):int) = (SUM z:A. real(f
z))

apply (subst real-eq-of-int)+

apply (rule of-int-setsum)
done

lemma real-of-int-setprod [simp]: real ((PROD xz:A. f x)::int) =
(PROD z:A. real(f x))
apply (subst real-eq-of-int)+
apply (rule of-int-setprod)
done

lemma real-of-int-zero-cancel [simp]: (real x = 0) = (x = (0::int))
by (simp add: real-of-int-def)
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lemma real-of-int-inject [iff]: (real (z::int) = real y) = (z = y)
by (simp add: real-of-int-def)

lemma real-of-int-less-iff [iff]: (real (z::int) < real y) = (z < y)
by (simp add: real-of-int-def)

lemma real-of-int-le-iff [simp]: (real (z::int) < real y) = (z < y)
by (simp add: real-of-int-def)

lemma real-of-int-gt-zero-cancel-iff [simp]: (0 < real (n::int)) = (0 < n)
by (simp add: real-of-int-def)

lemma real-of-int-ge-zero-cancel-iff [simp]: (0 <= real (n:int)) = (0 <= n)
by (simp add: real-of-int-def)

lemma real-of-int-lt-zero-cancel-iff [simp]: (real (n::int) < 0) = (n < 0)
by (simp add: real-of-int-def)

lemma real-of-int-le-zero-cancel-iff [simp]: (real (n:int) <= 0) = (n <= 0)
by (simp add: real-of-int-def)

lemma real-of-int-abs [simp]: real (abs ) = abs(real (x::int))
by (auto simp add: abs-if)

lemma int-less-real-le: ((n::int) < m) = (real n + 1 <= real m)
apply (subgoal-tac real n + 1 = real (n + 1))
apply (simp del: real-of-int-add)
apply auto

done

lemma int-le-real-less: ((n:int) <= m) = (real n < real m + 1)
apply (subgoal-tac real m + 1 = real (m + 1))
apply (simp del: real-of-int-add)

apply simp
done
lemma real-of-int-div-auz: d ~= 0 ==> (real (z::int)) / (real d) =
real (x div d) + (real (z mod d)) / (real d)
proof —

assume d ~= 0
have z = (z div d) x d + £ mod d
by auto
then have real x = real (z div d) * real d + real(z mod d)
by (simp only: real-of-int-mult [THEN sym)] real-of-int-add [THEN sym])
then have real z / real d = ... / real d
by simp
then show ?thesis
by (auto simp add: add-divide-distrib ring-simps prems)
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qed

lemma real-of-int-div: (d::int) ~= 0 ==> d dvd n ==>
real(n div d) = real n / real d
apply (frule real-of-int-div-auz [of d n])
apply simp
apply (simp add: zdvd-iff-zmod-eq-0)
done

lemma real-of-int-div2:
0 <= real (n::int) / real (z) — real (n div x)
apply (case-tac z = 0)
apply simp
apply (case-tac 0 < z)
apply (simp add: compare-ris)
apply (subst real-of-int-div-aux)
apply simp
apply simp
apply (subst zero-le-divide-iff)
apply auto
apply (simp add: compare-rls)
apply (subst real-of-int-div-aux)
apply simp
apply simp
apply (subst zero-le-divide-iff)
apply auto

done

lemma real-of-int-div3:
real (n:int) / real (x) — real (n div z) <= 1
apply(case-tac © = 0)
apply simp
apply (simp add: compare-rls)
apply (subst real-of-int-div-aux)
apply assumption
apply simp
apply (subst divide-le-eq)
apply clarsimp
apply (rule congl)
apply (rule impl)
apply (rule order-less-imp-le)
apply simp
apply (rule impl)
apply (rule order-less-imp-le)
apply simp

done

lemma real-of-int-div: real (n div ) <= real (n::int) / real
by (insert real-of-int-div2 [of n x], simp)

87
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6.11 Embedding the Naturals into the Reals

lemma real-of-nat-zero [simpl: real (0::nat) = 0
by (simp add: real-of-nat-def)

lemma real-of-nat-one [simp]: real (Suc 0) = (1::real)
by (simp add: real-of-nat-def)

lemma real-of-nat-add [simp]: real (m + n) = real (m:nat) + real n
by (simp add: real-of-nat-def)

lemma real-of-nat-Suc: real (Suc n) = real n + (1::real)
by (simp add: real-of-nat-def)

lemma real-of-nat-less-iff [iff]:
(real (n:nat) < real m) = (n < m)
by (simp add: real-of-nat-def)

lemma real-of-nat-le-iff [iff]: (real (n:nat) < real m) = (n < m)
by (simp add: real-of-nat-def)

lemma real-of-nat-ge-zero [iff]: 0 < real (n::nat)
by (simp add: real-of-nat-def zero-le-imp-of-nat)

lemma real-of-nat-Suc-gt-zero: 0 < real (Suc n)
by (simp add: real-of-nat-def del: of-nat-Suc)

lemma real-of-nat-mult [simp]: real (m * n) = real (m::nat) * real n
by (simp add: real-of-nat-def of-nat-mult)

lemma real-of-nat-setsum [simp]: real ((SUM z:A. f x)::nat) =
(SUM z:A. real(f x))
apply (subst real-eq-of-nat)+
apply (rule of-nat-setsum)
done

lemma real-of-nat-setprod [simp]: real (PROD z:A. f x):nat) =
(PROD z:A. real(f x))
apply (subst real-eq-of-nat)+
apply (rule of-nat-setprod)
done

lemma real-of-card: real (card A) = setsum (%z.1) A
apply (subst card-eq-setsum)
apply (subst real-of-nat-setsum)
apply simp

done

lemma real-of-nat-inject [iff]: (real (n::nat) = real m) = (n = m)
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by (simp add: real-of-nat-def)

lemma real-of-nat-zero-iff [iff]: (real (n:nat) = 0) = (n = 0)
by (simp add: real-of-nat-def)

lemma real-of-nat-diff: n < m ==> real (m — n) = real (m::nat) — real n
by (simp add: add: real-of-nat-def of-nat-diff )

lemma real-of-nat-gt-zero-cancel-iff [simp]: (0 < real (n:nat)) = (0 < n)
by (auto simp: real-of-nat-def)

lemma real-of-nat-le-zero-cancel-iff [simp]: (real (n:nat) < 0) = (n = 0)
by (simp add: add: real-of-nat-def)

lemma not-real-of-nat-less-zero [simpl: ~ real (n:nat) < 0
by (simp add: add: real-of-nat-def)

lemma real-of-nat-ge-zero-cancel-iff [simp]: (0 < real (n::nat))
by (simp add: add: real-of-nat-def)

lemma nat-less-real-le: ((n::nat) < m) = (real n + 1 <= real m)
apply (subgoal-tac real n + 1 = real (Suc n))
apply simp
apply (auto simp add: real-of-nat-Suc)

done

lemma nat-le-real-less: ((n:nat) <= m) = (real n < real m + 1)
apply (subgoal-tac real m + 1 = real (Suc m))
apply (simp add: less-Suc-eq-le)
apply (simp add: real-of-nat-Suc)

done

lemma real-of-nat-div-auz: 0 < d ==> (real (z::nat)) / (real d) =
real (x div d) + (real (z mod d)) / (real d)
proof —
assume 0 < d
have z = (z div d) x d + £ mod d
by auto
then have real x = real (z div d) * real d + real(z mod d)
by (simp only: real-of-nat-mult [THEN sym)] real-of-nat-add [THEN sym))
then have real z / real d = ... [ real d
by simp
then show ?thesis
by (auto simp add: add-divide-distrib ring-simps prems)
qed

lemma real-of-nat-div: 0 < (d::nat) ==> d dvd n ==>
real(n div d) = real n / real d
apply (frule real-of-nat-div-auz [of d n])
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apply simp
apply (subst dvd-eq-mod-eq-0 [THEN sym])
apply assumption

done

lemma real-of-nat-div2:

0 <= real (n:nat) / real (x) — real (n div x)
apply(case-tac x = 0)

apply (simp)
apply (simp add: compare-rls)
apply (subst real-of-nat-div-aux)
apply simp
apply simp
apply (subst zero-le-divide-iff)
apply simp
done

lemma real-of-nat-div3:
real (n:nat) / real (z) — real (n divz) <= 1
apply(case-tac © = 0)
apply (simp)
apply (simp add: compare-rls)
apply (subst real-of-nat-div-aux)
apply simp
apply simp
done

lemma real-of-nat-div4: real (n div ) <= real (n::nat) / real
by (insert real-of-nat-div2 [of n z], simp)

lemma real-of-int-real-of-nat: real (int n) = real n
by (simp add: real-of-nat-def real-of-int-def int-eq-of-nat)

lemma real-of-int-of-nat-eq [simp]: real (of-nat n :: int) = real n
by (simp add: real-of-int-def real-of-nat-def)

lemma real-nat-eg-real [simp]: 0 <= x ==> real(nat ) = real ©
apply (subgoal-tac real(int(nat z)) = real(nat x))
apply force
apply (simp only: real-of-int-real-of-nat)

done

6.12 Numerals and Arithmetic

instance real :: number-ring
real-number-of-def : number-of w = real-of-int w
by intro-classes (simp add: real-number-of-def)

lemma [code, code unfold]:
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number-of k = real-of-int (number-of k)
unfolding number-of-is-id real-number-of-def ..

Collapse applications of real to number-of

lemma real-number-of [simp]: real (number-of v :: int) = number-of v
by (simp add: real-of-int-def of-int-number-of-eq)

lemma real-of-nat-number-of [simp]:
real (number-of v :: nat) =
(if neg (number-of v :: int) then 0
else (number-of v :: real))
by (simp add: real-of-int-real-of-nat [symmetric] int-nat-number-of )

use real-arith. ML
declaration ( K real-arith-setup ))

6.13 Simprules combining x+y and 0: ARE THEY NEEDED?

Needed in this non-standard form by Hyperreal /Transcendental
lemma real-0-le-divide-iff :

((0:real) < a/y) = (2 <0 0 < y) & (0 < x|y < 0))
by (simp add: real-divide-def zero-le-mult-iff , auto)

lemma real-add-minus-iff [simp]: (z + — a = (0:real)) = (z=a)
by arith

lemma real-add-eq-0-iff : (z+y = (0::real)) = (y = —z)
by auto

lemma real-add-less-0-iff: (z4+y < (0:real)) = (y < —zx)
by auto

lemma real-0-less-add-iff: ((0:real) < z+y) = (—z < y)
by auto

lemma real-add-le-0-iff : (z+y < (0:real)) = (y < —x)
by auto

lemma real-0-le-add-iff: ((0::real) < z+y) = (—z < y)
by auto

6.13.1 Density of the Reals

lemma real-lbound-gt-zero:
[| (0:real) < dl; 0 < d2|]==>TJe.0<e&e<dl &e<d2
apply (rule-tac x = (min d1 d2) /2 in exl)
apply (simp add: min-def)
done
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Similar results are proved in Ring-and-Field
lemma real-less-half-sum: z < y ==> z < (z+y) / (2:real)
by auto

lemma real-gt-half-sum: x < y ==> (z+vy)/(2::real) < y
by auto

6.14 Absolute Value Function for the Reals

lemma abs-minus-add-cancel: abs(z + (—y)) = abs (y + (—(z::real)))
by (simp add: abs-if)

lemma abs-le-interval-iff: (abs x < r) = (—r<z & x<(r:real))
by (force simp add: OrderedGroup.abs-le-iff)

lemma abs-add-one-gt-zero [simp]: (0::real) < 1 + abs(x)
by (simp add: abs-if)

lemma abs-real-of-nat-cancel [simp]: abs (real x) = real (z::nat)
by (rule abs-of-nonneg [OF real-of-nat-ge-zero))

lemma abs-add-one-not-less-self [simp]: ~ abs(z) + (1::real) < z
by simp

92

lemma abs-sum-triangle-ineq: abs ((z::real) + y + (=1 + —m)) < abs(z + —1)

+ abs(y + —m)
by simp

6.15 Implementation of rational real numbers as pairs of in-

tegers

definition

Ratreal :: int X int = real
where

Ratreal = INum

code-datatype Ratreal

lemma Ratreal-simp:
Ratreal (k, 1) = real-of-int k / real-of-int |
unfolding Ratreal-def INum-def by simp

lemma Ratreal-zero [simp]: Ratreal O = 0
by (simp add: Ratreal-simp)

lemma Ratreal-lit [simp]: Ratreal in = real-of-int i
by (simp add: Ratreal-simp)
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lemma zero-real-code [code, code unfold):
0 = Ratreal 0N by simp

lemma one-real-code [code, code unfold]:
1 = Ratreal 15 by simp

instance real :: eq ..

lemma real-eq-code [code]: Ratreal © = Ratreal y «—— normNum z = normNum y
unfolding Ratreal-def INum-normNum-iff ..

lemma real-less-eg-code [code]: Ratreal z < Ratreal y «—— normNum z <y norm-
Num y
proof —

have normNum z <y normNum y «— Ratreal (normNum z) < Ratreal (normNum
)

by (simp add: Ratreal-def del: normNum)

also have ... = (Ratreal < Ratreal y) by (simp add: Ratreal-def)

finally show ?¢thesis by simp
qed

lemma real-less-code [code]: Ratreal © < Ratreal y «—— normNum x <y normNum
Y
proof —

have normNum = <y normNum y «— Ratreal (normNum z) < Ratreal (normNum
y)

by (simp add: Ratreal-def del: normNum)

also have ... = (Ratreal © < Ratreal y) by (simp add: Ratreal-def)

finally show ?¢thesis by simp
qed

lemma real-add-code [code]: Ratreal x + Ratreal y = Ratreal (z +n y)
unfolding Ratreal-def by simp

lemma real-mul-code [code]: Ratreal z * Ratreal y = Ratreal (x *n y)
unfolding Ratreal-def by simp

lemma real-neg-code [code]: — Ratreal x = Ratreal (YN )
unfolding Ratreal-def by simp

lemma real-sub-code [code]: Ratreal x — Ratreal y = Ratreal (z —n y)
unfolding Ratreal-def by simp

lemma real-inv-code [code): inverse (Ratreal x) = Ratreal (Ninv x)
unfolding Ratreal-def Ninv real-divide-def by simp

lemma real-div-code [code]: Ratreal  / Ratreal y = Ratreal (z +n y)
unfolding Ratreal-def by simp

Setup for SML code generator
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types-code
real ((int x/ int))
attach (term-of) ((
fun term-of-real (p, q) =
let
val T = HOLogic.realT
m
if ¢ = 1 orelse p = 0 then HOLogic.mk-number rT p
else @{term op / :: real = real = real} $
HOLogic.mk-number rT p $ HOLogic.mk-number rT q
end;
»
attach (test) (
fun gen-real i =
let
val p = random-range 0 1i;
val ¢ = random-range 1 (i + 1);
val g = Integer.gcd p q;
val p’ = p div g;
val ¢’ = q div g;
m
(if one-of [true, false] then p' else ~ p’,
if p’ = 0 then 0 else q)
end;

)

consts-code
Ratreal ((-))

consts-code

of-int :: int = real ((module)real’-of "-int)
attach ((
fun real-of-int 0 = (0, 0)

| real-of-int 1 = (i, 1);

»
declare real-of-int-of-nat-eq [symmetric, code]

end

7 RComplete: Completeness of the Reals; Floor
and Ceiling Functions

theory RComplete
imports Lubs RealDef
begin
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lemma real-sum-of-halves: ©/2 + x/2 = (z::real)
by simp

7.1 Completeness of Positive Reals

Supremum property for the set of positive reals

Let P be a non-empty set of positive reals, with an upper bound y. Then P
has a least upper bound (written .5).

FIXME: Can the premise be weakened to Vo € P. < y?

lemma posreal-complete:
assumes positive-P: Vo € P. (0::real) < x
and not-empty-P: 3z. z € P
and upper-bound-Ez: 3y. YV € P. z<y
shows 35.Vy. 3z € P.y<z)=(y<S)
proof (rule exl, rule alll)
fix y
let ?pP = {w. real-of-preal w € P}

show (3z€P. y < z) = (y < real-of-preal (psup ?pP))
proof (cases 0 < y)
assume neg-y: - 0 < y
show ?thesis
proof
assume JzeP. y < z
have Vz. y < real-of-preal x
using neg-y by (rule real-less-all-real2)
thus y < real-of-preal (psup ?pP) ..
next
assume y < real-of-preal (psup ?pP)
obtain z where z-in-P: x € P using not-empty-P ..
hence 0 < z using positive-P by simp
hence y < z using neg-y by simp
thus dz € P. y < z using z-in-P ..
qed
next
assume pos-y: 0 < y

then obtain py where y-is-py: y = real-of-preal py
by (auto simp add: real-gt-zero-preal-Ex)

obtain ¢ where a € P using not-empty-P ..

with positive-P have a-pos: 0 < a ..

then obtain pa where a = real-of-preal pa
by (auto simp add: real-gt-zero-preal-Ex)

hence pa € ?pP using (a € P) by auto

hence pP-not-empty: ?pP # {} by auto

obtain sup where sup: Vo € P. x < sup
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using upper-bound-Ex .
from this and (¢ € P) have a < sup ..
hence 0 < sup using a-pos by arith
then obtain possup where sup = real-of-preal possup
by (auto simp add: real-gt-zero-preal-Ex)
hence VX € %pP. X < possup
using sup by (auto simp add: real-of-preal-lessl)
with pP-not-empty have psup: NZ. (3X € %pP. Z < X) = (Z < psup ?pP)
by (rule preal-complete)

show ?thesis
proof
assume Jz € P. y < z
then obtain x where z-in-P: x € P and y-less-z: y < z ..
hence 0 < x using pos-y by arith
then obtain pr where z-is-px: © = real-of-preal px
by (auto simp add: real-gt-zero-preal-Ezx)

have py-less-X: 3X € ?pP. py < X
proof
show py < pz using y-is-py and z-is-px and y-less-z
by (simp add: real-of-preal-lessI)
show pz € ?pP using z-in-P and x-is-pz by simp
qed

have (3X € ?pP. py < X) ==> (py < psup ?pP)
using psup by simp
hence py < psup ?pP using py-less-X by simp
thus y < real-of-preal (psup {w. real-of-preal w € P})
using y-is-py and pos-y by (simp add: real-of-preal-lessI)
next
assume y-less-psup: y < real-of-preal (psup ?pP)

hence py < psup ?pP using y-is-py
by (simp add: real-of-preal-lessI)
then obtain X where py-less-X: py < X and X-in-pP: X € ?pP
using psup by auto
then obtain x where z-is-X: z = real-of-preal X
by (simp add: real-gt-zero-preal-Ezx)
hence y < z using py-less-X and y-is-py
by (simp add: real-of-preal-lessI)

moreover have r € P using z-is-X and X-in-pP by simp

ultimately show 3 z € P. y < z ..
qed
qed
qed
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Completeness properties using isUb, isLub etc.

lemma real-isLub-unique: [| isLub R S z; isLub R Sy || ==> z = (y::real)
apply (frule isLub-isUb)
apply (frule-tac x = y in isLub-isUb)
apply (blast intro!: order-antisym dest!: isLub-le-isUD)
done

Completeness theorem for the positive reals (again).

lemma posreals-complete:
assumes positive-S: Vx € §. 0 < x
and not-empty-S: Jx. x € S
and upper-bound-Ez: Fu. isUb (UNIV ::real set) S u
shows 3t. isLub (UNIV ::real set) St
proof
let ?pS = {w. real-of-preal w € S}

obtain v where isUb UNIV S u using upper-bound-Ezx ..
hence sup: Vz € S. z < u by (simp add: isUb-def setle-def)

obtain z where z-in-S: x € S using not-empty-S ..
hence z-gt-zero: 0 < x using positive-S by simp
have z < u using sup and z-in-S ..

hence 0 < u using z-gt-zero by arith

then obtain pu where u-is-pu: u = real-of-preal pu
by (auto simp add: real-gt-zero-preal-Ex)

have pS-less-pu: Vpa € ?pS. pa < pu
proof
fix pa
assume pa € ?pS
then obtain ¢ where a € S and a = real-of-preal pa
by simp
moreover hence a < u using sup by simp
ultimately show pa < pu
using sup and u-is-pu by (simp add: real-of-preal-le-iff )
qed

have Vy € S. y < real-of-preal (psup ?pS)
proof
fix y
assume y-in-S: y € S
hence 0 < y using positive-S by simp
then obtain py where y-is-py: y = real-of-preal py
by (auto simp add: real-gt-zero-preal-Ex)
hence py-in-pS: py € ?pS using y-in-S by simp
with pS-less-pu have py < psup ?pS
by (rule preal-psup-le)

97
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thus y < real-of-preal (psup ?pS)
using y-is-py by (simp add: real-of-preal-le-iff)
qed

moreover {
fix z
assume z-ub-S: VyeS. y <z
have real-of-preal (psup ?pS) < z
proof —
obtain s where s-in-S: s € S using not-empty-S ..
hence s-pos: 0 < s using positive-S by simp

hence 3 ps. s = real-of-preal ps by (simp add: real-gt-zero-preal-Ezx)
then obtain ps where s-is-ps: s = real-of-preal ps ..
hence ps-in-pS: ps € {w. real-of-preal w € S} using s-in-S by simp

from z-ub-S have s < z using s-in-S ..

hence 0 < z using s-pos by simp

hence 3 pz. x = real-of-preal px by (simp add: real-gt-zero-preal-Ex)
then obtain pr where x-is-px: © = real-of-preal pz ..

have Vpe € 2pS. pe < px
proof

fix pe

assume pe € 7pS

hence real-of-preal pe € S by simp

hence real-of-preal pe < z using z-ub-S by simp

thus pe < pz using 2-is-pz by (simp add: real-of-preal-le-iff)
qed

moreover have ?pS # {} using ps-in-pS by auto
ultimately have (psup ?pS) < px by (simp add: psup-le-ub)
thus real-of-preal (psup ?pS) < z using z-is-pz by (simp add: real-of-preal-le-iff)
qed
}
ultimately show isLub UNIV S (real-of-preal (psup ?pS))
by (simp add: isLub-def leastP-def isUb-def setle-def setge-def)
qed

reals Completeness (again!)

lemma reals-complete:
assumes notempty-S: 3X. X € §
and ezists-Ub: 3 Y. isUb (UNIV ::real set) S'Y
shows 3t. isLub (UNIV :: real set) St
proof —
obtain X where X-in-S: X € S using notempty-S ..
obtain Y where Y-isUb: isUb (UNIV ::real set) S'Y
using exists-Ub ..
let 2SHIFT = {z. 3z €S. z=2+ (-X) + 1} N {z. 0 < z}



THEORY “RComplete” 99

{

fix z

assume isUb (UNIV::real set) Sz

hence S-le-xz:V ye€ S. y <=z
by (simp add: isUb-def setle-def)

{
fix s
assume s € {z. 3z€S. z =2+ - X + 1}
hencedze€S.s=z+-X+1..
then obtain z/ where z1 € Sand s = 21 + (—X) + 1 ..
moreover hence z! < z using S-le-z by simp
ultimately have s < z + — X + 1 by arith

}

then have isUb (UNIV::real set) ?SHIFT (z + (—X) + 1)
by (auto simp add: isUb-def setle-def)

} note S-Ub-is-SHIFT-Ub = this

hence isUb UNIV ?SHIFT (Y + (=X) + 1) using Y-isUb by simp
hence 3 7. isUb UNIV ?SHIFT Z ..
moreover have Vy € ?SHIFT. 0 < y by auto
moreover have shifted-not-empty: Iu. v € ?SHIFT
using X-in-S and Y-isUb by auto
ultimately obtain ¢ where t-is-Lub: isLub UNIV ?SHIFT ¢
using posreals-complete [of SHIFT] by blast

show ?thesis
proof
show isLub UNIV S (t + X + (—1))
proof (rule isLubl2)
{
fix z
assume isUb (UNIV::real set) S x
hence isUb (UNIV ::real set) (?SHIFT) (z + (—X) + 1)
using S-Ub-is-SHIFT-Ub by simp
hence t < (z + (—=X) + 1)
using t-is-Lub by (simp add: isLub-le-isUb)
hence t + X + —1 < z by arith
}
then show (¢ + X + —1) <=« Collect (isUb UNIV S)
by (simp add: setgel)
next
show isUb UNIV S (t + X + —1)
proof —
{
fix y
assume y-in-S: y € S
have y <t + X + —1
proof —
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obtain u where u-in-shift: v € 2SHIFT using shifted-not-empty ..
hence 3 z € S.u =2+ — X + 1 by simp
then obtain x where z-and-u: v =2 + — X + 1 ..

have u-le-t: v < t using u-in-shift and t-is-Lub by (simp add: isLubD2)

show ?thesis

proof cases
assume y < z
moreover have © = v + X 4+ — 1 using z-and-u by arith
moreover have u + X + — 1 <t + X + —1 using u-le-t by arith
ultimately show y <t + X + —1 by arith

next
assume ~(y < z)
hence z-less-y: © < y by arith

have z + (—X) + 1 € ?SHIFT using z-and-u and u-in-shift by simp
hence 0 < z + (—X) + 1 by simp

hence 0 < y + (—X) + 1 using a-less-y by arith

hence y + (—X) + 1 € ?SHIFT using y-in-S by simp

hence y + (—X) + 1 < t using t-is-Lub by (simp add: isLubD2)
thus ?thesis by simp
qed
qed
}
then show ?thesis by (simp add: isUb-def setle-def)
qed
qed
qed
qed

7.2 The Archimedean Property of the Reals

theorem reals-Archimedean:
assumes z-pos: 0 < x
shows Jn. inverse (real (Suc n)) < z
proof (rule ccontr)
assume contr: = ?thesis
have Vn. z  real (Suc n) <=1
proof
fix n
from contr have z < inverse (real (Suc n))
by (simp add: linorder-not-less)
hence z < (1 / (real (Suc n)))
by (simp add: inverse-eg-divide)
moreover have 0 < real (Suc n)
by (rule real-of-nat-ge-zero)
ultimately have z * real (Suc n) < (1 / real (Suc n)) * real (Suc n)
by (rule mult-right-mono)
thus z * real (Suc n) < 1 by simp



THEORY “RComplete” 101

qed
hence {z. 3n. z = z x (real (Suc n))} x<= 1
by (simp add: setle-def, safe, rule spec)
hence isUb (UNIV::real set) {z. In. z = x * (real (Suc n))} 1
by (simp add: isUbI)
hence Y. isUb (UNIV ::real set) {z. An. z = x* (real (Suc n))} Y ..
moreover have 3X. X € {z. In. z = xx (real (Suc n))} by auto
ultimately have 3¢. isLub UNIV {z. 3n. z = z = real (Suc n)} t
by (simp add: reals-complete)
then obtain ¢ where
t-is-Lub: isLub UNIV {z. In. z = = * real (Suc n)} t ..

have Vn:nat. x x realn < t + — x
proof
fix n
from t-is-Lub have x * real (Suc n) < t
by (simp add: isLubD2)
hence z * (real n) + z <t
by (simp add: right-distrib real-of-nat-Suc)
thus z * (real n) <t + — z by arith
qged

hence Vm. z * real (Suc m) <t + — z by simp

hence {z. 3n. z = z * (real (Suc n))} *<= (t + — z)
by (auto simp add: setle-def)

hence isUb (UNIV ::real set) {z. In. z = z = (real (Suc n))} (t + (—z))
by (simp add: isUbI)

hence t <t + — z
using t-is-Lub by (simp add: isLub-le-isUb)

thus Fulse using x-pos by arith

qed

There must be other proofs, e.g. Suc of the largest integer in the cut repre-
senting z.

lemma reals-Archimedean2: 3n. (z::real) < real (n::nat)
proof cases
assume z < (
hence = < real (1:nat) by simp
thus ?thesis ..
next
assume -z < 0
hence x-greater-zero: 0 < r by simp
hence 0 < inverse z by simp
then obtain n where inverse (real (Suc n)) < inverse x
using reals-Archimedean by blast
hence inverse (real (Suc n)) * x < inverse x * x
using z-greater-zero by (rule mult-strict-right-mono)
hence inverse (real (Suc n)) * & < 1
using z-greater-zero by simp
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hence real (Suc n) * (inverse (real (Suc n)) * z) < real (Suc n) * 1
by (rule mult-strict-left-mono) simp
hence z < real (Suc n)
by (simp add: ring-simps)
thus 3 (n:nat). z < real n ..
qed

lemma reals-Archimedeans:
assumes z-greater-zero: 0 < x
shows V (y::real). 3 (ninat). y < real n *
proof
fix y
have z-not-zero: © # 0 using z-greater-zero by simp
obtain n where y x inverse < real (n::nat)
using reals-Archimedean? ..
hence y * inverse ¢ x ¢ < real n * z
using z-greater-zero by (simp add: mult-strict-right-mono)
hence z * inverse x * y < x * real n
by (simp add: ring-simps)
hence y < real (n:nat) * x
using z-not-zero by (simp add: ring-simps)
thus 3 (n:nat). y < real n * z ..
qed

lemma reals-Archimedeant:
0 < r==>3(nunat). real (n — 1) < r & r < real (n)
apply (insert reals-Archimedean2 [of r|, safe)
apply (subgoal-tac Fz::inat. r < realz A Vy. r < real y — z < y), auto)
apply (rule-tac z = z in exl)
apply (case-tac z, simp)
apply (rename-tac x”)
apply (drule-tac x = x’ in spec, simp)
apply (rule-tac z=LEAST n. r < real n in exI, safe)
apply (erule Leastl, erule Least-le)
done

lemma reals-Archimedean6a: 0 < r ==> In. real (n) < r & r < real (Suc n)
by (drule reals-Archimedean6) auto

lemma reals-Archimedean-6b-int:

0 <r==>3nuint. real n < r & r < real (n+1)
apply (drule reals-Archimedean6a, auto)
apply (rule-tac = int n in exl)
apply (simp add: real-of-int-real-of-nat real-of-nat-Suc)
done

lemma reals-Archimedean-6c-int:
r < 0 ==>3nuint. realn < r & r < real (n+1)
apply (rule reals-Archimedean-6b-int [of —r, THEN exzE], simp, auto)
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apply (rename-tac n)

apply (drule order-le-imp-less-or-eq, auto)
apply (rule-tacz = — n — 1 in exl)
apply (rule-tac [2 ] z = — nin exl, auto)
done

7.3 Floor and Ceiling Functions from the Reals to the Inte-
gers
definition

floor :: real => int where
floor r = (LEAST n:int. r < real (n+1))

definition
ceiling :: real => int where
ceiling r = — floor (— 1)

notation (zsymbols)
floor (|-]) and
ceiling ([-])

notation (HTML output)
floor (|-]) and

ceiling ([-])

pl:

lemma number-of-less-real-of-int-iff [sim;
= (number-of n < m)

((number-of n) < real (m::int))
apply auto
apply (rule real-of-int-less-iff [THEN iffD1])
apply (drule-tac [2] real-of-int-less-iff [THEN 4ffD2], auto)
done

lemma number-of-less-real-of-int-iff2 [simp]:

(real (m::int) < (number-of n)) = (m < number-of n)
apply auto
apply (rule real-of-int-less-iff [THEN iffD1])
apply (drule-tac [2] real-of-int-less-iff [THEN iffD2], auto)
done

lemma number-of-le-real-of-int-iff [simp]:
((number-of n) < real (m::int)) = (number-of n < m)
by (simp add: linorder-not-less [symmetric))

lemma number-of-le-real-of-int-iff2 [simp]:
(real (m::int) < (number-of n)) = (m < number-of n)

by (simp add: linorder-not-less [symmetric))

lemma floor-zero [simp]: floor 0 = 0
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apply (simp add: floor-def del: real-of-int-add)
apply (rule Least-equality)

apply simp-all

done

lemma floor-real-of-nat-zero [simp]: floor (real (0:nat)) = 0
by auto

lemma floor-real-of-nat [simp]: floor (real (n:nat)) = int n
apply (simp only: floor-def)

apply (rule Least-equality)

apply (drule-tac [2] real-of-int-of-nat-eq [THEN ssubst])
apply (drule-tac [2] real-of-int-less-iff [THEN iffD1])
apply simp-all

done

lemma floor-minus-real-of-nat [simp]: floor (— real (n::nat)) = — int n
apply (simp only: floor-def)

apply (rule Least-equality)

apply (drule-tac [2] real-of-int-of-nat-eq [THEN ssubst])

apply (drule-tac [2] real-of-int-minus [THEN sym, THEN subst])
apply (drule-tac [2] real-of-int-less-iff [THEN iffD1])

apply simp-all

done

lemma floor-real-of-int [simp]: floor (real (n::int)) = n
apply (simp only: floor-def)

apply (rule Least-equality)

apply auto

done

lemma floor-minus-real-of-int [simp]: floor (— real (n::int)) = — n
apply (simp only: floor-def)

apply (rule Least-equality)

apply (drule-tac [2] real-of-int-minus [THEN sym, THEN subst])
apply auto

done

lemma real-lb-ub-int: In:int. real n < r & r < real (n+1)

apply (case-tac r < 0)

apply (blast intro: reals-Archimedean-6c-int)

apply (simp only: linorder-not-less)

apply (blast intro: reals-Archimedean-6b-int reals- Archimedean-6¢-int)
done

lemma lemma-floor:
assumes al: realm < rand a2: r < real n + 1
shows m < (n::int)

proof —
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have real m < real n + 1 using al a2 by (rule order-le-less-trans)
also have ... = real (n + 1) by simp
finally have m < n + 1 by (simp only: real-of-int-less-iff )
thus %thesis by arith
qed

lemma real-of-int-floor-le [simp]: real (floor r) < r
apply (simp add: floor-def Least-def)

apply (insert real-lb-ub-int [of r], safe)

apply (rule thel2)

apply auto

done

lemma floor-mono: x < y ==> floor x < floor y
apply (simp add: floor-def Least-def)

apply (insert real-lb-ub-int [of x])

apply (insert real-lb-ub-int [of y], safe)

apply (rule thel2)

apply (rule-tac [3] thel?2)

apply simp

apply (erule congl)

apply (auto simp add: order-eq-iff int-le-real-less)
done

lemma floor-mono2: x < y ==> floor x < floor y
by (auto dest: order-le-imp-less-or-eq simp add: floor-mono)

lemma lemma-floor2: real n < real (z::int) + 1 ==>n <z
by (auto intro: lemma-floor)

lemma real-of-int-floor-cancel [simp]:

(real (floor z) = x) = (In:int. x = real n)
apply (simp add: floor-def Least-def)
apply (insert real-lb-ub-int [of z], erule exE)
apply (rule thel2)
apply (auto intro: lemma-floor)
done

lemma floor-eq: [| real n < z; x < real n + 1 || ==> floor z = n
apply (simp add: floor-def)

apply (rule Least-equality)

apply (auto intro: lemma-floor)

done

lemma floor-eq2: || real n < z; & < real n + 1 || ==> floor x = n
apply (simp add: floor-def)

apply (rule Least-equality)

apply (auto intro: lemma-floor)

done
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lemma floor-eq3: || real n < z; x < real (Suc n) || ==> nat(floor ) = n
apply (rule inj-int [THEN injD])

apply (simp add: real-of-nat-Suc)

apply (simp add: real-of-nat-Suc floor-eq floor-eq [where n = int n))
done

lemma floor-eq4: [| real n < z; z < real (Suc n) || ==> nat(floor ) = n
apply (drule order-le-imp-less-or-eq)

apply (auto intro: floor-eq3)

done

lemma floor-number-of-eq [simp]:
floor(number-of n :: real) = (number-of n :: int)

apply (subst real-number-of [symmetric])

apply (rule floor-real-of-int)

done

lemma floor-one [simp]: floor 1 = 1
apply (rule trans)
prefer 2
apply (rule floor-real-of-int)
apply simp

done

lemma real-of-int-floor-ge-diff-one [simp]: r — 1 < real(floor )
apply (simp add: floor-def Least-def)

apply (insert real-lb-ub-int [of r|, safe)

apply (rule thel2)

apply (auto intro: lemma-floor)

done

lemma real-of-int-floor-gt-diff-one [simp]: r — 1 < real(floor r)
apply (simp add: floor-def Least-def)

apply (insert real-lb-ub-int [of r], safe)

apply (rule thel2)

apply (auto intro: lemma-floor)

done

lemma real-of-int-floor-add-one-ge [simp]: v < real(floor r) + 1
apply (insert real-of-int-floor-ge-diff-one [of r])

apply (auto simp del: real-of-int-floor-ge-diff-one)

done

lemma real-of-int-floor-add-one-gt [simpl: r < real(floor r) + 1
apply (insert real-of-int-floor-gt-diff-one [of r])

apply (auto simp del: real-of-int-floor-gt-diff-one)

done
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lemma le-floor: real a <=z ==> a <= floor x
apply (subgoal-tac a < floor x + 1)
apply arith
apply (subst real-of-int-less-iff [THEN sym])
apply simp
apply (insert real-of-int-floor-add-one-gt [of x])
apply arith

done

lemma real-le-floor: a <= floor © ==> real a <=z
apply (rule order-trans)
prefer 2
apply (rule real-of-int-floor-le)
apply (subst real-of-int-le-iff)
apply assumption
done

lemma le-floor-eq: (a <= floor x) = (real a <= z)
apply (rule iffI)
apply (erule real-le-floor)
apply (erule le-floor)

done

lemma le-floor-eq-number-of [simp):
(number-of n <= floor x) = (number-of n <= x)
by (simp add: le-floor-eq)

lemma le-floor-eq-zero [simp]: (0 <= floor z) = (0 <= x)
by (simp add: le-floor-eq)

lemma le-floor-eg-one [simp]: (1 <= floor ) = (1 <= x)
by (simp add: le-floor-eq)

lemma floor-less-eq: (floor © < a) = (z < real a)
apply (subst linorder-not-le [THEN sym])+
apply simp
apply (rule le-floor-eq)

done

lemma floor-less-eq-number-of [simp):
(floor x < number-of n) = (x < number-of n)
by (simp add: floor-less-eq)

lemma floor-less-eq-zero [simp]: (floor z < 0) = (z < 0)
by (simp add: floor-less-eq)

lemma floor-less-eq-one [simp]: (floor z < 1) = (z < 1)
by (simp add: floor-less-eq)
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lemma less-floor-eq: (a < floor z) = (real a + 1 <= x)
apply (insert le-floor-eq [of a + 1 z])
apply auto

done

lemma less-floor-eqg-number-of [simp]:
(number-of n < floor x) = (number-of n + 1 <= x)
by (simp add: less-floor-eq)

lemma less-floor-eg-zero [simp]: (0 < floor x) = (1 <= x)
by (simp add: less-floor-eq)

lemma less-floor-eg-one [simp]: (1 < floor z) = (2 <= z)
by (simp add: less-floor-eq)

lemma floor-le-eq: (floor & <= a) = (z < real a + 1)
apply (insert floor-less-eq [of x a + 1])
apply auto

done

lemma floor-le-eg-number-of [simp):
(floor x <= number-of n) = (x < number-of n + 1)
by (simp add: floor-le-eq)

lemma floor-le-eq-zero [simp]: (floor x <= 0) = (z < 1)
by (simp add: floor-le-eq)

lemma floor-le-eq-one [simp]: (floor z <= 1) = (z < 2)
by (simp add: floor-le-eq)

lemma floor-add [simp]: floor (x + real a) = floor z + a
apply (subst order-eq-iff)
apply (rule conjI)
prefer 2
apply (subgoal-tac floor x + a < floor (z + real a) + 1)
apply arith
apply (subst real-of-int-less-iff [THEN sym])
apply simp
apply (subgoal-tac z + real a < real(floor(x + real a)) + 1)
apply (subgoal-tac real (floor z) <= z)
apply arith
apply (rule real-of-int-floor-le)
apply (rule real-of-int-floor-add-one-gt)
apply (subgoal-tac floor (x + real a) < floor x + a + 1)
apply arith
apply (subst real-of-int-less-iff [THEN sym])
apply simp
apply (subgoal-tac real(floor(z + real a)) <= z + real a)
apply (subgoal-tac © < real(floor z) + 1)
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apply arith
apply (rule real-of-int-floor-add-one-gt)
apply (rule real-of-int-floor-le)

done

lemma floor-add-number-of [simp]:
floor (z 4+ number-of n) = floor x + number-of n
apply (subst floor-add [THEN sym])
apply simp
done

lemma floor-add-one [simp]: floor (x + 1) = floor x + 1
apply (subst floor-add [THEN sym))
apply simp

done

lemma floor-subtract [simp]: floor (x — real a) = floor x — a
apply (subst diff-minus)+
apply (subst real-of-int-minus |[THEN sym])
apply (rule floor-add)

done

lemma floor-subtract-number-of [simp]: floor (x — number-of n) =
floor x — number-of n
apply (subst floor-subtract [THEN sym])
apply simp
done

lemma floor-subtract-one [simp]: floor (x — 1) = floor x — 1
apply (subst floor-subtract [THEN sym)])

apply simp
done

lemma ceiling-zero [simp]: ceiling 0 = 0
by (simp add: ceiling-def)

lemma ceiling-real-of-nat [simp]: ceiling (real (n::nat)) = int n
by (simp add: ceiling-def)

lemma ceiling-real-of-nat-zero [simp]: ceiling (real (0:nat)) = 0
by auto

lemma ceiling-floor [simp]: ceiling (real (floor r)) = floor r
by (simp add: ceiling-def)

lemma floor-ceiling [simp]: floor (real (ceiling r)) = ceiling r
by (simp add: ceiling-def)

lemma real-of-int-ceiling-ge [simp]: r < real (ceiling )

109



THEORY “RComplete” 110

apply (simp add: ceiling-def)
apply (subst le-minus-iff, simp)
done

lemma ceiling-mono: x < y ==> ceiling v < ceiling y
by (simp add: floor-mono ceiling-def)

lemma ceiling-mono2: ¢ < y ==> ceiling x < ceiling y
by (simp add: floor-mono2 ceiling-def)

lemma real-of-int-ceiling-cancel [simp]:

(real (ceiling ) = z) = (In:int. z = real n)
apply (auto simp add: ceiling-def)
apply (drule arg-cong [where f = uminus], auto)

apply (rule-tac x = —n in exl, auto)
done
lemma ceiling-eq: [| real n < z; x < real n + 1 |] ==> ceilingz = n + 1

apply (simp add: ceiling-def)

apply (rule minus-equation-iff |[THEN iffD1])
apply (simp add: floor-eq [where n = —(n+1)])
done

lemma ceiling-eq2: || real n < z; z < real n + 1 || ==> ceilingz = n + 1
by (simp add: ceiling-def floor-eq2 [where n = —(n+1)])

lemma ceiling-eq3: || real n — 1 < z; x < real n || ==> ceiling z = n
by (simp add: ceiling-def floor-eq2 [where n = —n])

lemma ceiling-real-of-int [simp]: ceiling (real (n::int)) = n
by (simp add: ceiling-def)

lemma ceiling-number-of-eq [simp]:
ceiling (number-of n :: real) = (number-of n)
apply (subst real-number-of [symmetric])
apply (rule ceiling-real-of-int)
done

lemma ceiling-one [simp]: ceiling 1 = 1
by (unfold ceiling-def, simp)

lemma real-of-int-ceiling-diff-one-le [simp]: real (ceiling r) — 1 < r
apply (rule neg-le-iff-le [THEN 4ffD1])

apply (simp add: ceiling-def diff-minus)

done

lemma real-of-int-ceiling-le-add-one [simp]: real (ceiling r) < r + 1
apply (insert real-of-int-ceiling-diff-one-le [of r])
apply (simp del: real-of-int-ceiling-diff-one-le)
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done

lemma ceiling-le: © <= real a ==> ceiling x <= a
apply (unfold ceiling-def)
apply (subgoal-tac —a <= floor(— x))
apply simp
apply (rule le-floor)
apply simp
done

lemma ceiling-le-real: ceiling t <= a ==> © <= real a
apply (unfold ceiling-def)
apply (subgoal-tac real(— a) <= — x)
apply simp
apply (rule real-le-floor)
apply simp
done

lemma ceiling-le-eq: (ceiling v <= a) = (z <= real a)
apply (rule iffI)
apply (erule ceiling-le-real)
apply (erule ceiling-le)

done

lemma ceiling-le-eq-number-of [simp]:
(ceiling x <= number-of n) = (z <= number-of n)
by (simp add: ceiling-le-eq)

lemma ceiling-le-zero-eq [simp]: (ceiling x <= 0) = (z <= 0)
by (simp add: ceiling-le-eq)

lemma ceiling-le-eq-one [simp]: (ceiling x <= 1) = (z <= 1)
by (simp add: ceiling-le-eq)

lemma less-ceiling-eq: (a < ceiling x) = (real a < )
apply (subst linorder-not-le [THEN sym))+
apply simp
apply (rule ceiling-le-eq)

done

lemma less-ceiling-eq-number-of [simp]:
(number-of n < ceiling x) = (number-of n < x)
by (simp add: less-ceiling-eq)

lemma less-ceiling-eg-zero [simp]: (0 < ceiling ) = (0 < )
by (simp add: less-ceiling-eq)

lemma less-ceiling-eg-one [simp]: (1 < ceiling ) = (1 < x)
by (simp add: less-ceiling-eq)
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lemma ceiling-less-eq: (ceiling v < a) = (v <= real a — 1)
apply (insert ceiling-le-eq [of x a — 1))
apply auto

done

lemma ceiling-less-eq-number-of [simp]:
(ceiling © < number-of n) = (r <= number-of n — 1)
by (simp add: ceiling-less-eq)

lemma ceiling-less-eg-zero [simp): (ceiling x < 0) = (x <= —1)
by (simp add: ceiling-less-eq)

lemma ceiling-less-eg-one [simp]: (ceiling © < 1) = (z <= 0)
by (simp add: ceiling-less-eq)

lemma le-ceiling-eq: (a <= ceiling ) = (real a — 1 < )
apply (insert less-ceiling-eq [of a — 1 z])
apply auto

done

lemma le-ceiling-eq-number-of [simp]:
(number-of n <= ceiling ©) = (number-of n — 1 < x)
by (simp add: le-ceiling-eq)

lemma le-ceiling-eq-zero [simp]: (0 <= ceiling x) = (=1 < x)
by (simp add: le-ceiling-eq)

lemma le-ceiling-eq-one [simp]: (1 <= ceiling z) = (0 < x)
by (simp add: le-ceiling-eq)

lemma ceiling-add [simp]: ceiling (x + real a) = ceiling ¢ + a
apply (unfold ceiling-def, simp)
apply (subst real-of-int-minus [THEN sym])
apply (subst floor-add)
apply simp
done

lemma ceiling-add-number-of [simp]: ceiling (x + number-of n) =
ceiling x + number-of n
apply (subst ceiling-add [THEN sym])
apply simp
done

lemma ceiling-add-one [simp]: ceiling (x + 1) = ceiling x + 1
apply (subst ceiling-add [THEN sym])
apply simp

done
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lemma ceiling-subtract [simp]: ceiling (x — real a) = ceiling t — a
apply (subst diff-minus)+
apply (subst real-of-int-minus |[THEN sym])
apply (rule ceiling-add)

done

lemma ceiling-subtract-number-of [simp]: ceiling (x — number-of n) =
ceiling x — number-of n
apply (subst ceiling-subtract [THEN sym])
apply simp
done

lemma ceiling-subtract-one [simp]: ceiling (xz — 1) = ceiling x — 1
apply (subst ceiling-subtract [THEN sym])
apply simp

done

7.4 Versions for the natural numbers

definition
natfloor :: real => nat where
natfloor = nat(floor )

definition
natceiling :: real => nat where
natceiling © = nat(ceiling )

lemma natfloor-zero [simp]: natfloor 0 = 0
by (unfold natfloor-def, simp)

lemma natfloor-one [simp]: natfloor 1 = 1
by (unfold natfloor-def, simp)

lemma zero-le-natfloor [simp]: 0 <= natfloor =
by (unfold natfloor-def, simp)

lemma natfloor-number-of-eq [simp|: natfloor (number-of n) = number-of n

by (unfold natfloor-def, simp)

lemma natfloor-real-of-nat [simp): natfloor(real n) = n
by (unfold natfloor-def, simp)

lemma real-natfloor-le: 0 <= x ==> real(natfloor r) <= x
by (unfold natfloor-def, simp)

lemma natfloor-neg: © <= 0 ==> natfloor x = 0
apply (unfold natfloor-def)
apply (subgoal-tac floor x <= floor 0)
apply simp

113
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apply (erule floor-mono2)
done

lemma natfloor-mono: © <= y ==> natfloor x <= natfloor y
apply (case-tac 0 <= 1)
apply (subst natfloor-def )+
apply (subst nat-le-eq-zle)
apply force
apply (erule floor-mono2)
apply (subst natfloor-neg)
apply simp
apply simp
done

lemma le-natfloor: real v <= a ==> = <= natfloor a
apply (unfold natfloor-def)
apply (subst nat-int [THEN sym)])
apply (subst nat-le-eq-zle)
apply simp
apply (rule le-floor)
apply simp
done

lemma le-natfloor-eq: 0 <= z ==> (a <= natfloor ) = (real a <= 1)
apply (rule iffI)
apply (rule order-trans)
prefer 2
apply (erule real-natfloor-le)
apply (subst real-of-nat-le-iff)
apply assumption
apply (erule le-natfloor)
done

lemma le-natfloor-eq-number-of [simp]:
~ neg((number-of n)::int) ==> 0 <=z ==>
(number-of n <= natfloor ) = (number-of n <= )
apply (subst le-natfloor-eq, assumption)
apply simp
done

lemma le-natfloor-eq-one [simp): (1 <= natfloor z) = (1 <= x)
apply (case-tac 0 <= x)
apply (subst le-natfloor-eq, assumption, simp)
apply (rule iffI)
apply (subgoal-tac natfloor z <= natfloor 0)
apply simp
apply (rule natfloor-mono)
apply simp
apply simp
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done

lemma natfloor-eq: real n <=z ==> x < real n + 1 ==> natfloor x = n
apply (unfold natfloor-def)
apply (subst nat-int [THEN sym])back
apply (subst eqg-nat-nat-iff)
apply simp
apply simp
apply (rule floor-eq2)
apply auto
done

lemma real-natfloor-add-one-gt: x < real(natfloor ) + 1
apply (case-tac 0 <= z)
apply (unfold natfloor-def)
apply simp
apply simp-all
done

lemma real-natfloor-gt-diff-one: © — 1 < real(natfloor x)
apply (simp add: compare-rls)
apply (rule real-natfloor-add-one-gt)

done

lemma ge-natfloor-plus-one-imp-gt: natfloor z + 1 <=n ==> z < real n
apply (subgoal-tac z < real(natfloor z) + 1)
apply arith
apply (rule real-natfloor-add-one-gt)

done

lemma natfloor-add [simp]: 0 <= x ==> natfloor (z + real a) = natfloor r + a
apply (unfold natfloor-def)
apply (subgoal-tac real a = real (int a))
apply (erule ssubst)
apply (simp add: nat-add-distrib del: real-of-int-of-nat-eq)
apply simp
done

lemma natfloor-add-number-of [simp]:
~neg ((number-of n)::int) ==> 0 <=z ==>
natfloor (z + number-of n) = natfloor x + number-of n
apply (subst natfloor-add [THEN sym))
apply simp-all
done

lemma natfloor-add-one: 0 <= x ==> natfloor(z + 1) = natfloor v + 1
apply (subst natfloor-add [THEN sym))
apply assumption
apply simp
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done

lemma natfloor-subtract [simp]: real a <= z ==>
natfloor(x — real a) = natfloor z — a
apply (unfold natfloor-def)
apply (subgoal-tac real a = real (int a))
apply (erule ssubst)
apply (simp del: real-of-int-of-nat-eq)
apply simp
done

lemma natceiling-zero [simpl: natceiling 0 = 0
by (unfold natceiling-def, simp)

lemma natceiling-one [simp]: natceiling 1 = 1
by (unfold natceiling-def, simp)

lemma zero-le-natceiling [simp]: 0 <= natceiling =
by (unfold natceiling-def, simp)

lemma natceiling-number-of-eq [simp]: natceiling (number-of n) = number-of n
by (unfold natceiling-def, simp)

lemma natceiling-real-of-nat [simp]: natceiling(real n) = n
by (unfold natceiling-def, simp)

lemma real-natceiling-ge: © <= real(natceiling x)
apply (unfold natceiling-def)
apply (case-tac z < 0)
apply simp
apply (subst real-nat-eg-real)
apply (subgoal-tac ceiling 0 <= ceiling x)
apply simp
apply (rule ceiling-mono?2)
apply simp
apply simp
done

lemma natceiling-neg: © <= 0 ==> natceiling t = 0
apply (unfold natceiling-def)
apply simp

done

lemma natceiling-mono: ¥ <= y ==> natceiling v <= natceiling y
apply (case-tac 0 <= z)
apply (subst natceiling-def )+
apply (subst nat-le-eq-zle)
apply (rule disjI2)
apply (subgoal-tac real (0::int) <= real(ceiling y))
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apply simp
apply (rule order-trans)
apply simp
apply (erule order-trans)
apply simp
apply (erule ceiling-mono2)
apply (subst natceiling-neg)
apply simp-all

done

lemma natceiling-le: x <= real a ==> natceiling xr <= a
apply (unfold natceiling-def)
apply (case-tac z < 0)
apply simp
apply (subst nat-int [THEN sym])back
apply (subst nat-le-eq-zle)
apply simp
apply (rule ceiling-le)
apply simp
done

lemma natceiling-le-eq: 0 <= z ==> (natceiling t <= a) = (z <= real a)
apply (rule iffI)
apply (rule order-trans)
apply (rule real-natceiling-ge)
apply (subst real-of-nat-le-iff )
apply assumption
apply (erule natceiling-le)
done

lemma natceiling-le-eq-number-of [simp]:
~ neg((number-of n):int) ==> 0 <=z ==>
(natceiling © <= number-of n) = (z <= number-of n)
apply (subst natceiling-le-eq, assumption)
apply simp
done

lemma natceiling-le-eq-one: (natceiling z <= 1) = (z <= 1)
apply (case-tac 0 <= z)
apply (subst natceiling-le-eq)
apply assumption
apply simp
apply (subst natceiling-neg)
apply simp
apply simp
done

117

lemma natceiling-eq: real n < v ==> v <= real n + 1 ==> natceilingz = n +

1
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apply (unfold natceiling-def)
apply (simplesubst nat-int [THEN sym]) back back
apply (subgoal-tac nat(int n) + 1 = nat(int n + 1))
apply (erule ssubst)
apply (subst eg-nat-nat-iff)
apply (subgoal-tac ceiling 0 <= ceiling x)
apply simp
apply (rule ceiling-mono?2)
apply force
apply force
apply (rule ceiling-eq2)
apply (simp, simp)
apply (subst nat-add-distrib)
apply auto
done

lemma natceiling-add [simp]: 0 <= z ==>
natceiling (x + real a) = natceiling x + a
apply (unfold natceiling-def)
apply (subgoal-tac real a = real (int a))
apply (erule ssubst)
apply (simp del: real-of-int-of-nat-eq)
apply (subst nat-add-distrib)
apply (subgoal-tac 0 = ceiling 0)
apply (erule ssubst)
apply (erule ceiling-mono2)
apply simp-all
done

lemma natceiling-add-number-of [simp]:
~ neg ((number-of n):int) ==> 0 <= ¢ ==>
natceiling (x + number-of n) = natceiling © + number-of n
apply (subst natceiling-add [THEN sym))
apply simp-all
done

lemma natceiling-add-one: 0 <= x ==> natceiling(z + 1) = natceiling x + 1
apply (subst natceiling-add [THEN sym)])
apply assumption
apply simp

done

lemma natceiling-subtract [simp]: real a <= z ==>
natceiling(x — real a) = natceiling  — a
apply (unfold natceiling-def)
apply (subgoal-tac real a = real (int a))
apply (erule ssubst)
apply (simp del: real-of-int-of-nat-eq)
apply simp
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done

lemma natfloor-div-nat: 1 <=z ==>y > 0 ==>
natfloor (z / real y) = natfloor z div y
proof —
assume ! <= (z::real) and (y::nat) > 0
have natfloor z = (natfloor x) div y * y + (natfloor x) mod y
by simp
then have a: real(natfloor ) = real ((natfloor ) div y) * real y +
real((natfloor x) mod y)
by (simp only: real-of-nat-add [THEN sym)] real-of-nat-mult [THEN sym))
have z = real(natfloor z) + (z — real(natfloor x))
by simp
then have z = real ((natfloor z) div y) * real y +
real((natfloor x) mod y) + (x — real(natfloor x))
by (simp add: a)

then have =z / real y = ... / real y
by simp
also have ... = real((natfloor z) div y) + real((natfloor x) mod y) /

real y + (x — real(natfloor ©)) / real y
by (auto simp add: ring-simps add-divide-distrib
diff-divide-distrib prems)
finally have natfloor (z / real y) = natfloor(...) by simp
also have ... = natfloor(real((natfloor ) mod y) /
real y + (x — real(natfloor z)) / real y + real((natfloor x) div y))
by (simp add: add-ac)
also have ... = natfloor(real((natfloor ) mod y) /
real y + (z — real(natfloor x)) / real y) + (natfloor z) div y
apply (rule natfloor-add)
apply (rule add-nonneg-nonneg)
apply (rule divide-nonneg-pos)
apply simp
apply (simp add: prems)
apply (rule divide-nonneg-pos)
apply (simp add: compare-rls)
apply (rule real-natfloor-le)
apply (insert prems, auto)
done
also have natfloor(real((natfloor x) mod y) /
real y + (x — real(natfloor x)) / real y) = 0
apply (rule natfloor-eq)
apply simp
apply (rule add-nonneg-nonneq)
apply (rule divide-nonneg-pos)
apply force
apply (force simp add: prems)
apply (rule divide-nonneg-pos)
apply (simp add: compare-rls)
apply (rule real-natfloor-le)
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apply (auto simp add: prems)
apply (insert prems, arith)
apply (simp add: add-divide-distrib [THEN sym)])
apply (subgoal-tac real y = real y — 1 + 1)
apply (erule ssubst)
apply (rule add-le-less-mono)
apply (simp add: compare-rls)
apply (subgoal-tac real(natfloor x mod y) + 1 =
real(natfloor x mod y + 1))

apply (erule ssubst)
apply (subst real-of-nat-le-iff)
apply (subgoal-tac natfloor z mod y < y)
apply arith
apply (rule mod-less-divisor)
apply auto
apply (simp add: compare-rls)
apply (subst add-commute)
apply (rule real-natfloor-add-one-gt)
done

finally show ?thesis by simp

qed

end

8 ContNotDenum: Non-denumerability of the Con-
tinuum.

theory ContNotDenum
imports RComplete
begin

8.1 Abstract

The following document presents a proof that the Continuum is uncountable.
It is formalised in the Isabelle/Isar theorem proving system.

Theorem: The Continuum R is not denumerable. In other words, there does
not exist a function f:IN=1R such that f is surjective.

Outline: An elegant informal proof of this result uses Cantor’s Diagonalisa-
tion argument. The proof presented here is not this one. First we formalise
some properties of closed intervals, then we prove the Nested Interval Prop-
erty. This property relies on the completeness of the Real numbers and is
the foundation for our argument. Informally it states that an intersection of
countable closed intervals (where each successive interval is a subset of the
last) is non-empty. We then assume a surjective function f:IN=IR exists and
find a real x such that x is not in the range of f by generating a sequence of
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closed intervals then using the NIP.

8.2 Closed Intervals

This section formalises some properties of closed intervals.

8.2.1 Definition

definition
closed-int :: real = real = real set where
closed-int zy ={z. 2 < z A z < y}

8.2.2 Properties

lemma closed-int-subset:
assumes zy: z1 > z0 y1 < y0
shows closed-int x1 y1 C closed-int 0 y0
proof —
{
fix x::real
assume z € closed-int 1 y1
hence z > z1 A z < yI by (simp add: closed-int-def)
with zy have © > 20 A © < y0 by auto
hence z € closed-int x0 y0 by (simp add: closed-int-def)
}
thus ?thesis by auto
qed

lemma closed-int-least:

assumes a: a < b

shows a € closed-int a b A (Vz € closed-int a b. a < 1)
proof

from a have ac{z. a<z A z<b} by simp

thus a € closed-int a b by (unfold closed-int-def)
next

have Vze{z. a<z A z<b}. a<z by simp

thus Vz € closed-int a b. a < z by (unfold closed-int-def)
qed

lemma closed-int-most:

assumes a: a < b

shows b € closed-int a b A (Y € closed-int a b. © < b)
proof

from a have be{z. a<z A x<b} by simp

thus b € closed-int a b by (unfold closed-int-def)
next

have Vze{z. a<z A z<b}. 2<b by simp

thus Vz € closed-int a b. <b by (unfold closed-int-def)
qed
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lemma closed-not-empty:
shows a < b = Jz. z € closed-int a b
by (auto dest: closed-int-least)

lemma closed-mem:
assumes ¢ < cand ¢ < b
shows ¢ € closed-int a b
using assms unfolding closed-int-def by auto

lemma closed-subset:
assumes ac: a < b ¢ <d
assumes closed: closed-int a b C closed-int ¢ d
shows b > ¢
proof —
from closed have VY z€closed-int a b. x€closed-int ¢ d by auto
hence Vz. a<z A 2<b — ¢<z A z<d by (unfold closed-int-def, auto)
with ac have ¢<b A b<d by simp
thus ?thesis by auto
qed

8.3 Nested Interval Property

theorem NIP:
fixes f::nat = real set
assumes subset: Vn. f (Sucn) C fn
and closed: Vn. da b. fn = closed-int a b A a < b

shows (N n. fn) # {}

proof —

let ?2g = An. (SOME c. ce(fn) A (Vze(fn). c < x))

have ne: Vn. 3z. z€(f n)

proof
fix n
from closed have Ja b. fn = closed-int a b A a < b by simp
then obtain ¢ and b where fn: fn = closed-int a b A a < b by auto
hence a < b ..
with closed-not-empty have 3. x&closed-int a b by simp
with fn show Jz. z€(f n) by simp

qed

have gdef: Vn. (?g n)e(fn) A (Vze(fn). (g n)<x)
proof

fix n

from closed have da b. fn = closed-int a b A a < b ..

then obtain ¢ and b where ff: fn = closed-int a b and a < b by auto

hence a < b by simp
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hence acclosed-int a b A (Y z€closed-int a b. a < x) by (rule closed-int-least)

with ff have ac(fn) A (Vze(fn). a < z) by simp
hence Jec. ce(fn) AN Vae(fn). ¢ <z) ..
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thus (?g n)e(fn) A (Vze(fn). (29 n)<z) by (rule somel-ex)
qed

— A denotes the set of all left-most points of all the intervals ...
moreover obtain A where Adef: A = ?g * N by simp
ultimately have Jz. z€A
proof —
have (0::nat) € IN by simp
moreover have ?g 0 = ?g 0 by simp
ultimately have ?g 0 € ?g * N by (rule rev-image-eql)
with Adef have ?g 0 € A by simp
thus ?thesis ..
qed

— Now show that A is bounded above ...
moreover have Jy. isUb (UNIV::real set) Ay
proof —
{
fix n
from ne have ex: 3. z€(fn) ..
from gdef have (?g n)e(fn) A (Yz&(fn). (29 n)<z) by simp
moreover
from closed have Ja b. fn = closed-int a b A a < b ..
then obtain ¢ and b where fn = closed-int a b A\ a < b by auto
hence be(fn) A (Vze(fn). z < b) using closed-int-most by blast
ultimately have Vze(f n). (g n) < b by simp
with ez have (?g n) < b by auto
hence 3b. (%9 n) < b by auto

}

hence auz: Vn. 3b. (?gn) < b ..

have fs: Vn:nat. fn C f0
proof (rule alll, induct-tac n)
show f 0 C f 0 by simp
next
fix n
assume fn C f0
moreover from subset have f (Sucn) C fn ..
ultimately show f (Suc n) C f 0 by simp
qed
have Vn. (?g n)e(f 0)
proof
fix n
from gdef have (?g n)e(fn) A (Yz€(fn). (29 n)<z) by simp
hence ?gn € fn ..
with fs show ?g n € f 0 by auto
qed
moreover from closed
obtain ¢ and b where f 0 = closed-int a b and alb: a < b by blast

123
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ultimately have Vn. ?g n € closed-int a b by auto
with alb have Vn. ?g n < b using closed-int-most by blast
with Adef have VycA. y<b by auto
hence A x<= b by (unfold setle-def)
moreover have b € (UNIV::real set) by simp
ultimately have A x<= b A b € (UNIV ::real set) by simp
hence isUb (UNIV ::real set) A b by (unfold isUb-def)
thus ?thesis by auto
qed
— by the Axiom Of Completeness, A has a least upper bound ...
ultimately have 3¢. isLub UNIV A t by (rule reals-complete)

— denote this least upper bound as t ...
then obtain ¢ where tdef: isLub UNIV A t ..

— and finally show that this least upper bound is in all the intervals...
have Vn. t € fn
proof
fix n:nat
from closed obtain ¢ and b where
int: fn = closed-int a b and alb: a < b by blast

have t > a

proof —
have a € A
proof —

from alb int have ain: acfn A (Vz€fn. a < 1)

using closed-int-least by blast
moreover have Ve. eefn A (Vzefn. e <z) — e=a
proof clarsimp

fix e

assume ein: ¢ € fnand lt: Vz€fn. e < x

from [t ain have auz: Vzefn. a <z A e < z by auto

from ein aur have a < e A e < e by auto
moreover from ain auzr have a < a A e < a by auto
ultimately show e = a by simp
qed
hence Ae. ecfn A (Vzefn. e <z) = e = a by simp
ultimately have (?g n) = a by (rule some-equality)
moreover
{
have n = of-nat n by simp
moreover have of-nat n € IN by simp
ultimately have n € IN
apply —
apply (subst(asm) eq-sym-conv)
apply (erule subst)

124
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with Adef have (?g n) € A by auto
ultimately show ?thesis by simp
qed
with tdef show a < t by (rule isLubD2)
qed
moreover have ¢t < b
proof —
have isUb UNIV A b
proof —
{
from alb int have
ain: befn A Vzefn. x < b) using closed-int-most by blast

have subsetd: Vm.Vn. f (n 4+ m) C fn
proof (rule alll, induct-tac m)
show Vn. f (n 4+ 0) C fn by simp
next
fix m n
assume pp: Vp. f (p+n) C fp
{
fix p
from pp have f (p + n) C fp by simp
moreover from subset have f (Suc (p + n)) C f (p + n) by auto
hence f (p + (Suc n)) C f (p + n) by simp
ultimately have f (p + (Suc n)) C fp by simp

thus Vp. f (p + Sucn) C fp ..
qed
have subsetm: Va 5. a > 8 — (f «) C (f )
proof ((rule alll)+, rule impl)
fix a::nat and (G::nat
assume [ < «
hence 3k. a = § + k by (simp only: le-iff-add)
then obtain k£ where a = 3 + k ..
moreover
from subsetd have f (8 + k) C f 8 by simp
ultimately show f o C f 3 by auto
qed

fix m
{
assume m > n
with subsetm have fm C fn by simp
with ain have Vzef m. x < b by auto
moreover
from gdef have 2gm € fm A (Vzef m. 29 m < z) by simp
ultimately have ?g m < b by auto
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}

moreover
{
assume —(m > n)
hence m < n by simp
with subsetm have sub: (f n) C (f m) by simp
from closed obtain ma and mb where
fm = closed-int ma mb A ma < mb by blast
hence one: ma < mb and fm: f m = closed-int ma mb by auto
from one alb sub fm int have ma < b using closed-subset by blast
moreover have (?g m) = ma
proof —
from gdef have 2gm € fm A (Vz€f m. 9gm < z) ..
moreover from one have
ma € closed-int ma mb A (¥ z€closed-int ma mb. ma < z)
by (rule closed-int-least)
with fm have macf m A (Vz€f m. ma < z) by simp
ultimately have ma < ?g m A ?g m < ma by auto
thus ?g m = ma by auto
qed
ultimately have ?g m < b by simp
}
ultimately have ?g m < b by (rule case-split)
}
with Adef have VycA. y<b by auto
hence A x<= b by (unfold setle-def)
moreover have b € (UNIV::real set) by simp
ultimately have A x<= b A b € (UNIV::real set) by simp
thus isUb (UNIV ::real set) A b by (unfold isUb-def)
qed
with tdef show t < b by (rule isLub-le-isUb)
qed
ultimately have t € closed-int a b by (rule closed-mem)
with int show ¢t € fn by simp
qed
hence ¢t € (N n. fn) by auto
thus ?thesis by auto
qed

8.4 Generating the intervals

8.4.1 Existence of non-singleton closed intervals

This lemma asserts that given any non-singleton closed interval (a,b) and
any element c, there exists a closed interval that is a subset of (a,b) and
that does not contain ¢ and is a non-singleton itself.

lemma closed-subset-ex:
fixes c::real
assumes alb: a < b
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shows
Jka kb. ka < kb A closed-int ka kb C closed-int a b A ¢ ¢ (closed-int ka kb)
proof —

{

assume clb: ¢ < b
{
assume cla: ¢ < a
from alb cla clb have ¢ ¢ closed-int a b by (unfold closed-int-def, auto)
with alb have
a < b A closed-int a b C closed-int a b A ¢ ¢ closed-int a b
by auto
hence
Jka kb. ka < kb A closed-int ka kb C closed-int a b N\ ¢ ¢ (closed-int ka kb)
by auto

}

moreover

{
assume ncla: =(c¢ < a)
with clb have cdef: a < ¢ A ¢ < b by simp
obtain ka where kadef: ka = (¢ + b)/2 by blast

from kadef clb have kalb: ka < b by auto
moreover from kadef cdef have kagc: ka > ¢ by simp
ultimately have c¢(closed-int ka b) by (unfold closed-int-def, auto)
moreover from cdef kagc have ka > a by simp
hence closed-int ka b C closed-int a b by (unfold closed-int-def , auto)
ultimately have
ka < b A closed-int ka b C closed-int a b A ¢ ¢ closed-int ka b
using kalb by auto
hence
Jka kb. ka < kb A closed-int ka kb C closed-int a b N ¢ ¢ (closed-int ka kb)
by auto

}

ultimately have
Jka kb. ka < kb A closed-int ka kb C closed-int a b A ¢ ¢ (closed-int ka kb)
by (rule case-split)
}
moreover
{
assume — (¢ < b)
hence cgeb: ¢ > b by simp

obtain kb where kbdef: kb = (a + b)/2 by blast
with alb have kblb: kb < b by auto
with kbdef cgeb have a < kb A kb < ¢ by auto
moreover hence ¢ ¢ (closed-int a kb) by (unfold closed-int-def, auto)
moreover from kblb have
closed-int a kb C closed-int a b by (unfold closed-int-def, auto)
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ultimately have
a < kb A closed-int a kb C closed-int a b A\ c¢closed-int a kb
by simp
hence
Jka kb. ka < kb A closed-int ka kb C closed-int a b A ¢ ¢ (closed-int ka kb)
by auto
}
ultimately show ?thesis by (rule case-split)
qed

8.5 mnewlnt: Interval generation

Given a function f:IN="IR, newlnt (Suc n) f returns a closed interval such
that newInt (Suc n) f C newlnt n f and does not contain f (Suc n). With
the base case defined such that (f 0)¢newlnt 0 f.

8.5.1 Definition

consts newlnt :: nat = (nat = real) = (real set)
primrec
newlnt 0 f = closed-int (f0 + 1) (f0 + 2)
newlnt (Suc n) f =

(SOME e. (el e2.

el < e2 A

e = closed-int el e2 A

e C (newlnt n f) A

)(f (Sucn)) ¢ e)

8.5.2 Properties

We now show that every application of newlInt returns an appropriate inter-
val.

lemma newlnt-ex:
Jab. a<bA
newlnt (Suc n) f = closed-int a b A
newlnt (Suc n) f C newlnt n f A
f (Suc n) ¢ newInt (Suc n) f
proof (induct n)
case (

let e = SOMFE e. del e2.

el < e2 A

e = closed-int el e2 A

e C closed-int (f0 + 1) (f0 + 2) A
f (Suc0) ¢ e

have newlnt (Suc 0) f = %e by auto
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moreover
have f0 + 1 < f0 4+ 2 by simp
with closed-subset-ex have
dka kb. ka < kb A closed-int ka kb C closed-int (f 0 + 1) (f0 + 2) A
f (Suc 0) ¢ (closed-int ka kb) .
hence
Je. Fka kb. ka < kb A e = closed-int ka kb A
e C closed-int (f0 + 1) (f0 + 2) A f (Suc 0) ¢ e by simp
hence
Jka kb. ka < kb N Pe = closed-int ka kb N
?e C closed-int (f0 + 1) (f0 + 2) A f (Suc 0) ¢ ?e
by (rule somel-ex)
ultimately have Jei e2. el < e2 A
newlnt (Suc 0) f = closed-int el e2 A
newlnt (Suc 0) f C closed-int (f0 + 1) (f0 + 2) A
f (Suc 0) ¢ newlnt (Suc 0) f by simp
thus
Jab. a < b A newlnt (Suc 0) f = closed-int a b A
newlnt (Suc 0) f C newlnt 0 f A f (Suc 0) ¢ newInt (Suc 0) f
by simp
next
case (Suc n)
hence Ja b.
a<bA
newlnt (Suc n) f = closed-int a b A
newlnt (Suc n) f C newlnt n f A
f (Suc n) ¢ newInt (Suc n) f by simp
then obtain a and b where ab: a < b A
newlnt (Suc n) f = closed-int a b A
newlnt (Suc n) f C newlnt n f A
f (Suc n) ¢ newlnt (Suc n) f by auto
hence cab: closed-int a b = newlnt (Suc n) f by simp

let ¢ = SOMFE e. Jel e2.
el < e2 N
e = closed-int el e2 A
e C closed-int a b N\
f (Suc (Sucn)) ¢ e

from cab have ni: newlnt (Suc (Suc n)) f = %e by auto

from ab have a < b by simp
with closed-subset-ex have
dka kb. ka < kb A closed-int ka kb C closed-int a b N
f (Suc (Suc n)) ¢ closed-int ka kb .
hence
Je. Jka kb. ka < kb N\ e = closed-int ka kb N
closed-int ka kb C closed-int a b A f (Suc (Suc n)) ¢ closed-int ka kb
by simp
hence
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Je. Fka kb. ka < kb N e = closed-int ka kb A

e C closed-int a b A f (Suc (Suc n)) ¢ e by simp
hence

Jka kb. ka < kb N Ze = closed-int ka kb N

%e C closed-int a b A\ f (Suc (Suc n)) ¢ ?e by (rule somel-ex)
with ab ni show

Jka kb. ka < kb A

newlnt (Suc (Suc n)) f = closed-int ka kb A

newlnt (Suc (Suc n)) f C newInt (Suc n) f A

f (Suc (Suc n)) ¢ newInt (Suc (Suc n)) f by auto

qged

lemma newlnt-subset:
newlnt (Suc n) f C newlnt n f
using newlnt-ex by auto

Another fundamental property is that no element in the range of f is in the
intersection of all closed intervals generated by newlnt.

lemma newlnt-inter:
V. fné ((n newlnt n f)
proof
fix n:nat
{
assume n0: n = 0
moreover have newlnt 0 f = closed-int (f 0 + 1) (f 0 + 2) by simp
ultimately have fn ¢ newlnt n f by (unfold closed-int-def, simp)

}

moreover
{
assume - n = 0
hence n > 0 by simp
then obtain m where ndef: n = Suc m by (auto simp add: gr0-conv-Suc)

from newlnt-ex have
Jab. a < b A (newlnt (Suc m) f) = closed-int a b A
newlnt (Suc m) f C newlnt m f A f (Suc m) ¢ newlnt (Suc m) f .
then have f (Suc m) ¢ newlnt (Suc m) f by auto
with ndef have fn ¢ newlnt n f by simp
}
ultimately have fn ¢ newlnt n f by (rule case-split)
thus fn ¢ ((n. newlnt n f) by auto
qed

lemma newlnt-notempty:
(N n. newlnt n f) # {}
proof —
let ?g = An. newInt n f
have Vn. 29 (Sucn) C %9 n
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proof
fix n
show ?g (Suc n) C %9 n by (rule newlnt-subset)
qed
moreover have Vn. Ja b. ?gn = closed-int a b AN a < b
proof
fix n:nat
{
assume n = 0
then have
2gn = closed-int (f0+ 1) (fO+2)AN({fO0+1<f0+ 2)
by simp
hence Ja b. ?g n = closed-int a b N a < b by blast

}

moreover
{

assume - n = (

then have n > 0 by simp

then obtain m where nd: n = Suc m by (auto simp add: gr0-conv-Suc)

have
Fab. a <bA (newlnt (Suc m) f) = closed-int a b A
(newlnt (Suc m) f) C (newlnt m f) A (f (Suc m)) ¢ (newInt (Suc m) f)
by (rule newlnt-ex)
then obtain a and b where
a < b A (newlnt (Suc m) f) = closed-int a b by auto
with nd have ?g n = closed-int a b A\ a < b by auto
hence Ja b. ?g n = closed-int a b N a < b by blast
}
ultimately show Ja b. ?g n = closed-int a b A a < b by (rule case-split)
qed
ultimately show ?thesis by (rule NIP)
qed

8.6 Final Theorem

theorem real-non-denum:
shows — (3 f::nat=real. surj f)
proof — by contradiction
assume 3 f:nat=-real. surj f
then obtain f::nat=real where surj f by auto
hence rangeF: range f = UNIV by (rule surj-range)
— We now produce a real number x that is not in the range of f, using the
properties of newlInt.
have Jz. z € ([ n. newInt n f) using newlnt-notempty by blast
moreover have Vn. fn ¢ ((\n. newInt n f) by (rule newlnt-inter)
ultimately obtain z where z € ((n. newlnt n f) and Vn. fn # x by blast
moreover from rangeF have z € range f by simp
ultimately show Fulse by blast
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qed

end

9 RealPow: Natural powers theory

theory RealPow
imports RealDef
begin

declare abs-mult-self [simp]
instance real :: power ..

primrec (realpow)
realpow-0: 1 ~ 0

=1
realpow-Suc: v~ (Suc n) =

(rureal) x (r " n)

instance real :: recpower
proof

fix z :: real

fix n :: nat

show 270 = 1 by simp

show z"(Suc n) = z x (2"n) by simp
qed

lemma two-realpow-ge-one [simpl: (1::real) < 2
by (rule power-increasing[of 0 n 2::real, simplified])

lemma two-realpow-gt [simp]: real (n:nat) < 2 " n
apply (induct n)

apply (auto simp add: real-of-nat-Suc)

apply (subst mult-2)

apply (rule add-less-le-mono)

apply (auto simp add: two-realpow-ge-one)

done

lemma realpow-Suc-le-self: [| 0 < r; r < (Lureal) || ==>r " Sucn <r
by (insert power-decreasing [of 1 Suc n r], simp)

lemma realpow-minus-mult [rule-format]:
0<n——>(zureal) " (n—1)xz=1z"n

apply (simp split add: nat-diff-split)

done

lemma realpow-two-mult-inverse [simp]:
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r # 0 ==> r * inverse r "Suc (Suc 0) = inverse (r::real)
by (simp add: real-mult-assoc [symmetric])

lemma realpow-two-minus [simp]: (—z) "Suc (Suc 0) = (x::real) “Suc (Suc 0)
by simp

lemma realpow-two-diff :
(z::real) “Suc (Suc 0) — y Suc (Suc 0) = (z — y) * (z + y)
apply (unfold real-diff-def)
apply (simp add: ring-simps)
done

lemma realpow-two-disy:
((z::real) "Suc (Suc 0) = y " Suc (Suc 0)) = (z =y |z = —y)
apply (cut-tac z = z and y = y in realpow-two-diff )
apply (auto simp del: realpow-Suc)
done

lemma realpow-real-of-nat: real (m:nat) “n = real (m " n)
apply (induct n)

apply (auto simp add: real-of-nat-one real-of-nat-mult)
done

lemma realpow-real-of-nat-two-pos [simp] : 0 < real (Suc (Suc 0) " n)
apply (induct n)

apply (auto simp add: real-of-nat-mult zero-less-mult-iff )

done

lemma realpow-increasing:
[(0:real) < z;0 < y;z " Sucn <y " Sucn|]]==>z<y
by (rule power-le-imp-le-base)

9.1 Literal Arithmetic Involving Powers, Type real

lemma real-of-int-power: real (x::int) “n = real (z " n)
apply (induct n)

apply (simp-all add: nat-mult-distrib)

done

declare real-of-int-power [symmetric, simp]

lemma power-real-number-of:

(number-of v :: real) "~ n = real ((number-of v :: int) " n)
by (simp only: real-number-of [symmetric] real-of-int-power)
declare power-real-number-of [of - number-of w, standard, simp)

9.2 Properties of Squares

lemma SuUm-squares-ge-z€ero:
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fixes x y :: 'a::ordered-ring-strict
shows 0 <z *xz + y*y
by (intro add-nonneg-nonneg zero-le-square)

lemma not-sum-squares-lt-zero:
fixes z y :: 'a::ordered-ring-strict
shows —z x 2z + y x y < 0
by (simp add: linorder-not-less sum-squares-ge-zero)

lemma sum-nonneg-eq-zero-iff
fixes x y :: 'a::pordered-ab-group-add
assumes z: 0 < zand y: 0 <y
shows (z +y=0)=(x=0ANy=0)
proof (auto)
from y have z + 0 < z + y by (rule add-left-mono)
also assume z + y = 0
finally have =z < 0 by simp
thus z = 0 using z by (rule order-antisym)
next
from z have 0 + y < z + y by (rule add-right-mono)
also assume z + y = 0
finally have y < 0 by simp
thus y = 0 using y by (rule order-antisym)
qed

lemma sum-squares-eq-zero-iff:

fixes z y :: 'a::ordered-ring-strict

shows (zxz+y*xy=0)=(x=0ANy
by (simp add: sum-nonneg-eq-zero-iff )

I
S
=

lemma sum-squares-le-zero-iff:
fixes z y :: 'a::ordered-ring-strict
shows (zxz+y*xy<0)=(x=0ANy=20)
by (simp add: order-le-less not-sum-squares-lt-zero sum-squares-eq-zero-iff’)

lemma sum-squares-gt-zero-iff:
fixes z y :: 'a::ordered-ring-strict
shows (0 <zxz+yxy) =(@#£0Vy#0)
by (simp add: order-less-le sum-squares-ge-zero sum-squares-eq-zero-iff)

lemma sum-power2-ge-zero:
fixes z y :: 'a:{ordered-idom,recpower}
shows 0 < 22 + 92
unfolding power2-eg-square by (rule sum-squares-ge-zero)

lemma not-sum-power2-lt-zero:
fixes z y :: 'a:{ordered-idom,recpower}
shows = 22 + 42 < 0
unfolding power2-eq-square by (rule not-sum-squares-lt-zero)
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lemma sum-power2-eq-zero-iff :
fixes z y :: 'a::{ordered-idom,recpower}
shows (22 + 42 =0)=(z=0Ay=0)
unfolding power2-eq-square by (rule sum-squares-eg-zero-iff)

lemma sum-power2-le-zero-iff:
fixes z y :: 'a::{ ordered-idom,recpower}
shows (22 + 42 < 0)=(z=0Ay=0)
unfolding power2-eq-square by (rule sum-squares-le-zero-iff)

lemma sum-power2-gt-zero-iff :
fixes z y :: 'a::{ordered-idom,recpower}
shows (0 < 2?2+ y?) = (z# 0V y #0)
unfolding power2-eq-square by (rule sum-squares-gt-zero-iff )

9.3 Squares of Reals

lemma real-two-squares-add-zero-iff [simp]:
(zxz+y+xy=0)=((zureal) = 0 Ny = 0)
by (rule sum-squares-eq-zero-iff )

lemma real-sum-squares-cancel: x * x + y x y = 0 ==> x = (0::real)
by simp

lemma real-sum-squares-cancel2: © x ¢ + y * y = 0 ==> y = (0::real)
by simp

lemma real-mult-self-sum-ge-zero: (0:real) < zxx + y*y
by (rule sum-squares-ge-zero)

lemma real-sum-squares-cancel-a: © * x = —(y * y) ==> z = (0::real) & y=0
by (simp add: real-add-eq-0-iff [symmetric])

lemma real-squared-diff-one-factored: xxx — (1:real) = (z + 1)x(z — 1)
by (simp add: left-distrib right-diff-distrib)

lemma real-mult-is-one [simp): (zxz = (1ureal)) = (z =1 |z =— 1)
apply auto

apply (drule right-minus-eq [THEN 4ffD2])

apply (auto simp add: real-squared-diff-one-factored)

done

lemma real-sum-squares-not-zero: © = 0 ==>x x & + y * y ~= (0::real)
by simp

lemma real-sum-squares-not-zero2: y ~= 0 ==>zc x z + y * y ~= (0::real)

by simp
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lemma realpow-two-sum-zero-iff [simp]:
(r " 24y 2= (0zreal)) = (z=0& y=0)
by (rule sum-power2-eq-zero-iff)

lemma realpow-two-le-add-order [simp]: (0::real) < u "2 + v " 2
by (rule sum-power2-ge-zero)

lemma realpow-two-le-add-order2 [simp]: (O:real) < u "2 +v "2 4+ w "~ 2

by (intro add-nonneg-nonneg zero-le-power2)

lemma real-sum-square-gt-zero: © ~= 0 ==> (0=real) < x x z + y x y
by (simp add: sum-squares-gt-zero-iff )

lemma real-sum-square-gt-zero2: y ~= 0 ==> (0:real) < x x z + y x y
by (simp add: sum-squares-gt-zero-iff)

lemma real-minus-mult-self-le [simp]: —(u * u) < (z * (x::real))
by (rule-tac j = 0 in real-le-trans, auto)

lemma realpow-square-minus-le [simpl: —(u * 2) < (x:real) * 2
by (auto simp add: power2-eq-square)

lemma real-sq-order:
fixes z::real
assumes zgt0: 0 < z and ygt0: 0 < y and sq: 72 < y~°2
shows z < y
proof —
from sq have z ~ Suc (Suc 0) <y ~ Suc (Suc 0)
by (simp only: numeral-2-eq-2)
thus z < y using ygt0
by (rule power-le-imp-le-base)
qged

9.4 Various Other Theorems

lemma real-le-add-half-cancel: (z + y/2 < (yureal)) = (z < y /2)
by auto

lemma real-minus-half-eq [simp): (z::real) — x/2 = x/2
by auto

lemma real-mult-inverse-cancel:
[(0:real) < z; 0 <zl 21 *+y < % u ||
==> jnverse & x y < inverse rl x u
apply (rule-tac c=x in mult-less-imp-less-left)
apply (auto simp add: real-mult-assoc [symmetric))
apply (simp (no-asm) add: mult-ac)
apply (rule-tac c=x1 in mult-less-imp-less-right)
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apply (auto simp add: mult-ac)
done

lemma real-mult-inverse-cancel?2:

[1(0:real) < z;0 < zl; 2zl *y < z % u|] ==> y * inverse x < u * inverse rl
apply (auto dest: real-mult-inverse-cancel simp add: mult-ac)
done

lemma inverse-real-of-nat-gt-zero [simp]: 0 < inverse (real (Suc n))
by simp

lemma inverse-real-of-nat-ge-zero [simp]: 0 < inverse (real (Suc n))
by simp

lemma realpow-num-eq-if: (m:real) " n = (if n=0 then 1 else m * m * (n — 1))
by (case-tac n, auto)

end

10 RealVector: Vector Spaces and Algebras over
the Reals

theory RealVector
imports RealPow
begin

10.1 Locale for additive functions

locale additive =
fixes [ :: ‘a::ab-group-add = 'b::ab-group-add
assumes add: f (z +y)=fz+ fy

lemma (in additive) zero: f 0 = 0

proof —
have f0 = f (0 + 0) by simp
also have ... = f 0 + f 0 by (rule add)
finally show f 0 = 0 by simp
qed
lemma (in additive) minus: f (— z) = — fz
proof —
have f (— z) + fz = f (— = + =) by (rule add [symmetric])
also have ... = — fz + fz by (simp add: zero)
finally show f (— z) = — fz by (rule add-right-imp-eq)
qed

lemma (in additive) diff: f (z —y) =fz — fy
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by (simp add: diff-def add minus)

lemma (in additive) setsum: f (setsum g A) = (D z€A. f (g z))
apply (cases finite A)

apply (induct set: finite)

apply (simp add: zero)

apply (simp add: add)

apply (simp add: zero)

done

10.2 Real vector spaces

class scaleR = type +
fixes scaleR :: real = 'a = ’'a (infixr xp 75)

begin
abbreviation
divideR :: 'a = real = 'a (infixl /g 70)
where
z /r T == scaleR (inverse r) x
end

instance real :: scaleR
real-scaleR-def [simp]: scaleR a x = a x « ..

class real-vector = scaleR + ab-group-add +
assumes scaleR-right-distrib: scaleR a (z + y) = scaleR a x + scaleR a y
and scaleR-left-distrib: scaleR (a + b) © = scaleR a x + scaleR b x
and scaleR-scaleR [simp]: scaleR a (scaleR b x) = scaleR (a % b)
and scaleR-one [simp]: scaleR 1 © = x

class real-algebra = real-vector + ring +
assumes mult-scaleR-left [simp]: scaleR a x© x y = scaleR a (z * y)
and mult-scaleR-right [simp]: x * scaleR a y = scaleR a (z * y)

class real-algebra-1 = real-algebra + ring-1
class real-div-algebra = real-algebra-1 + division-ring
class real-field = real-div-algebra + field

instance real :: real-field

apply (intro-classes, unfold real-scaleR-def)
apply (rule right-distrib)

apply (rule left-distrib)

apply (rule mult-assoc [symmetric))

apply (rule mult-1-left)

apply (rule mult-assoc)
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apply (rule mult-left-commute)
done

lemma scaleR-left-commute:

fixes z :: 'au:real-vector

shows scaleR a (scaleR b x) = scaleR b (scaleR a x)
by (simp add: mult-commute)

interpretation scaleR-left: additive [(Aa. scaleR a x::'a::real-vector))
by unfold-locales (rule scaleR-left-distrib)

interpretation scaleR-right: additive [(Az. scaleR a x::'a::real-vector)]
by unfold-locales (rule scaleR-right-distrib)

lemmas scaleR-zero-left [simp] = scaleR-left.zero
lemmas scaleR-zero-right [simp] = scaleR-right.zero
lemmas scaleR-minus-left [simp] = scaleR-left. minus
lemmas scaleR-minus-right [simp] = scaleR-right.minus
lemmas scaleR-left-diff-distrib = scaleR-left.diff
lemmas scaleR-right-diff-distrib = scaleR-right.diff

lemma scaleR-eq-0-iff [simp]:
fixes z :: 'a::real-vector
shows (scaleR a z = 0) = (a =0V z = 0)
proof cases
assume a = ( thus ?thesis by simp
next
assume anz [simp]: a # 0
{ assume scaleR a z = 0
hence scaleR (inverse a) (scaleR a ) = 0 by simp
hence z = 0 by simp }
thus ?thesis by force
qed

lemma scaleR-left-imp-eq:

fixes z y :: 'a::real-vector

shows [a # 0; scaleR a x = scaleR a y] = = =y
proof —

assume nonzero: a # 0

assume scaleR a © = scaleR a y

hence scaleR a (z — y) = 0

by (simp add: scaleR-right-diff-distrib)
hence © — y = 0 by (simp add: nonzero)
thus z = y by simp
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qed

lemma scaleR-right-imp-eq:
fixes z y :: 'a::real-vector
shows [z # 0; scaleR a x = scaleR b z] = a = b
proof —
assume nonzero: T # 0
assume scaleR a © = scaleR b x
hence scaleR (a — b) z =0
by (simp add: scaleR-left-diff-distrib)
hence a — b = 0 by (simp add: nonzero)
thus a = b by simp
qed

lemma scaleR-cancel-left:

fixes z y :: ‘a::real-vector

shows (scaleR a © = scaleR ay) = (x =y V a = 0)
by (auto intro: scaleR-left-imp-eq)

lemma scaleR-cancel-right:

fixes z y :: ‘a::real-vector

shows (scaleR a x = scaleR bz) = (a=bV z = 0)
by (auto intro: scaleR-right-imp-eq)

lemma nonzero-inverse-scaleR-distrib:

fixes z :: 'a::real-div-algebra shows

[a # 0; x # 0] = inverse (scaleR a x) = scaleR (inverse a) (inverse x)
by (rule inverse-unique, simp)

lemma inverse-scaleR-distrib:
fixes z :: 'a::{real-div-algebra,division-by-zero }
shows inverse (scaleR a x) = scaleR (inverse a) (inverse )
apply (case-tac a = 0, simp)
apply (case-tac x = 0, simp)
apply (erule (1) nonzero-inverse-scaleR-distrib)
done

10.3 Embedding of the Reals into any real-algebra-1: of-real

definition
of-real :: real = 'a::real-algebra-1 where
of-real r = scaleR r 1

lemma scaleR-conv-of-real: scaleR r x = of-real v * x
by (simp add: of-real-def)

lemma of-real-0 [simp]: of-real 0 = 0
by (simp add: of-real-def)
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lemma of-real-1 [simp]: of-real 1 = 1
by (simp add: of-real-def)

lemma of-real-add [simp]: of-real (z + y) = of-real © + of-real y
by (simp add: of-real-def scaleR-left-distrib)

lemma of-real-minus [simp]: of-real (— ©) = — of-real ©
by (simp add: of-real-def)

lemma of-real-diff [simp]: of-real (z — y) = of-real x — of-real y
by (simp add: of-real-def scaleR-left-diff-distrib)

lemma of-real-mult [simp]: of-real (x * y) = of-real z * of-real y
by (simp add: of-real-def mult-commute)

lemma nonzero-of-real-inverse:
z # 0 = of-real (inverse x) =
inverse (of-real x :: 'a::real-div-algebra)
by (simp add: of-real-def nonzero-inverse-scale R-distrib)

lemma of-real-inverse [simp):

of-real (inverse x) =

inverse (of-real z :: 'a::{real-div-algebra,division-by-zero})
by (simp add: of-real-def inverse-scaleR-distrib)

lemma nonzero-of-real-divide:
y # 0 = of-real (z / y) =
(of-real z | of-real y :: 'a::real-field)
by (simp add: divide-inverse nonzero-of-real-inverse)

lemma of-real-divide [simp]:

of-real (z [ y) =

(of-real © | of-real y :: 'a::{real-field,division-by-zero})
by (simp add: divide-inverse)

lemma of-real-power [simp]:
of-real (x ~ n) = (of-real z :: 'a::{real-algebra-1 recpower}) " n
by (induct n) (simp-all add: power-Suc)

lemma of-real-eq-iff [simp]: (of-real x = of-real y) = (z = y)
by (simp add: of-real-def scaleR-cancel-right)

lemmas of-real-eq-0-iff [simp] = of-real-eg-iff [of - 0, simplified]

lemma of-real-eq-id [simp]: of-real = (id :: real = real)
proof
fix r
show of-real r = id r
by (simp add: of-real-def)

141
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qed

Collapse nested embeddings

lemma of-real-of-nat-eq [simp]: of-real (of-nat n) = of-nat n
by (induct n) auto

lemma of-real-of-int-eq [simp]: of-real (of-int z) = of-int z
by (cases z rule: int-diff-cases, simp)

lemma of-real-number-of-eq:
of-real (number-of w) = (number-of w :: 'a:{number-ring,real-algebra-1})
by (simp add: number-of-eq)

Every real algebra has characteristic zero

instance real-algebra-1 < ring-char-0
proof
fix m n :: nat
have (of-real (of-nat m) = (of-real (of-nat n)::'a)) = (m = n)
by (simp only: of-real-eq-iff of-nat-eq-iff)
thus (of-nat m = (of-nat n::’a)) = (m = n)
by (simp only: of-real-of-nat-eq)
qed

10.4 The Set of Real Numbers

definition
Reals :: 'a::real-algebra-1 set where
Reals = range of-real

notation (zsymbols)
Reals (R)

lemma Reals-of-real [simp]: of-real r € Reals
by (simp add: Reals-def)

lemma Reals-of-int [simp]: of-int z € Reals
by (subst of-real-of-int-eq [symmetric|, rule Reals-of-real)

lemma Reals-of-nat [simp]: of-nat n € Reals
by (subst of-real-of-nat-eq [symmetric], rule Reals-of-real)

lemma Reals-number-of [simp]:
(number-of w::'a:{number-ring,real-algebra-1}) € Reals
by (subst of-real-number-of-eq [symmetric], rule Reals-of-real)

lemma Reals-0 [simp]: 0 € Reals
apply (unfold Reals-def)

apply (rule range-eql)

apply (rule of-real-0 [symmetric])
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done

lemma Reals-1 [simp]: 1 € Reals
apply (unfold Reals-def)

apply (rule range-eql)

apply (rule of-real-1 [symmetric])
done

lemma Reals-add [simp]: [a € Reals; b € Reals] = a + b € Reals
apply (auto simp add: Reals-def)

apply (rule range-eql)

apply (rule of-real-add [symmetric])

done

lemma Reals-minus [simp]: a € Reals = — a € Reals
apply (auto simp add: Reals-def)

apply (rule range-eql)

apply (rule of-real-minus [symmetric])

done

lemma Reals-diff [simp]: [a € Reals; b € Reals] = a — b € Reals
apply (auto simp add: Reals-def)

apply (rule range-eql)

apply (rule of-real-diff [symmetric))

done

lemma Reals-mult [simp]: [a € Reals; b € Reals] = a * b € Reals
apply (auto simp add: Reals-def)

apply (rule range-eql)

apply (rule of-real-mult [symmetric])

done

lemma nonzero-Reals-inverse:

fixes a :: 'a::real-div-algebra

shows [a € Reals; a # 0] = inverse a € Reals
apply (auto simp add: Reals-def)
apply (rule range-eql)
apply (erule nonzero-of-real-inverse [symmetric])
done

lemma Reals-inverse [simp]:
fixes a :: 'a::{real-div-algebra,division-by-zero}
shows a € Reals = inverse a € Reals
apply (auto simp add: Reals-def)
apply (rule range-eql)
apply (rule of-real-inverse [symmetric))
done

lemma nonzero-Reals-divide:
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fixes a b :: 'a::real-field
shows [a € Reals; b € Reals; b # 0] = a / b € Reals
apply (auto simp add: Reals-def)
apply (rule range-eql)
apply (erule nonzero-of-real-divide [symmetric])
done

lemma Reals-divide [simp]:
fixes a b :: 'a::{real-field,division-by-zero}
shows [a € Reals; b € Reals] = a / b € Reals
apply (auto simp add: Reals-def)
apply (rule range-eql)
apply (rule of-real-divide [symmetric])
done

lemma Reals-power [simp]:
fixes a :: 'a::{real-algebra-1,recpower}
shows a € Reals = a "~ n € Reals
apply (auto simp add: Reals-def)
apply (rule range-eql)
apply (rule of-real-power [symmetric])
done

lemma Reals-cases [cases set: Reals):
assumes ¢ € R
obtains (of-real) r where ¢ = of-real r
unfolding Reals-def
proof —
from (¢ € R) have ¢ € range of-real unfolding Reals-def .
then obtain r where ¢ = of-real r ..
then show thesis ..
qed

lemma Reals-induct [case-names of-real, induct set: Reals|:
g€ R= (Ar. P (of-real v)) = P ¢
by (rule Reals-cases) auto

10.5 Real normed vector spaces

class norm = type +
fixes norm :: ‘a = real

instance real :: norm
real-norm-def [simp]: norm r = |r| ..

class sgn-div-norm = scaleR + norm + sgn +
assumes sgn-div-norm: sgn t = x /g norm x

class real-normed-vector = real-vector + sgn-div-norm +
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assumes norm-ge-zero [simpl: 0 < norm z

and norm-eg-zero [simp]: norm x = 0 «—— z = 0

and norm-triangle-ineq: norm (z + y) < norm & + norm y
and norm-scaleR: norm (scaleR a x) = |a| * norm z

class real-normed-algebra = real-algebra + real-normed-vector +
assumes norm-mult-ineq: norm (z x y) < norm x * norm y

class real-normed-algebra-1 = real-algebra-1 + real-normed-algebra +
assumes norm-one [simpl: norm 1 = 1

class real-normed-div-algebra = real-div-algebra + real-normed-vector +
assumes norm-mult: norm (x * y) = norm & * norm y

class real-normed-field = real-field + real-normed-div-algebra

instance real-normed-div-algebra < real-normed-algebra-1
proof
fixzy:'a
show norm (z * y) < norm = * norm y
by (simp add: norm-mult)
next
have norm (1 x 1::'a) = norm (1::'a) * norm (1::'a)
by (rule norm-mult)
thus norm (1::'a) = 1 by simp
qged

instance real :: real-normed-field

apply (intro-classes, unfold real-norm-def real-scaleR-def)
apply (simp add: real-sgn-def)

apply (rule abs-ge-zero)

apply (rule abs-eq-0)

apply (rule abs-triangle-ineq)

apply (rule abs-mult)

apply (rule abs-mult)

done

lemma norm-zero [simp]: norm (0::'a::real-normed-vector) = 0
by simp

lemma zero-less-norm-iff [simp]:
fixes z :: 'a::real-normed-vector
shows (0 < norm z) = (z # 0)
by (simp add: order-less-le)

lemma norm-not-less-zero [simp):
fixes z :: 'a::real-normed-vector
shows = norm z < 0

by (simp add: linorder-not-less)
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lemma norm-le-zero-iff [simp]:
fixes z :: 'a::real-normed-vector
shows (norm z < 0) = (z = 0)
by (simp add: order-le-less)

lemma norm-minus-cancel [simp]:
fixes z :: 'a::real-normed-vector
shows norm (— z) = norm z
proof —
have norm (— z) = norm (scaleR (— 1) z)
by (simp only: scaleR-minus-left scaleR-one)
also have ... = |— | * norm z
by (rule norm-scaleR)
finally show ?thesis by simp
qed

lemma norm-minus-commute:
fixes a b :: 'a::real-normed-vector
shows norm (a — b) = norm (b — a)
proof —
have norm (— (b — a)) = norm (b — a)
by (rule norm-minus-cancel)
thus ?thesis by simp
qed

lemma norm-triangle-ineq2:
fixes a b :: 'a::real-normed-vector
shows norm a — norm b < norm (a — b)
proof —
have norm (a — b + b) < norm (a — b) + norm b
by (rule norm-triangle-ineq)
thus ?thesis by simp
qed

lemma norm-triangle-ineq3:
fixes a b :: 'a::real-normed-vector
shows |norm a — norm b| < norm (a — b)
apply (subst abs-le-iff )
apply auto
apply (rule norm-triangle-ineq2)
apply (subst norm-minus-commaute)
apply (rule norm-triangle-ineq2)
done

lemma norm-triangle-ineqs:

fixes a b :: 'a::real-normed-vector

shows norm (a — b) < norm a + norm b
proof —
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have norm (a + — b) < norm a + norm (— b)
by (rule norm-triangle-ineq)
thus ?thesis
by (simp only: diff-minus norm-minus-cancel)
qed

lemma norm-diff-ineq:

fixes a b :: 'a::real-normed-vector

shows norm a — norm b < norm (a + b)
proof —

have norm a — norm (— b) < norm (a — — b)

by (rule norm-triangle-ineq2)

thus ?thesis by simp

qed

lemma norm-diff-triangle-ineq:
fixes a b ¢ d :: 'a::real-normed-vector
shows norm ((a + b) — (¢ + d)) < norm (a — ¢) + norm (b — d)
proof —
have norm ((a + b) — (¢ + d)) = norm ((a — ¢) + (b — d))
by (simp add: diff-minus add-ac)
also have ... < norm (a — ¢) + norm (b — d)
by (rule norm-triangle-ineq)
finally show ?thesis .
qed

lemma abs-norm-cancel [simp]:
fixes a :: 'a::real-normed-vector
shows |norm a| = norm a
by (rule abs-of-nonneg [OF norm-ge-zero|)

lemma norm-add-less:
fixes z y :: 'a::real-normed-vector
shows [norm x < r; norm y < s] = norm (z + y) < r + s
by (rule order-le-less-trans [OF norm-triangle-ineq add-strict-mono))

lemma norm-mult-less:
fixes = y :: 'a::real-normed-algebra
shows [norm z < r; norm y < s] = norm (z * y) < 1 * s
apply (rule order-le-less-trans [OF norm-mult-ineq])
apply (simp add: mult-strict-mono’)
done

lemma norm-of-real [simp]:
norm (of-real r :: 'a::real-normed-algebra-1) = |r|
unfolding of-real-def by (simp add: norm-scaleR)

lemma norm-number-of [simp]:
norm (number-of w::'a::{number-ring,real-normed-algebra-1})
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= |number-of w|
by (subst of-real-number-of-eq [symmetric], rule norm-of-real)

lemma norm-of-int [simp]:
norm (of-int z::'a::real-normed-algebra-1) = |of-int z|
by (subst of-real-of-int-eq [symmetric], rule norm-of-real)

lemma norm-of-nat [simp):
norm (of-nat n::'a::real-normed-algebra-1) = of-nat n
apply (subst of-real-of-nat-eq [symmetric])
apply (subst norm-of-real, simp)
done

lemma nonzero-norm-inverse:
fixes a :: 'a::real-normed-div-algebra
shows a # 0 = norm (inverse a) = inverse (norm a)
apply (rule inverse-unique [symmetric])
apply (simp add: norm-mult [symmetric))
done

lemma norm-inverse:
fixes a :: 'a::{real-normed-div-algebra,division-by-zero}
shows norm (inverse a) = inverse (norm a)

apply (case-tac a = 0, simp)

apply (erule nonzero-norm-inverse)

done

lemma nonzero-norm-divide:
fixes a b :: 'a::real-normed-field
shows b # 0 = norm (a / b) = norm a / norm b
by (simp add: divide-inverse norm-mult nonzero-norm-inverse)

lemma norm-divide:
fixes a b :: 'a::{real-normed-field,division-by-zero}
shows norm (a / b) = norm a / norm b

by (simp add: divide-inverse norm-mult norm-inverse)

lemma norm-power-ineq:
fixes z :: 'a::{real-normed-algebra-1,recpower}
shows norm (z “n) < normz " n
proof (induct n)
case 0 show norm (z " 0) < norm z * 0 by simp
next
case (Suc n)
have norm (z * x *“ n) < norm x * norm (z " n)
by (rule norm-mult-ineq)
also from Suc have ... < normz * normz " n
using norm-ge-zero by (rule mult-left-mono)
finally show norm (z ~ Suc n) < norm z * Suc n

148
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by (simp add: power-Suc)
qed

lemma norm-power:
fixes z :: 'a::{real-normed-div-algebra,recpower}
shows norm (z “n) = normz " n

by (induct n) (simp-all add: power-Suc norm-mult)

10.6 Sign function

lemma norm-sgn:
norm (sgn(z::'a::real-normed-vector)) = (if x = 0 then 0 else 1)
by (simp add: sgn-div-norm norm-scaleR)

lemma sgn-zero [simp]: sgn(0::'a::real-normed-vector) = 0
by (simp add: sgn-div-norm)

lemma sgn-zero-iff: (sgn(z::'a::real-normed-vector) = 0) = (z = 0)
by (simp add: sgn-div-norm)

lemma sgn-minus: sgn (— z) = — sgn(x::’a::real-normed-vector)
by (simp add: sgn-div-norm)

lemma sgn-scaleR:
sgn (scaleR r x) = scaleR (sgn r) (sgn(x::'a::real-normed-vector))
by (simp add: sgn-div-norm norm-scaleR mult-ac)

lemma sgn-one [simp]: sgn (1::'a::real-normed-algebra-1) = 1
by (simp add: sgn-div-norm)

lemma sgn-of-real:
sgn (of-real r::'a::real-normed-algebra-1) = of-real (sgn r)
unfolding of-real-def by (simp only: sgn-scaleR sgn-one)

lemma sgn-mult:
fixes z y :: 'a::real-normed-div-algebra
shows sgn (z x y) = sgn x * sgn y
by (simp add: sgn-div-norm norm-mult mult-commute)

lemma real-sgn-eq: sgn (z::real) = = / |z|
by (simp add: sgn-div-norm divide-inverse)

lemma real-sgn-pos: 0 < (xz::real) = sgn x = 1
unfolding real-sgn-eq by simp

lemma real-sgn-neg: (z:real) < 0 = sgn x = —1
unfolding real-sgn-eq by simp
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10.7 Bounded Linear and Bilinear Operators

locale bounded-linear = additive +
constrains [ :: 'a::real-normed-vector = 'b::real-normed-vector
assumes scaleR: [ (scaleR r x) = scaleR r (f x)
assumes bounded: AK. Vz. norm (fz) < norm z x K

lemma (in bounded-linear) pos-bounded:
IK>0.Vz. norm (fz) < norm x * K
proof —
obtain K where K: Az. norm (fz) < norm z x+ K
using bounded by fast
show ?thesis
proof (intro exl impl conjl alll)
show 0 < maz 1 K
by (rule order-less-le-trans [OF zero-less-one le-maxl1])

next
fix x
have norm (f z) < norm z * K using K .
also have ... < norm x * mazr 1 K

by (rule mult-left-mono [OF le-mazI2 norm-ge-zero))
finally show norm (f ) < norm z * maz 1 K .
qed
qed

lemma (in bounded-linear) nonneg-bounded:
IK>0.Vz. norm (fz) < norm z x K
proof —
from pos-bounded
show ?thesis by (auto intro: order-less-imp-le)
qed

locale bounded-bilinear =
fixes prod :: ['a::real-normed-vector, 'b::real-normed-vector]
= 'cureal-normed-vector
(infix] *x 70)
assumes add-left: prod (a + a’) b = prod a b + prod a’ b
assumes add-right: prod a (b + b’) = prod a b + prod a b’
assumes scaleR-left: prod (scaleR r a) b = scaleR r (prod a b)
assumes scaleR-right: prod a (scaleR r b) = scaleR r (prod a b)
assumes bounded: AK. Va b. norm (prod a b) < norm a * norm b * K

lemma (in bounded-bilinear) pos-bounded:
FK>0.Vab. norm (a xx b) < norm a x norm b x K
apply (cut-tac bounded, erule exE)
apply (rule-tac z=maz 1 K in exl, safe)
apply (rule order-less-le-trans [OF zero-less-one le-mazll1])
apply (drule spec, drule spec, erule order-trans)
apply (rule mult-left-mono [OF le-maxI2])
apply (intro mult-nonneg-nonneg norm-ge-zero)
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done

lemma (in bounded-bilinear) nonneg-bounded:
IK>0.Vab. norm (a xx b) < norm a * norm b x K
proof —
from pos-bounded
show ?thesis by (auto intro: order-less-imp-le)
qed

lemma (in bounded-bilinear) additive-right: additive (Ab. prod a b)
by (rule additive.intro, rule add-right)

lemma (in bounded-bilinear) additive-left: additive (Aa. prod a b)
by (rule additive.intro, rule add-left)

lemma (in bounded-bilinear) zero-left: prod 0°b = 0
by (rule additive.zero [OF additive-left))

lemma (in bounded-bilinear) zero-right: prod a 0 = 0
by (rule additive.zero [OF additive-right])

lemma (in bounded-bilinear) minus-left: prod (— a) b = — prod a b
by (rule additive.minus [OF additive-left])

lemma (in bounded-bilinear) minus-right: prod a (— b) = — prod a b
by (rule additive.minus [OF additive-right])

lemma (in bounded-bilinear) diff-left:
prod (a — a’) b = prod a b — prod a’ b
by (rule additive.diff [OF additive-left])

lemma (in bounded-bilinear) diff-right:
prod a (b — b') = prod a b — prod a b’
by (rule additive.diff [OF additive-right))

lemma (in bounded-bilinear) bounded-linear-left:
bounded-linear (Aa. a *x b)

apply (unfold-locales)

apply (rule add-left)

apply (rule scaleR-left)

apply (cut-tac bounded, safe)

apply (rule-tac x=norm b x K in exl)

apply (simp add: mult-ac)

done

lemma (in bounded-bilinear) bounded-linear-right:
bounded-linear (Ab. a *x b)

apply (unfold-locales)

apply (rule add-right)
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apply (rule scaleR-right)

apply (cut-tac bounded, safe)

apply (rule-tac z=norm a * K in ex])
apply (simp add: mult-ac)

done

lemma (in bounded-bilinear) prod-diff-prod:
(zxxy—a*xb)=(z —a)*x(y—b)+(z —a)*xb+ ax*x(y—b)
by (simp add: diff-left diff-right)

interpretation mult:
bounded-bilinear [op * :: 'a = 'a = 'a::real-normed-algebral
apply (rule bounded-bilinear.intro)
apply (rule left-distrib)
apply (rule right-distrib)
apply (rule mult-scaleR-left)
apply (rule mult-scaleR-right)
apply (rule-tac z=1 in exl)
apply (simp add: norm-mult-ineq)
done

interpretation mult-left:
bounded-linear [(Az::'a::real-normed-algebra. z x y)]
by (rule mult.bounded-linear-left)

interpretation mult-right:
bounded-linear [(Ay::'a::real-normed-algebra. © * y)]
by (rule mult.bounded-linear-right)

interpretation divide:
bounded-linear [(Az::'a::real-normed-field. © / y)]
unfolding divide-inverse by (rule mult.bounded-linear-left)

interpretation scaleR: bounded-bilinear [scaleR)|
apply (rule bounded-bilinear.intro)

apply (rule scaleR-left-distrib)

apply (rule scaleR-right-distrib)

apply simp

apply (rule scaleR-left-commute)

apply (rule-tac z=1 in exl)

apply (simp add: norm-scaleR)

done

interpretation scaleR-left: bounded-linear [Ar. scaleR r z]
by (rule scaleR.bounded-linear-left)

interpretation scaleR-right: bounded-linear [Azx. scaleR r x]
by (rule scaleR.bounded-linear-right)
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interpretation of-real: bounded-linear [Ar. of-real r]
unfolding of-real-def by (rule scaleR.bounded-linear-left)

end

theory Real

imports ContNotDenum RealVector
begin

end

11 Float: Floating Point Representation of the
Reals

theory Float

imports Real Parity

uses ~~ /sre/ Tools/float. ML (float-arith. ML)
begin

definition
pow?2 :: int = real where
pow2 a = (if (0 <= a) then (2" (nat a)) else (inverse (2" (nat (—a)))))

definition
float :: int % int = real where
float © = real (fst z) * pow2 (snd x)

lemma pow2-0[simp]: pow2 0 = 1
by (simp add: pow2-def)

lemma pow2-1[simp]: pow2 1 = 2
by (simp add: pow2-def)

lemma pow2-neg: pow2 x = inverse (pow2 (—x))
by (simp add: pow2-def)

lemma pow2-addl: pow2 (1 + a) = 2 * (pow2 a)
proof —
have h: ! n. nat (2 + int n) — Suc 0 = nat (1 + int n) by arith
have ¢g: ' a b. a — —1 = a + (1::int) by arith
have pos: | n. pow2 (int n + 1) = 2 * pow2 (int n)
apply (auto, induct-tac n)
apply (simp-all add: pow2-def)
apply (rule-tac m1=2 and nl=nat (2 + int na) in ssubst|OF realpow-num-eq-if])
by (auto simp add: h)
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show ?thesis
proof (induct a)
case (1 n)
from pos show ?Zcase by (simp add: ring-simps)
next
case (2 n)
show ?case
apply (auto)
apply (subst pow2-neglof — int n])
apply (subst pow2-neglof —1 — int n])
apply (auto simp add: g pos)
done
qed
qed

lemma pow2-add: pow2 (a+b) = (pow2 a) * (pow?2 b)
proof (induct b)
case (1 n)
show ?Zcase
proof (induct n)
case (
show ?case by simp
next
case (Suc m)
show ?case by (auto simp add: ring-simps pow2-addl prems)
qged
next
case (2 n)
show ?Zcase
proof (induct n)
case (
show ?case
apply (auto)
apply (subst pow2-neglof a + —1])
apply (subst pow2-neglof —1])
apply (simp)
apply (insert pow2-addl]of —al)
apply (simp add: ring-simps)
apply (subst pow2-neglof —al)
apply (simp)
done
case (Suc m)
have a: int m — (a + —=2) = 1 + (int m — a + 1) by arith
have b: int m — —2 = 1 + (int m + 1) by arith
show ?case
apply (auto)
apply (subst pow2-neglof a + (=2 — int m)])
apply (subst pow2-neglof —2 — int m))
apply (auto simp add: ring-simps)
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apply (subst a)
apply (subst b)
apply (simp only: pow2-addl)
apply (subst pow2-neg|of int m — a + 1])
apply (subst pow2-neg[of int m + 1])
apply auto
apply (insert prems)
apply (auto simp add: ring-simps)
done
qged
qged

lemma float (a, €) + float (b, e) = float (a + b, €)
by (simp add: float-def ring-simps)

definition
int-of-real :: real = int where
int-of-real t = (SOME y. real y = x)

definition
real-is-int :: real = bool where
real-is-int x = (EX (u:int). © = real u)

lemma real-is-int-def2: real-is-int © = (x = real (int-of-real x))
by (auto simp add: real-is-int-def int-of-real-def )

lemma float-transfer: real-is-int ((real a)*(pow2 c)) = float (a, b) = float (int-of-real
((real a)x(pow?2 ¢)), b — ¢)
by (simp add: float-def real-is-int-def2 pow2-add[symmetric))

lemma pow2-int: pow2 (int ¢) = (2::real) “c
by (simp add: pow2-def)

lemma float-transfer-nat: float (a, b) = float (a x 2°c, b — int ¢)
by (simp add: float-def pow2-int[symmetric] pow2-add|symmetric])

lemma real-is-int-real[simp]: real-is-int (real (x::int))
by (auto simp add: real-is-int-def int-of-real-def')

lemma int-of-real-real[simp): int-of-real (real ) = x
by (simp add: int-of-real-def)

lemma real-int-of-real[simp]: real-is-int © = real (int-of-real ) = x
by (auto simp add: int-of-real-def real-is-int-def)

lemma real-is-int-add-int-of-real: real-is-int « = real-is-int b = (int-of-real
(a+b)) = (int-of-real a) + (int-of-real b)
by (auto simp add: int-of-real-def real-is-int-def’)
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lemma real-is-int-add[simp): real-is-int a => real-is-int b = real-is-int (a+Db)
apply (subst real-is-int-def2)

apply (simp add: real-is-int-add-int-of-real real-int-of-real)

done

lemma int-of-real-sub: real-is-int a = real-is-int b = (int-of-real (a—0b)) =
(int-of-real a) — (int-of-real b)
by (auto simp add: int-of-real-def real-is-int-def)

lemma real-is-int-sub[simp): real-is-int a = real-is-int b = real-is-int (a—b)
apply (subst real-is-int-def2)

apply (simp add: int-of-real-sub real-int-of-real)

done

lemma real-is-int-rep: real-is-int © = ?! (a:int). real a = x
by (auto simp add: real-is-int-def)

lemma int-of-real-mult:
assumes real-is-int a real-is-int b
shows (int-of-real (axb)) = (int-of-real a) * (int-of-real b)
proof —
from prems have a: ?! (a’::int). real a’ = a by (rule-tac real-is-int-rep, auto)
from prems have b: ?! (b'::int). real b’ = b by (rule-tac real-is-int-rep, auto)
from a obtain a’:int where a’:a = real a’ by auto
from b obtain b’:int where b’:b = real b’ by auto
have r: real a’ x real b’ = real (a’ * b’) by auto
show ?thesis
apply (simp add: o’ b')
apply (subst 1)
apply (simp only: int-of-real-real)
done
qed

lemma real-is-int-mult[simp]: real-is-int a = real-is-int b = real-is-int (axb)
apply (subst real-is-int-def2)

apply (simp add: int-of-real-mult)

done

lemma real-is-int-0[simp]: real-is-int (0::real)
by (simp add: real-is-int-def int-of-real-def)

lemma real-is-int-1[simp): real-is-int (1::real)

proof —
have real-is-int (1::real) = real-is-int(real (1::int)) by auto
also have ... = True by (simp only: real-is-int-real)
ultimately show ?thesis by auto

qed

lemma real-is-int-n1: real-is-int (—1::real)
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proof —
have real-is-int (—1::real) = real-is-int(real (—1::int)) by auto
also have ... = True by (simp only: real-is-int-real)
ultimately show ?thesis by auto

qed

lemma real-is-int-number-of [simp]: real-is-int ((number-of :: int = real) x)
proof —
have neg1: real-is-int (—1::real)

proof —
have real-is-int (—1::real) = real-is-int(real (—1::int)) by auto
also have ... = True by (simp only: real-is-int-real)
ultimately show ?thesis by auto

qed

{
fix z :: int
have real-is-int ((number-of :: int = real) z)
unfolding number-of-eq
apply (induct )
apply (induct-tac n)
apply (simp)
apply (simp)
apply (induct-tac n)
apply (simp add: negl)
proof —
fix n :: nat
assume rn: (real-is-int (of-int (— (int (Suc n)))))
have s: —(int (Suc (Suc n))) = —1 + — (int (Suc n)) by simp
show real-is-int (of-int (— (int (Suc (Suc n)))))
apply (simp only: s of-int-add)
apply (rule real-is-int-add)
apply (simp add: negl)
apply (simp only: ™)
done
qed

}

note Abs-Bin = this
{
fix z :: int
have ?u. z = u
apply (rule exI[where z = z])
apply (simp)
done
}
then obtain u::int where x = u by auto
with Abs-Bin show ?thesis by auto
qed



THEORY “Float” 158

lemma int-of-real-0[simp): int-of-real (0::real) = (0::int)
by (simp add: int-of-real-def)

lemma int-of-real-1[simp): int-of-real (1::real) = (1::int)
proof —

have 1: (1::real) = real (1::int) by auto

show ?thesis by (simp only: 1 int-of-real-real)
qed

lemma int-of-real-number-of [simp]: int-of-real (number-of b) = number-of b
proof —
have real-is-int (number-of b) by simp
then have wu: ?! u:int. number-of b = real u by (auto simp add: real-is-int-rep)
then obtain u::int where u:number-of b = real v by auto
have number-of b = real ((number-of b)::int)
by (simp add: number-of-eq real-of-int-def )
have ub: number-of b = real ((number-of b)::int)
by (simp add: number-of-eq real-of-int-def)
from wu v ub have unb: u = number-of b
by blast
have int-of-real (number-of b) = u by (simp add: u)
with unb show ?thesis by simp
qed

lemma float-transfer-even: even a = float (a, b) = float (a div 2, b+1)
apply (subst float-transfer[where a=a and b=b and c=—1, simplified])
apply (simp-all add: pow2-def even-def real-is-int-def ring-simps)
apply (auto)
proof —
fix q::int
have a:b — (—1:int) = (1:int) + b by arith
show (float (q, (b — (—1::int)))) = (float (q, ((1::int) + b)))
by (simp add: a)
qed

consts
norm-float :: intxint = intxint

lemma int-div-zdiv: int (a div b) = (int a) div (int b)
by (rule zdiv-int)

lemma int-mod-zmod: int (a mod b) = (int a) mod (int b)
by (rule zmod-int)

lemma abs-div-2-less: a # 0 = a # —1 = abs((a:int) div 2) < abs a
by arith

lemma terminating-norm-float: ¥ a. (a::int) # 0 A even a — a # 0 A |a div 2|
< lal
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apply (auto)

apply (rule abs-div-2-less)
apply (auto)

done

declare [[simp-depth-limit = 2]]
recdef norm-float measure (% (a,b). nat (abs a))
norm-float (a,b) = (if (a # 0) & (even a) then norm-float (a div 2, b+1) else
(if a=0 then (0,0) else (a,b)))
(hints simp: even-def terminating-norm-float)
declare [[simp-depth-limit = 100]]

lemma norm-float: float x = float (norm-float x)
proof —
{
fix a b :: int
have norm-float-pair: float (a,b) = float (norm-float (a,b))
proof (induct a b rule: norm-float.induct)
case (1 u v)
show ?case
proof cases
assume u: v # 0 A even u
with prems have ind: float (u div 2, v + 1) = float (norm-float (u div 2,
v + 1)) by auto
with v have float (u,v) = float (u div 2, v+1) by (simp add: float-transfer-even)
then show ?thesis
apply (subst norm-float.simps)
apply (simp add: ind)
done
next
assume ~(u # 0 A even u)
then show ?thesis
by (simp add: prems float-def)
qed
qed
}
note helper = this
have ? a b. © = (a,b) by auto
then obtain a b where = = (a, b) by blast
then show %thesis by (simp only: helper)
qed

lemma pow2-int: pow2 (int n) = 2°n
by (simp add: pow2-def)

lemma float-add-10: float (0, e) + z = x
by (simp add: float-def)

lemma float-add-r0: = + float (0, €) = x
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by (simp add: float-def)

lemma float-add:

float (a1, el) + float (a2, e2) =
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(if e1 <=e2 then float (al+a2x2"(nat(e2—el)), el)

else float (al*2"(nat (el —e2))+a2, e2))
apply (simp add: float-def ring-simps)

apply (auto simp add: pow2-int[symmetric] pow2-add[symmetric])

done

lemma float-add-assocl:

(z + float (y1, el)) + float (y2, e2) = (float (y1,

by simp

lemma float-add-assoc2:

(float (y1, el) + z) + float (y2, e2) = (float (y1,

by simp

lemma float-add-assoc3:

float (y1, el) + (x + float (y2, e2)) = (float (y1,

by simp

lemma float-add-assocy:

float (y1, e1) + (float (y2, e2) + z) = (float (y1,

by simp

lemma float-mult-10: float (0, e) x © = float (0, 0)

by (simp add: float-def)

lemma float-mult-r0: x * float (0, e) = float (0, 0)

by (simp add: float-def)

definition

lbound :: real = real
where

lbound x = min 0 x

definition

ubound :: real = real
where

ubound x = maz 0 x

lemma lbound: lbound v < x
by (simp add: lbound-def)

lemma ubound: v < ubound =
by (simp add: ubound-def)

lemma float-mult:

el) + float (y2, e2)) + z

el) + float (y2, e2)) + z

el) + float (y2, e2)) + z

el) + float (y2, e2)) + x
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float (al, el) * float (a2, e2) =
(float (al * a2, el + €2))
by (simp add: float-def pow2-add)

lemma float-minus:

- (ﬂoat (aab)) = ﬂoat (_a7 b)
by (simp add: float-def)

lemma zero-less-pow?2:
0 < pow2 x
proof —
{
fix y
have 0 <=y = 0 < pow2 y
by (induct y, induct-tac n, simp-all add: pow2-add)
}

note helper=this

show ?thesis
apply (case-tac 0 <= z)
apply (simp add: helper)
apply (subst pow2-neg)
apply (simp add: helper)
done

qed

lemma zero-le-float:
(0 <= float (a,b)) = (0 <= a)
apply (auto simp add: float-def)
apply (auto simp add: zero-le-mult-iff zero-less-pow?2)
apply (insert zero-less-pow2|of b])
apply (simp-all)
done

lemma float-le-zero:
(float (a,b) <= 0) = (a <= 0)
apply (auto simp add: float-def)
apply (auto simp add: mult-le-0-iff )
apply (insert zero-less-pow2|of b])
apply auto
done

lemma float-abs:
abs (float (a,b)) = (if 0 <= a then (float (a,b)) else (float (—a,b)))
apply (auto simp add: abs-if )
apply (simp-all add: zero-le-float[symmetric, of a b] float-minus)
done

lemma float-zero:
float (0, b) = 0
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by (simp add: float-def)

lemma float-pprt:

pprt (float (a, b)) = (if 0 <= a then (float (a,b)) else (float (0, b)))
by (auto simp add: zero-le-float float-le-zero float-zero)

lemma ppri-lbound: pprt (lbound z) = float (0, 0)
apply (simp add: float-def)
apply (rule pprt-eq-0)
apply (simp add: lbound-def)
done

lemma nprt-ubound: nprt (ubound x) = float (0, 0)
apply (simp add: float-def)
apply (rule nprt-eq-0)
apply (simp add: ubound-def)
done

lemma float-nprt:
nprt (float (a, b)) = (if 0 <= a then (float (0,b)) else (float (a, b)))
by (auto simp add: zero-le-float float-le-zero float-zero)

lemma norm-0-1: (0::-:number-ring) = Numeral0 & (1::-::number-ring) = Numerall
by auto

lemma add-left-zero: 0 + a = (a::'a::comm-monoid-add)
by simp

lemma add-right-zero: a + 0 = (a::’a::comm-monoid-add)
by simp

lemma mult-left-one: 1 * a = (a::’a::semiring-1)
by simp

lemma mult-right-one: a x 1 = (a::'a:semiring-1)
by simp

lemma int-pow-0: (a::int) "(Numeral0) = 1
by simp

lemma int-pow-1: (a::int) “(Numerall) = a
by simp

lemma zero-eq-NumeralO-nring: (0::'a::number-ring) = Numeral0
by simp

lemma one-eq-Numerall-nring: (1::'a:number-ring) = Numerall
by simp
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lemma zero-eq-NumeralO-nat: (0::nat) = Numeral0
by simp

lemma one-eq-Numerall-nat: (1::nat) = Numerall
by simp

lemma zpower-Pls: (z::int) "Numeral0) = Numerall
by simp

lemma zpower-Min: (z::int) “((—1)::nat) = Numerall

proof —
have 1:((—1):nat) = 0
by simp
show ?thesis by (simp add: 1)
qed

lemma fst-cong: a=a’ = fst (a,b) = fst (a’,b)
by simp

lemma snd-cong: b=b’ = snd (a,b) = snd (a,b’)
by simp

lemma lift-bool: © = x=True
by simp

lemma nlift-bool: ~x = x="False
by simp

lemma not-false-eq-true: (~ False) = True by simp
lemma not-true-eq-false: (~ True) = False by simp

lemmas binarith =
Pls-0-eq Min-1-eq
pred-Pls pred-Min pred-1 pred-0
succ-Pls suce-Min succ-1 succ-0
add-Pls add-Min add-BIT-0 add-BIT-10
add-BIT-11 minus-Pls minus-Min minus-1
minus-0 mult-Pls mult-Min mult-num1 mult-num0
add-Pls-right add-Min-right

lemma int-eqg-number-of-eq:
(((number-of v)::int)=(number-of w)) = iszero ((number-of (v + uminus w))::int)

by simp

lemma int-iszero-number-of-Pls: iszero (Numeral0::int)
by (simp only: iszero-number-of-Pls)

lemma int-nonzero-number-of-Min: ~ (iszero ((—1)::int))
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by simp
lemma int-iszero-number-of-0: iszero ((number-of (w BIT bit.B0))::int) = iszero
((number-of w)::int)

by simp

lemma int-iszero-number-of-1: — iszero ((number-of (w BIT bit.B1))::int)

by simp
lemma int-less-number-of-eqg-neg: (((number-of x)::int) < number-of y) = neg
((number-of (z + (uminus y)))::int)

by simp

lemma int-not-neg-number-of-Pls: = (neg (Numeral0::int))
by simp

lemma int-neg-number-of-Min: neg (—1::int)
by simp

lemma int-neg-number-of-BIT: neg ((number-of (w BIT x))::int) = neg ((number-of
w)::int)
by simp

lemma int-le-number-of-eq: (((number-of ©)::int) < number-of y) = (- neg ((number-of
(y + (uminus x)))::int))
by simp

lemmas intarithrel =
int-eq-number-of-eq
lift-bool | OF int-iszero-number-of-Pls] nlift-bool[OF int-nonzero-number-of-Min]
int-iszero-number-of-0
lift-bool[ OF int-iszero-number-of-1] int-less-number-of-eq-neg nlift-bool| OF int-not-neg-number-of-Pls|
lift-bool| OF int-neg-number-of-Min]
int-neg-number-of-BIT int-le-number-of-eq

lemma int-number-of-add-sym: ((number-of v)::int) + number-of w = number-of
(v + w)
by simp

lemma int-number-of-diff-sym: ((number-of v)::int) — number-of w = number-of
(v + (uminus w))
by simp

lemma int-number-of-mult-sym: ((number-of v)::int) * number-of w = number-of
(v * w)
by simp

lemma int-number-of-minus-sym: — ((number-of v)::int) = number-of (uminus v)
by simp
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lemmas intarith = int-number-of-add-sym int-number-of-minus-sym int-number-of-diff-sym
int-number-of-mult-sym

lemmas natarith = add-nat-number-of diff-nat-number-of mult-nat-number-of eq-nat-number-of
less-nat-number-of

lemmas powerarith = nat-number-of zpower-number-of-even
zpower-number-of-odd[simplified zero-eq-NumeralO-nring one-eq-Numerall-nring]
zpower-Pls zpower-Min

lemmas floatarith[simplified norm-0-1] = float-add float-add-10 float-add-r0 float-mult
float-mult-10 float-mult-r0
float-minus float-abs zero-le-float float-pprt float-nprt ppri-lbound nprt-ubound

lemmas arith = binarith intarith intarithrel natarith powerarith floatarith not-false-eq-true
not-true-eq-false

use float-arith. ML

end

12 SEQ: Sequences and Convergence

theory SEQ
imports ../ Real/Real
begin

definition
Zseq :: [nat = 'a::real-normed-vector] = bool where
— Standard definition of sequence converging to zero
Zseq X = (Yr>0. Ino. Yn>no. norm (X n) < r)

definition
LIMSEQ :: [nat => 'a::real-normed-vector, 'a] => bool
(((-)) =——==> () [60, 60] 60) where
— Standard definition of convergence of sequence
X—>L=WVr.0<r——>(3n0.¥n.no <n——>norm (Xn — L) <

r))

definition
lim :: (nat => 'a::real-normed-vector) => 'a where
— Standard definition of limit using choice operator
limX =(THE L. X ————> L)

definition
convergent :: (nat => 'a:real-normed-vector) => bool where
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— Standard definition of convergence
convergent X = (3L. X ————> L)

definition
Bseq :: (nat => 'a::real-normed-vector) => bool where
— Standard definition for bounded sequence
Bseq X = (3K>0Vn. norm (X n) < K)

definition
monoseq :: (nat=>real)=>bool where
— Definition for monotonicity
monoseq X = (VYm.Vn>m. Xm < Xn)| (Vm.Vn>m. Xn < X m))

definition
subseq :: (nat => nat) => bool where
— Definition of subsequence
subseq f = (Vm. Va>m. (f m) < (fn))

definition
Cauchy :: (nat => 'a::real-normed-vector) => bool where
— Standard definition of the Cauchy condition
Cauchy X = Ve>0.3IM.YVm > M.¥Vn> M. norm (Xm — X n) < e)

12.1 Bounded Sequences

lemma Bseql: assumes K: An. norm (X n) < K shows Bseq X
unfolding Bseq-def
proof (intro exI congl alll)
show 0 < maz K 1 by simp
next
fix n:nat
have norm (X n) < K by (rule K)
thus norm (X n) < maz K 1 by simp
qed

lemma BsegD: Bseq X = IK>0.Vn. norm (X n) < K
unfolding Bseq-def by simp

lemma BsegE: [Bseq X; NK. [0 < K;Vn. norm (X n) < K] = Q] = @
unfolding Bseq-def by auto

lemma Bsegl2: assumes K: Vn>N. norm (X n) < K shows Bseqg X
proof (rule Bseql)

let ?A = norm ‘X * {..N}

have 1: finite ?A by simp

have 2: ?A # {} by auto

fix n:nat

show norm (X n) < mazx K (Maz ?A)

proof (cases rule: linorder-le-cases)
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assume n > N
hence norm (X n) < K using K by simp
thus norm (X n) < mazx K (Maz ?A) by simp

next
assume n < N
hence norm (X n) € ?A by simp
with 1 2 have norm (X n) < Mazx ?A by (rule Maz-ge)
thus norm (X n) < mazx K (Maz ?A) by simp

qed

qed

lemma Bseg-ignore-initial-segment: Bseq X =—> Bseq (An. X (n + k))
unfolding Bseq-def by auto

lemma Bseg-offset: Bseq (An. X (n + k)) = Bseq X
apply (erule BsegE)

apply (rule-tac N=k and K=K in Bseql?2)

apply clarify

apply (drule-tac z=n — k in spec, simp)

done

12.2 Sequences That Converge to Zero

lemma Zseql:
(Ar. 0 <r = Jno. Yn>no. norm (X n) < r) = Zseq X
unfolding Zseq-def by simp

lemma ZseqD:
[Zseq X; 0 < r] = I no. Vn>no. norm (X n) < r
unfolding Zseq-def by simp

lemma Zseg-zero: Zseq (An. 0)
unfolding Zseq-def by simp

lemma Zseq-const-iff: Zseq (An. k) = (k = 0)
unfolding Zseq-def by force

lemma Zseg-norm-iff: Zseq (An. norm (X n)) = Zseq (An. X n)
unfolding Zseq-def by simp

lemma Zseg-imp-Zseq:
assumes X: Zseq X
assumes Y: An. norm (Y n) < norm (X n) x K
shows Zseq (An. Y n)
proof (cases)
assume K: 0 < K
show ?thesis
proof (rule Zseql)
fix r:real assume 0 < r
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hence 0 < r / K
using K by (rule divide-pos-pos)
then obtain N where Vn>N. norm (X n) <r / K
using ZseqD [OF X] by fast
hence Vn>N. norm (X n) * K < r
by (simp add: pos-less-divide-eq K)
hence Vn>N. norm (Y n) < r
by (simp add: order-le-less-trans [OF Y])
thus AN. Vn>N. norm (Y n) < r ..
qged
next
assume - (0 < K
hence K: K < 0 by (simp only: linorder-not-less)

{

fix n:nat
have norm (Y n) < norm (X n) * K by (rule Y)
also have ... < norm (X n) * 0

using K norm-ge-zero by (rule mult-left-mono)
finally have norm (Y n) = 0 by simp

thus ?thesis by (simp add: Zseq-zero)
qed

lemma Zseg-le: [Zseq Y; ¥V n. norm (X n) < norm (Y n)] = Zseq X
by (erule-tac K=1 in Zsegq-imp-Zseq, simp)

lemma Zseq-add:
assumes X: Zseq X
assumes Y: Zseq Y
shows Zseq (An. X n + Y n)
proof (rule Zseql)
fix r:real assume 0 < r
hence r: 0 < r / 2 by simp
obtain M where M: Vn>M. norm (X n) < r/2
using ZseqD [OF X r| by fast
obtain N where N: Vn>N. norm (Y n) < r/2
using ZseqD [OF Y r| by fast
show IN.Vn>N. norm (Xn+ Yn) <r
proof (intro exI alll impl)
fix n assume n: maxr M N < n
have norm (X n + Y n) < norm (X n) + norm (Y n)
by (rule norm-triangle-ineq)
also have ... < r/2 + r/2
proof (rule add-strict-mono)
from M n show norm (X n) < r/2 by simp
from N n show norm (Y n) < r/2 by simp
qed
finally show norm (X n + Y n) < r by simp
qed
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qed

lemma Zseqg-minus: Zseq X = Zseq (An. — X n)
unfolding Zseq-def by simp

lemma Zseq-diff: [Zseq X; Zseq Y] = Zseq (An. X n — Y n)
by (simp only: diff-minus Zseq-add Zseg-minus)

lemma (in bounded-linear) Zseq:
assumes X: Zseq X
shows Zseq (An. f (X n))
proof —
obtain K where Az. norm (fz) < norm z * K
using bounded by fast
with X show ?thesis
by (rule Zseq-imp-Zseq)
qed

lemma (in bounded-bilinear) Zseq:
assumes X: Zseq X
assumes Y: Zseq Y
shows Zseq (An. X n #x Y n)
proof (rule Zseql)
fix r::real assume r: 0 < r
obtain K where K: 0 < K
and norm-le: Az y. norm (z *x y) < norm = * norm y * K
using pos-bounded by fast
from K have K" 0 < inverse K
by (rule positive-imp-inverse-positive)
obtain M where M: Vn>M. norm (X n) <r
using ZseqD [OF X r| by fast
obtain N where N: Vn>N. norm (Y n) < inverse K
using ZseqD [OF Y K'] by fast
show IN.Vn>N. norm (X n xx Yn) <r
proof (intro exl alll impl)
fix n assume n: mar M N < n
have norm (X n #x Y n) < norm (X n) x norm (Y n) * K
by (rule norm-le)
also have norm (X n) * norm (Y n) * K < r * inverse K * K
proof (intro mult-strict-right-mono mult-strict-mono’ norm-ge-zero K)
from M n show Xn: norm (X n) < r by simp
from N n show Yn: norm (Y n) < inverse K by simp
qed
also from K have r x inverse K « K = r by simp
finally show norm (X n #x Y n) < r.
qed
qed

lemma (in bounded-bilinear) Zseq-prod-Bseg:

169
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assumes X: Zseq X
assumes Y: Bseq Y
shows Zseq (An. X n #x Y n)
proof —
obtain K where K: 0 < K
and norm-le: Nz y. norm (x *x y) < norm z * norm y * K
using nonneg-bounded by fast
obtain B where B: 0 < B
and norm-Y: An. norm (Y n) < B
using Y [unfolded Bseg-def] by fast
from X show ?thesis
proof (rule Zseg-imp-Zseq)
fix n:nat
have norm (X n #x Y n) < norm (X n) x norm (Y n) * K
by (rule norm-le)
also have ... < norm (X n) * B *« K
by (intro mult-mono’ order-refl norm-Y norm-ge-zero
mult-nonneg-nonneg K)
also have ... = norm (X n) x (B * K)
by (rule mult-assoc)

finally show norm (X n xx Y n) < norm (X n) = (B = K) .

qed
qed

lemma (in bounded-bilinear) Bseg-prod-Zseq:
assumes X: Bseq X
assumes Y: Zseq Y
shows Zseq (An. X n #x Y n)
proof —
obtain K where K: 0 < K
and norm-le: Az y. norm (z *x y) < norm z * norm y * K
using nonneg-bounded by fast
obtain B where B: 0 < B
and norm-X: An. norm (X n) < B
using X [unfolded Bseg-def] by fast
from Y show ?thesis
proof (rule Zseq-imp-Zseq)
fix n:nat
have norm (X n xx Y n) < norm (X n) x norm (Y n) « K
by (rule norm-le)
also have ... < B x norm (Y n) * K
by (intro mult-mono’ order-refl norm-X norm-ge-zero
mult-nonneg-nonneg K)
also have ... = norm (Y n) x (B * K)
by (simp only: mult-ac)

finally show norm (X n #x Y n) < norm (Y n) x (B *x K) .

qed
qed

170
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lemma (in bounded-bilinear) Zseq-left:
Zseq X = Zseq (An. X n *x a)
by (rule bounded-linear-left [THEN bounded-linear.Zseq))

lemma (in bounded-bilinear) Zseq-right:
Zseq X = Zseq (An. a *x X n)
by (rule bounded-linear-right [THEN bounded-linear.Zseq|)

lemmas Zseqg-mult = mult.Zseq
lemmas Zseg-mult-right = mult. Zseq-right
lemmas Zseg-mult-left = mult. Zseq-left

12.3 Limits of Sequences

lemma LIMSEQ-iff:
(X ————>L)=(Vr>0.3no.¥Vn > no. norm (Xn — L) < r)
by (rule LIMSEQ-def)

lemma LIMSEQ-Zseq-iff: (An. X n) ————> L) = Zseq (An. X n — L)
by (simp only: LIMSEQ-def Zseq-def)

lemma LIMSEQ-I:
(Ar. 0 < r = 3no.Vn>no. norm (Xn—-L)<r)— X ————> L
by (simp add: LIMSEQ-def)

lemma LIMSEQ-D:
[X ————>L; 0 <r] = Jno. Vn>no. norm (Xn — L) < r
by (simp add: LIMSEQ-def)

lemma LIMSEQ-const: (An. k) ————>k
by (simp add: LIMSEQ-def)

lemma LIMSEQ-const-iff: (An. k) ————> 1= (k =1)
by (simp add: LIMSEQ-Zseq-iff Zseq-const-iff)

lemma LIMSEQ-norm: X ————> a = (An. norm (X n)) ————> norm a
apply (simp add: LIMSEQ-def, safe)

apply (drule-tac z=r in spec, safe)

apply (rule-tac z=no in ezl, safe)

apply (drule-tac x=n in spec, safe)

apply (erule order-le-less-trans [OF norm-triangle-ineq3))

done

Py

lemma LIMSEQ-ignore-initial-segment:
f———>a= (Mn.f(n+k) ———>a

apply (rule LIMSEQ-I)

apply (drule (1) LIMSEQ-D)

apply (erule exE, rename-tac N)

apply (rule-tac z=N in ezl)
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apply simp
done

lemma LIMSEQ-offset:
M. f(n+k) —>a=f—-—->a
apply (rule LIMSEQ-I)
apply (drule (1) LIMSEQ-D)
apply (erule exE, rename-tac N)
apply (rule-tac x=N + k in ezl)
apply clarify
apply (drule-tac z=n — k in spec)
apply (simp add: le-diff-conv2)
done

lemma LIMSEQ-Suc: f ————> 1 = (An. f (Suc n)) ————>1
by (drule-tac k=1 in LIMSEQ-ignore-initial-segment, simp)

lemma LIMSEQ-imp-Suc: (An. f (Suc n)) ————> 1 = f ————>1
by (rule-tac k=1 in LIMSEQ-offset, simp)

lemma LIMSEQ-Suc-iff: (An. f (Suc n)) ————>1l=f ————>1
by (blast intro: LIMSEQ-imp-Suc LIMSEQ-Suc)

lemma add-diff-add:

fixes a b ¢ d :: 'a::ab-group-add

shows (a + ¢) — (b +d) =(a — b) + (¢ — d)
by simp

lemma minus-diff-minus:
fixes a b :: 'a::ab-group-add

shows (— a) — (= b) = — (a — b)
by simp
lemma LIMSEQ-add: [X ————=> a; ¥ ————> b] = (An. X n + Y n)
>+ b

by (simp only: LIMSEQ-Zseq-iff add-diff-add Zseg-add)

lemma LIMSEQ-minus: X ————>a = (An. — X n) ————> —a
by (simp only: LIMSEQ-Zseq-iff minus-diff-minus Zseq-minus)

lemma LIMSEQ-minus-cancel: (An. — X n) ————=> —a = X ————>a
by (drule LIMSEQ-minus, simp)

lemma LIMSEQ-diff: [X ————> a; ¥ ———> b] = (An. X n — Y n)
————>a-b
by (simp add: diff-minus LIMSEQ-add LIMSEQ-minus)

lemma LIMSEQ-unique: [X ————=> a; X ————> b = a =10
by (drule (1) LIMSEQ-diff, simp add: LIMSEQ-const-iff)
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lemma (in bounded-linear) LIMSEQ:
X——>a= (An.f (Xn) ——>fa
by (simp only: LIMSEQ-Zseq-iff diff [symmetric] Zseq)

lemma (in bounded-bilinear) LIMSEQ:
[X ——>a; Y ————> b= (An. Xn*x Yn) ————> a *x b
by (simp only: LIMSEQ-Zseq-iff prod-diff-prod
Zseq-add Zseq Zseq-left Zseq-right)

lemma LIMSEQ-mult:

fixes a b :: 'a::real-normed-algebra

shows [| X ———>a; YV ———> b ||==> (%n. XnxYn) ———>a=xb
by (rule mult. LIMSEQ)

lemma inverse-diff-inverse:

[(a::'a::division-ring) # 0; b # 0]

= inverse a — inverse b = — (inverse a * (a — b) * inverse b)
by (simp add: ring-simps)

lemma Bseg-inverse-lemma:
fixes z :: 'a::real-normed-div-algebra
shows [r < norm z; 0 < r] = norm (inverse x) < inverse r
apply (subst nonzero-norm-inverse, clarsimp)
apply (erule (1) le-imp-inverse-le)
done

lemma Bseg-inverse:
fixes a :: 'a::real-normed-div-algebra
assumes X: X ————>a
assumes a: a # 0
shows Bseq (An. inverse (X n))
proof —
from a have 0 < norm a by simp
hence 3r>0. r < norm a by (rule dense)
then obtain r» where r1: 0 < r and r2: r < norm a by fast
obtain N where N: An. N <n = norm (Xn —a) <r
using LIMSEQ-D [OF X r1] by fast
show ?thesis
proof (rule BseqI2 [rule-format])
fix n assume n: N < n
hence 1: norm (X n — a) < r by (rule N)
hence 2: X n # 0 using r2 by auto
hence norm (inverse (X n)) = inverse (norm (X n))
by (rule nonzero-norm-inverse)
also have ... < inverse (norm a — r)
proof (rule le-imp-inverse-le)
show 0 < norm a — r using r2 by simp
next
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have norm a — norm (X n) < norm (a — X n)
by (rule norm-triangle-ineq2)
also have ... = norm (X n — a)
by (rule norm-minus-commute)
also have ... < r using 1 .
finally show norm a — r < norm (X n) by simp
qed
finally show norm (inverse (X n)) < inverse (norm a — r) .
qed
qed

lemma LIMSEQ-inverse-lemma:
fixes a :: 'a::real-normed-div-algebra
shows [X ————> a; a # 0;Vn. X n # 0]
= (An. inverse (X n)) ————> inverse a
apply (subst LIMSEQ-Zseq-iff)
apply (simp add: inverse-diff-inverse nonzero-imp-inverse-nonzero)
apply (rule Zseg-minus)
apply (rule Zseq-mult-left)
apply (rule mult. Bseg-prod-Zseq)
apply (erule (1) Bseg-inverse)
apply (simp add: LIMSEQ-Zseq-iff)
done

lemma LIMSEQ-inverse:
fixes a :: 'a::real-normed-div-algebra

assumes X: X ————> a

assumes a: ¢ # 0

shows (An. inverse (X n)) ————> inverse a
proof —

from a have 0 < norm a by simp

then obtain k¥ where Vn>k. norm (X n — a) < norm a
using LIMSEQ-D [OF X] by fast

hence Vn>k. X n # 0 by auto

hence k: Vn. X (n + k) # 0 by simp

from X have (An. X (n + k)) ————>a
by (rule LIMSEQ-ignore-initial-segment)
hence (An. inverse (X (n + k))) ————> inverse a
using a k by (rule LIMSEQ-inverse-lemma)
thus (An. inverse (X n)) ————> inverse a
by (rule LIMSEQ-offset)
qed

lemma LIMSEQ-divide:

fixes a b :: 'a::real-normed-field

shows [X ———> ;Y ————> b b #0] = (M. Xn/Yn) ———>a
/b
by (simp add: LIMSEQ-mult LIMSEQ-inverse divide-inverse)
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lemma LIMSEQ-pow:
fixes a :: 'a::{real-normed-algebra,recpower}
shows X ————>a = (An. (X n) "m) ————>a "m
by (induct m) (simp-all add: power-Suc LIMSEQ-const LIMSEQ-mult)

lemma LIMSEQ-setsum:

assumes n: An.n€ S = Xn—-———>1Ln

shows (Am. Y. neS. X nm) ————> (3 neS. L n)
proof (cases finite S)

case True

thus ?thesis using n
proof (induct)
case empty
show ?case
by (simp add: LIMSEQ-const)
next
case insert
thus ?case
by (simp add: LIMSEQ-add)
qged
next
case Fulse
thus ?thesis
by (simp add: LIMSEQ-const)
qed

lemma LIMSEQ-setprod:
fixes L :: 'a = 'b:{real-normed-algebra,comm-ring-1}

assumes n: An.ne€ S = Xn—-———->1Ln

shows (Am. [[n€S. X nm) ————> ([[n€S. L n)
proof (cases finite S)

case True

thus ?thesis using n
proof (induct)
case empty
show ?case
by (simp add: LIMSEQ-const)
next
case insert
thus ?case
by (simp add: LIMSEQ-mult)
qed
next
case Fulse
thus ?thesis
by (simp add: setprod-def LIMSEQ-const)
qed
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lemma LIMSEQ-add-const: f ————> a ==> (%on.(fn + b)) ———>a + b
by (simp add: LIMSEQ-add LIMSEQ-const)

lemma LIMSEQ-add-minus:
[ X ———>a Y —>b||==>(%n.Xn+-Yn) ——>a+ —b
by (simp only: LIMSEQ-add LIMSEQ-minus)

lemma LIMSEQ-diff-const: f ————> a ==> (%n.(fn — b)) ————>a — b
by (simp add: LIMSEQ-diff LIMSEQ-const)

lemma LIMSEQ-diff-approach-zero:
g——>L==> (%z. fz —gz) ————> 0 ==>
f———>1L
apply (drule LIMSEQ-add)
apply assumption
apply simp
done

lemma LIMSEQ-diff-approach-zero2:
f——->L==> %z. fz —gx) ————> 0 ==>
g ———>1L
apply (drule LIMSEQ-diff)
apply assumption
apply simp
done

A sequence tends to zero iff its abs does

lemma LIMSEQ-norm-zero: (An. norm (X n)) ————> 0) = (X ————> 0)
by (simp add: LIMSEQ-def)

lemma LIMSEQ-rabs-zero: (%on. |fn|) ————=> 0) = (f ————> (0::real))
by (simp add: LIMSEQ-def)

lemma LIMSEQ-imp-rabs: f ————> (l:ireal) ==> (%n. |f n|) ————> ||
by (drule LIMSEQ-norm, simp)

An unbounded sequence’s inverse tends to 0

lemma LIMSEQ-inverse-zero:

Vrureal. IN.Vn>N. r < X n = (An. inverse (X n)) ————> 0
apply (rule LIMSEQ-T)
apply (drule-tac z=inverse r in spec, safe)
apply (rule-tac z=N in exl, safe)
apply (drule-tac z=n in spec, safe)
apply (frule positive-imp-inverse-positive)
apply (frule (1) less-imp-inverse-less)
apply (subgoal-tac 0 < X n, simp)
apply (erule (1) order-less-trans)
done
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The sequence (1::'a) / n tends to 0 as n tends to infinity

lemma LIMSEQ-inverse-real-of-nat: (%n. inverse(real(Suc n))) ————> 0
apply (rule LIMSEQ-inverse-zero, safe)

apply (cut-tac x = r in reals-Archimedean2)

apply (safe, rule-tac x = n in exl)

apply (auto simp add: real-of-nat-Suc)

done

The sequence r + (1::'a) / n tends to r as n tends to infinity is now easily
proved

lemma LIMSEQ-inverse-real-of-nat-add:
(%n. r + inverse(real(Suc n))) ————>r
by (cut-tac LIMSEQ-add [OF LIMSEQ-const LIMSEQ-inverse-real-of-nat], auto)

lemma LIMSEQ-inverse-real-of-nat-add-minus:

(%on. r + —inverse(real(Suc n))) ————>r
by (cut-tac LIMSEQ-add-minus [OF LIMSEQ-const LIMSEQ-inverse-real-of-nat],
auto)

lemma LIMSEQ-inverse-real-of-nat-add-minus-mult:
(%on. r=( 1 + —inverse(real(Suc n)))) ————>r
by (cut-tac b=1 in
LIMSEQ-mult [OF LIMSEQ-const LIMSEQ-inverse-real-of-nat-add-minus],
auto)

lemma LIMSEQ-le-const:

[X ————> (zzreal); IN.Vn>N. a < X n] = a
apply (rule ccontr, simp only: linorder-not-le)
apply (drule-tac r=a — x in LIMSEQ-D, simp)
apply clarsimp
apply (drule-tac z=maz N no in spec, drule mp, rule le-mazl1)
apply (drule-tac z=maz N no in spec, drule mp, rule le-mazl2)
apply simp
done

IN
8

lemma LIMSEQ-le-const2:
[X ————> (zzreal); AIN.Vn>N. X n < a] = z < a
apply (subgoal-tac — a < — z, simp)
apply (rule LIMSEQ-le-const)
apply (erule LIMSEQ-minus)
apply simp
done

lemma LIMSEQ-le:
X —>zY ———> 3y, AN.Vn>N. X n < Y n] = z < (y:real)
apply (subgoal-tac 0 < y — =z, simp)
apply (rule LIMSEQ-le-const)
apply (erule (1) LIMSEQ-diff)
apply (simp add: le-diff-eq)
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done

12.4 Convergence

lemma liml: X ———>L==>Ilim X =1L
apply (simp add: lim-def)

apply (blast intro: LIMSEQ-unique)

done

lemma convergentD: convergent X ==> 3 L. (X ————> L)
by (simp add: convergent-def)

lemma convergentl: (X ————> L) ==> convergent X
by (auto simp add: convergent-def)

lemma convergent-LIMSEQ-iff: convergent X = (X ————> lim X)
by (auto intro: thel LIMSEQ-unique simp add: convergent-def lim-def)

lemma convergent-minus-iff : (convergent X) = (convergent (%on. —(X n)))
apply (simp add: convergent-def)

apply (auto dest: LIMSEQ-minus)

apply (drule LIMSEQ-minus, auto)

done

12.5 Bounded Monotonic Sequences

Subsequence (alternative definition, (e.g. Hoskins)

lemma subseg-Suc-iff: subseq f = (Vn. (fn) < (f (Suc n)))
apply (simp add: subseg-def)

apply (auto dest!: less-imp-Suc-add)

apply (induct-tac k)

apply (auto intro: less-trans)

done

lemma monoseq-Suc:
monoseq X = (Vn. X n < X (Suc n))
| (Vn. X (Sucn) < X n))
apply (simp add: monoseg-def)
apply (auto dest!: le-imp-less-or-eq)
apply (auto intro!: lessI [THEN less-imp-le] dest!: less-imp-Suc-add)
apply (induct-tac ka)
apply (auto intro: order-trans)
apply (erule contrapos-np)
apply (induct-tac k)
apply (auto intro: order-trans)
done

lemma monoll: Vm.V n > m. Xm < X n ==> monoseq X
by (simp add: monoseq-def)
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lemma monol2: Vm.V n > m. Xn < X m ==> monoseq X
by (simp add: monoseg-def)

lemma mono-Sucll: Vn. X n < X (Suc n) ==> monoseq X
by (simp add: monoseq-Suc)

lemma mono-Sucl2: Vn. X (Suc n) < X n ==> monoseq X
by (simp add: monoseq-Suc)

Bounded Sequence

lemma BsegD: Bseq X ==> 3K. 0 < K & (Vn. norm (X n) < K)
by (simp add: Bseq-def)

lemma Bseql: [| 0 < K;Vn. norm (X n) < K || ==> Bseq X
by (auto simp add: Bseg-def)

lemma lemma-NDBseq-def:
(3K > 0.Yn.norm (Xn) < K) =
(IN.Vn. norm (X n) < real(Suc N))
apply auto
prefer 2 apply force
apply (cut-tac © = K in reals-Archimedean2, clarify)
apply (rule-tac z = n in exl, clarify)
apply (drule-tac x = na in spec)
apply (auto simp add: real-of-nat-Suc)
done

alternative definition for Bseq

lemma Bseg-iff: Bseq X = (AN.Vn. norm (X n) < real(Suc N))
apply (simp add: Bseq-def)

apply (simp (no-asm) add: lemma-NBseq-def)

done

lemma lemma-NDBseg-def2:
(3K > 0.Vn. norm (X n) < K) = (IN.Vn. norm (X n) < real(Suc N))
apply (subst lemma-NBseq-def, auto)
apply (rule-tac z = Suc N in exl)
apply (rule-tac [2] = N in exl)
apply (auto simp add: real-of-nat-Suc)
prefer 2 apply (blast intro: order-less-imp-le)
apply (drule-tac x = n in spec, simp)
done

lemma Bseg-iffla: Bseq X = (3N. Vn. norm (X n) < real(Suc N))
by (simp add: Bseq-def lemma-NBseq-def2)
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12.5.1 Upper Bounds and Lubs of Bounded Sequences

lemma Bseg-isUb:
(X ::nat=>real). Bseq X ==> 3 U. isUb (UNIV ::real set) {z. In. Xn=12} U
by (auto intro: isUbI setlel simp add: Bseg-def abs-le-iff )

Use completeness of reals (supremum property) to show that any bounded
sequence has a least upper bound

lemma Bseq-isLub:

(X ::nat=>real). Bseq X ==>

3U. isLub (UNIV::real set) {z. In. X n =2} U
by (blast intro: reals-complete Bseq-isUb)

12.5.2 A Bounded and Monotonic Sequence Converges

lemma lemma-convergl:
N X:nat=>real). [ Vm.V n>m. Xm < X n;
isLub (UNIV ::real set) {z. In. X n = z} (X ma)
] ==>Vn>ma. Xn=Xma
apply safe
apply (drule-tac y = X n in isLubD2)
apply (blast dest: order-antisym)+
done

The best of both worlds: Easier to prove this result as a standard theorem
and then use equivalence to "transfer” it into the equivalent nonstandard
form if needed!

lemma Bmonoseq-LIMSEQ:Vn. m <n ——>Xn=Xm==>3L. (X ————>
L)

apply (simp add: LIMSEQ-def)

apply (rule-tac x = X m in exzl, safe)

apply (rule-tac £ = m in ez, safe)

apply (drule spec, erule impE, auto)

done

lemma lemma-converg2:
(X :nat=>real).
[Vm. Xm ~=1U; isLub UNIV {z.An. Xn =2} U||==>Vm. Xm < U
apply safe
apply (drule-tac y = X m in isLubD2)
apply (auto dest!: order-le-imp-less-or-eq)
done

lemma lemma-converg3: (X :nat=>real). Vm. X m < U ==> isUb UNIV {z.
In. Xn=2a} U
by (rule setlel [THEN isUbI], auto)

FIXME: U — T < U is redundant

lemma lemma-converg4: (X ::nat=> real).
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[[Vm. X m ~= U,
isLub UNIV {z. 3n. X n =z} U;
0 < T,
U+-T<U
[==>3dm. U+ -T<Xm&Xm<U
apply (drule lemma-converg2, assumption)
apply (rule ccontr, simp)
apply (simp add: linorder-not-less)
apply (drule lemma-converg3)
apply (drule isLub-le-isUb, assumption)
apply (auto dest: order-less-le-trans)
done

A standard proof of the theorem for monotone increasing sequence

lemma Bseg-mono-convergent:
[| Bseq X;Vm.¥Vn > m. X m < X n || ==> convergent (X::nat=>real)
apply (simp add: convergent-def)
apply (frule Bseg-isLub, safe)
apply (case-tac 3m. X m = U, auto)
apply (blast dest: lemma-convergl Bmonoseq-LIMSEQ)

apply (rule-tac x = U in exl)

apply (subst LIMSEQ-iff, safe)

apply (frule lemma-converg?, assumption)

apply (drule lemma-converg), auto)

apply (rule-tac x = m in ez, safe)

apply (subgoal-tac X m < X n)

prefer 2 apply blast

apply (drule-tac z=n and P=%m. X m < U in spec, arith)
done

lemma Bseg-minus-iff: Bseq (%on. —(X n)) = Bseq X
by (simp add: Bseq-def)

Main monotonicity theorem

lemma Bseg-monoseg-convergent: [| Bseq X; monoseq X || ==> convergent X
apply (simp add: monoseq-def, safe)

apply (rule-tac [2] convergent-minus-iff [THEN ssubst])

apply (drule-tac [2] Bseq-minus-iff [THEN ssubst])

apply (auto intro!: Bseg-mono-convergent)

done

12.5.3 A Few More Equivalence Theorems for Boundedness

alternative formulation for boundedness

lemma Bseg-iff2: Bseq X = (3k > 0. Fz. ¥Yn. norm (X(n) + —z) < k)
apply (unfold Bseg-def, safe)
apply (rule-tac [2] = k + norm z in exl)
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apply (rule-tac z = K in exl, simp)

apply (rule exI [where z = 0], auto)

apply (erule order-less-le-trans, simp)

apply (drule-tac x=n in spec, fold diff-def)

apply (drule order-trans [OF norm-triangle-ineq2))
apply simp

done

alternative formulation for boundedness

lemma Bseg-iff3: Bseq X = (3k > 0. IN. Vn. norm(X(n) + —X(N)) < k)
apply safe

apply (simp add: Bseg-def, safe)

apply (rule-tac x = K + norm (X N) in exl)

apply auto

apply (erule order-less-le-trans, simp)

apply (rule-tac x = N in ezl safe)

apply (drule-tac x = n in spec)

apply (rule order-trans [OF norm-triangle-ineq|, simp)
apply (auto simp add: Bseq-iff2)

done

lemma Bseql2: (Vn. k < fn & fn < (K:real)) ==> Bseq f
apply (simp add: Bseg-def)

apply (rule-tac x = (k| + |K|) + 1 in ezl, auto)

apply (drule-tac x = n in spec, arith)

done

12.6 Cauchy Sequences

lemma Cauchyl:
(Ne. 0 < e=IM.Vm>M.¥Yn>M. norm (X m — X n) < e) = Cauchy X
by (simp add: Cauchy-def)

lemma CauchyD:
[Cauchy X; 0 < ] = IM.Vm>M.Vn>M. norm (Xm — Xn) < e
by (simp add: Cauchy-def)

12.6.1 Cauchy Sequences are Bounded

A Cauchy sequence is bounded — this is the standard proof mechanization
rather than the nonstandard proof

lemma lemmaCauchy: ¥ n > M. norm (X M — X n) < (1::real)
==> Vn > M. norm (X n :: 'a::real-normed-vector) < 1 + norm (X M)
apply (clarify, drule spec, drule (1) mp)
apply (simp only: norm-minus-commaute)
apply (drule order-le-less-trans [OF norm-triangle-ineq2])
apply simp
done
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lemma Cauchy-Bseq: Cauchy X ==> Bseq X
apply (simp add: Cauchy-def)

apply (drule spec, drule mp, rule zero-less-one, safe)
apply (drule-tac x=M in spec, simp)

apply (drule lemmaCauchy)

apply (rule-tac k=M in Bseg-offset)

apply (simp add: Bseq-def)

apply (rule-tac z=1 + norm (X M) in exl)

apply (rule conjl, rule order-less-le-trans [OF zero-less-one], simp)
apply (simp add: order-less-imp-le)

done

Py

12.6.2 Cauchy Sequences are Convergent

axclass banach C real-normed-vector
Cauchy-convergent: Cauchy X = convergent X

theorem LIMSEQ-imp-Cauchy:
assumes X: X ————> a shows Cauchy X
proof (rule Cauchyl)
fix e::real assume 0 < e
hence 0 < e¢/2 by simp
with X have 3N.Vn>N. norm (X n — a) < e¢/2 by (rule LIMSEQ-D)
then obtain N where N: Vn>N. norm (X n — a) < e/2 ..
show AN. Vm>N.Vn>N. norm (Xm — X n) <e
proof (intro exI alll impl)
fix m assume N < m
hence m: norm (X m — a) < ¢/2 using N by fast
fix n assume N < n
hence n: norm (X n — a) < e¢/2 using N by fast
have norm (X m — X n) = norm (X m — a) — (X n — a)) by simp
also have ... < norm (X m — a) + norm (X n — a)
by (rule norm-triangle-ineqs )
also from m n have ... < e by(simp add:field-simps)
finally show norm (X m — X n) <e.
qed
qed

lemma convergent-Cauchy: convergent X =—> Cauchy X
unfolding convergent-def
by (erule exE, erule LIMSEQ-imp-Cauchy)

Proof that Cauchy sequences converge based on the one from http://pirate.shu.edu/ wachsmut/ira/nu

If sequence X is Cauchy, then its limit is the lub of {r. AN. Vn>N.r < X
n}

lemma isUb-UNIV-I: (A\y. y € S = y < u) = isUb UNIV S u

by (simp add: isUbI setlel)
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lemma real-abs-diff-less-iff :
(le —a|l < (rureal)) =(a —r <z Az <a+r)
by auto

locale (open) real-Cauchy =
fixes X :: nat = real
assumes X: Cauchy X
fixes S :: real set
defines S-def: S = {z::real. AN. Vn>N. z < X n}

lemma (in real-Cauchy) mem-S: Vn>N.x < Xn =z € §
by (unfold S-def, auto)

lemma (in real-Cauchy) bound-isUb:
assumes N: Vn>N. X n <z
shows isUb UNIV S z
proof (rule isUb-UNIV-I)
fix y::real assume y € S
hence IM.Vn>M. y < Xn
by (simp add: S-def)
then obtain M where Vn>M. y < X n ..
hence y < X (mazx M N) by simp
also have ... < z using N by simp
finally show y < z
by (rule order-less-imp-le)
qed

lemma (in real-Cauchy) isLub-ex: Iu. isLub UNIV S u
proof (rule reals-complete)
obtain N where Vm>N.Vn>N. norm (X m — X n) < 1
using CauchyD [OF X zero-less-one] by fast
hence N: Vn>N. norm (X n — X N) < 1 by simp
show dz.z € §
proof
from N have Vn>N. X N — 1 < Xn
by (simp add: real-abs-diff-less-iff )
thus X N — 1 € S by (rule mem-S)
qed
show Ju. isUb UNIV S u
proof
from N have Va>N. X n < X N + 1
by (simp add: real-abs-diff-less-iff )
thus isUb UNIV S (X N + 1)
by (rule bound-isUb)
qed
qed

lemma (in real-Cauchy) isLub-imp-LIMSEQ:
assumes z: isLub UNIV S x
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shows X ————> 1z
proof (rule LIMSEQ-I)

fix r::real assume 0 < r

hence r: 0 < r/2 by simp

obtain N where Vn>N.Vm>N. norm (Xn — Xm) <r/2
using CauchyD [OF X r] by fast

hence Vn>N. norm (X n — X N) < r/2 by simp

hence N:Vn>N. X N —r/2 < XnAXn< XN+ r/2
by (simp only: real-norm-def real-abs-diff-less-iff)

from N have Vn>N. X N — r/2 < X n by fast
hence X N — r/2 € S by (rule mem-5)
hence 1: X N — r/2 < z using z isLub-isUb isUbD by fast

from N have Vn>N. X n < X N + r/2 by fast
hence isUb UNIV S (X N + r/2) by (rule bound-isUb)
hence 2: ¢ < X N + r/2 using z isLub-le-isUb by fast

show IN.Vn>N.norm (X n —2) <r

proof (intro exl alll impl)
fix n assume n: N < n
from Nn have Xn < X N+ r/2and X N — r/2 < X n by simp+
thus norm (X n — z) < r using 1 2

by (simp add: real-abs-diff-less-iff )
qed
qed

lemma (in real-Cauchy) LIMSEQ-ex: 3z. X ————>
proof —
obtain z where isLub UNIV S x
using isLub-ex by fast
hence X ————> 1=z
by (rule isLub-imp-LIMSEQ)
thus ?thesis ..
qed

lemma real-Cauchy-convergent:
fixes X :: nat = real
shows Cauchy X = convergent X
unfolding convergent-def by (rule real-Cauchy. LIMSEQ-ex)

instance real :: banach
by intro-classes (rule real-Cauchy-convergent)

lemma Cauchy-convergent-iff:
fixes X :: nat = ’a::banach
shows Cauchy X = convergent X
by (fast intro: Cauchy-convergent convergent-Cauchy)
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12.7 Power Sequences

The sequence z " n tends to 0 if (0::'a) < z and z < (1::'a). Proof will use
(NS) Cauchy equivalence for convergence and also fact that bounded and
monotonic sequence converges.

lemma Bseg-realpow: [| 0 < (z::real); z < 1 |] ==> Bseq (%n. z " n)
apply (simp add: Bseg-def)

apply (rule-tac x = 1 in exl)

apply (simp add: power-abs)

apply (auto dest: power-mono)

done

lemma monoseg-realpow: [| 0 < z; © < 1 || ==> monoseq (%n. x "~ n)
apply (clarify intro!: mono-Sucl2)

apply (cut-tac n = n and N = Suc n and a = z in power-decreasing, auto)
done

lemma convergent-realpow:
[| 0 < (z:real); z < 1 || ==> convergent (Yon. z " n)
by (blast intro!: Bseq-monoseq-convergent Bseg-realpow monoseg-realpow)

lemma LIMSEQ-inverse-realpow-zero-lemma:
fixes z :: real
assumes z: 0 < zx
shows realn *z + 1 < (z + 1) "n
apply (induct n)
apply simp
apply simp
apply (rule order-trans)
prefer 2
apply (erule mult-left-mono)
apply (rule add-increasing [OF x|, simp)
apply (simp add: real-of-nat-Suc)
apply (simp add: ring-distribs)
apply (simp add: mult-nonneg-nonneg x)
done

lemma LIMSEQ-inverse-realpow-zero:

1 < (z::real) = (An. inverse (z " n)) ————> 0
proof (rule LIMSEQ-inverse-zero [rule-format])
fix y :: real

assume z: 1 < z
hence 0 < z — 1 by simp
hence Vy. IN:nat. y < real N * (z — 1)
by (rule reals-Archimedean3)
hence IN:nat. y < real N = (z — 1) ..
then obtain N::nat where y < real N % (z — 1) ..
also have ... < real N % (x — 1) + 1 by simp
alsohave ... < (z -1+ 1) "N
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by (rule LIMSEQ-inverse-realpow-zero-lemma, cut-tac x, simp)
also have ... =z ~ N by simp
finally have y <z "N .
hence Vn>N.y <z " n
apply clarify
apply (erule order-less-le-trans)
apply (erule power-increasing)
apply (rule order-less-imp-le [OF z])
done
thus AN. Vn>N.y <z "n ..
qed

lemma LIMSEQ-realpow-zero:

[0 < (zureal); z < 1] = (An. z "n) ————> 0
proof (cases)

assume z = (

hence (An. z * Suc n) ————> 0 by (simp add: LIMSEQ-const)
thus ?thesis by (rule LIMSEQ-imp-Suc)
next

assume 0 < z and z # 0

hence z0: 0 < x by simp

assume z1: z < 1

from z0 z1 have 1 < inverse x
by (rule real-inverse-gt-one)

hence (An. inverse (inverse © " n)) ————> 0
by (rule LIMSEQ-inverse-realpow-zero)

thus ?thesis by (simp add: power-inverse)

qed

lemma LIMSEQ-power-zero:
fixes z :: 'a::{real-normed-algebra-1,recpower}
shows normz < 1 = (An.z "n) ————> 0
apply (drule LIMSEQ-realpow-zero [OF norm-ge-zero))
apply (simp only: LIMSEQ-Zseq-iff, erule Zseg-le)
apply (simp add: power-abs norm-power-ineq)
done

lemma LIMSEQ-divide-realpow-zero:
1 < (zzreal) ==> (%on. a / (x “n)) ————> 0
apply (cut-tac a = a and z! = inverse z in
LIMSEQ-mult [OF LIMSEQ-const LIMSEQ-realpow-zero])
apply (auto simp add: divide-inverse power-inverse)
apply (simp add: inverse-eq-divide pos-divide-less-eq)
done

Limit of ¢ “ n for |¢|] < (1::/a)

lemma LIMSEQ-rabs-realpow-zero: |c| < (1:real) ==> (%n. |¢| "n) ————=> 0
by (rule LIMSEQ-realpow-zero [OF abs-ge-zero))
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lemma LIMSEQ-rabs-realpow-zero2: |c| < (1:real) ==> (%on. ¢ "n) ————=> 0
apply (rule LIMSEQ-rabs-zero [THEN iffD1])

apply (auto intro: LIMSEQ-rabs-realpow-zero simp add: power-abs)

done

end

13 Lim: Limits and Continuity

theory Lim
imports SEQ
begin

Standard Definitions

definition
LIM :: ['a::real-normed-vector => 'b::real-normed-vector, 'a, 'b] => bool
(((-)) == (-)/ ==> () [60, 0, 60] 60) where
f—a——>1L=
VMr>0.3s>0.Vz.z# a & norm (z — a) < s
——>norm (fz — L) < r)

definition
isCont :: ['a:real-normed-vector => 'b::real-normed-vector, 'a] => bool where

isCont fa=(f —— a ——> (f a))

definition
isUCont :: ['a::real-normed-vector => 'b::real-normed-vector] => bool where
wsUCont f = (Vr>0.3s>0.Vzy. norm (z —y) <s — norm (fz — fy) <)

13.1 Limits of Functions

13.1.1 Purely standard proofs

lemma LIM-eq:

f—a—>1L=

Vr>03s>0Vz. 2 # a & norm (z—a) < s —> norm (fz — L) < r)
by (simp add: LIM-def diff-minus)

lemma LIM-I:

(Nr. O0<r ==>3s>0NVz. ¢ # a & norm (z—a) < s ——> norm (fz — L) <
r)

=>f-——a—-——>1L

by (simp add: LIM-eq)

lemma LIM-D:

I f——a——>1L0<r|]

==> 3s>0Vz. z # a & norm (z—a) < s —> norm (fz — L) < r
by (simp add: LIM-eq)
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lemma LIM-offset: f — a —> L= (Az. f (z + k) ——a —k —> L
apply (rule LIM-I)

apply (drule-tac r=r in LIM-D, safe)

apply (rule-tac x=s in exl, safe)

apply (drule-tac x=x + k in spec)

apply (simp add: compare-rls)

done

lemma LIM-offset-zero: f —— a ——> L = (Ah. f (¢ + h)) —— 0 ——> L
by (drule-tac k=a in LIM-offset, simp add: add-commute)

lemma LIM-offset-zero-cancel: (Ah. f (¢ + h)) — 0 —> L= f —— a —>
L
by (drule-tac k=— a in LIM-offset, simp)

lemma LIM-const [simp]: (%ox. k) —— 2 ——> k
by (simp add: LIM-def)

lemma LIM-add:
fixes f g :: 'a::real-normed-vector = 'b::real-normed-vector
assumes f: f — a ——> Land g: g — a —> M
shows (%z. fz + g(z)) — a —> (L + M)
proof (rule LIM-I)
fix r :: real
assume r: 0 < r
from LIM-D [OF f half-gt-zero [OF r]|
obtain fs
where fs: 0 < fs
and fs-lt: Vz. z # a & norm (z—a) < fs ——> norm (fz — L) < r/2
by blast
from LIM-D [OF g half-gt-zero [OF r]]
obtain gs
where gs: 0 < gs
and gs-lt: V. z # a & norm (z—a) < gs —> norm (g — M) < r/2
by blast
show 3s>0Vz. © # a A norm (z—a) < s — norm (fz + gz — (L + M)) <
r
proof (intro exl conjI strip)
show 0 < min fs gs by (simp add: fs gs)
fix z :: 'a
assume z # a A norm (z—a) < min fs gs
hence z # a A norm (z—a) < fs A norm (z—a) < gs by simp
with fs-lt gs-lt
have norm (fz — L) < r/2 and norm (g x — M) < r/2 by blast+
hence norm (fz — L) + norm (g x — M) < r by arith
thus norm (fz + gz — (L+ M)) <
by (blast intro: norm-diff-triangle-ineq order-le-less-trans)
qed
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qed

lemma LIM-add-zero:
f——a—-—>0,9g—a—>0= (Az. fz+gz) — a——>0
by (drule (1) LIM-add, simp)

lemma minus-diff-minus:
fixes a b :: 'a::ab-group-add
shows (— a) — (= b) = — (a — b)
by simp

lemma LIM-minus: f —— a ——> L ==> (%z. —f(z)) —— a ——> —L
by (simp only: LIM-eq minus-diff-minus norm-minus-cancel)

lemma LIM-add-minus:

1 f—— o ——>1lg—— 1 ——>m [ ==> (. f(z) + —g(x)) —— & ——>
(I 4+ —m)
by (intro LIM-add LIM-minus)

lemma LIM-diff:
lf-——z—->lLg—2——>m]| ==> (%z. f(z) — g(x)) —— z ——> l—-m
by (simp only: diff-minus LIM-add LIM-minus)

lemma LIM-zero: f — a —> = (Mz. fz — 1) —— a —> 0
by (simp add: LIM-def)

lemma LIM-zero-cancel: (Az. fz — 1) ——a ——> 0 = f —— a ——> 1
by (simp add: LIM-def)

lemma LIM-zero-iff: (Az. fz — 1) —— a ——>0=f —— a ——>
by (simp add: LIM-def)

lemma LIM-imp-LIM:
assumes f: f —— a ——> [
assumes le: \z. © # a = norm (gz — m) < norm (fz — [)
shows g — a ——>m

apply (rule LIM-1, drule LIM-D [OF f], safe)

apply (rule-tac z=s in exl, safe)

apply (drule-tac z=z in spec, safe)

apply (erule (1) order-le-less-trans [OF le])

done

lemma LIM-norm: f —— a ——> | = (Az. norm (fz)) —— a ——> norm [
by (erule LIM-imp-LIM , simp add: norm-triangle-ineq3)

lemma LIM-norm-zero: f —— a ——> 0 = (Az. norm (fz)) —— a ——> 0
by (drule LIM-norm, simp)

lemma LIM-norm-zero-cancel: (A\z. norm (fz)) ——a ——> 0 = f —— a ——>
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0
by (erule LIM-imp-LIM, simp)

lemma LIM-norm-zero-iff: (Az. norm (fz)) ——a ——> 0 =f —— a ——> 0
by (rule iffl [OF LIM-norm-zero-cancel LIM-norm-zero])

lemma LIM-rabs: f — a ——> (l::real) = (Az. |fz|) —— a —> ||
by (fold real-norm-def, rule LIM-norm)

lemma LIM-rabs-zero: f —— a ——> (0ureal) = (Az. |fz]) —— a ——> 0
by (fold real-norm-def, rule LIM-norm-zero)

lemma LIM-rabs-zero-cancel: (Az. |f z|) —— a ——> (Oureal) = f —— a —>
0
by (fold real-norm-def, rule LIM-norm-zero-cancel)

lemma LIM-rabs-zero-iff: (Az. |[fz|) —— a ——> (0zreal) = f —— a ——> 0
by (fold real-norm-def, rule LIM-norm-zero-iff)

lemma LIM-const-not-eq:
fixes a :: 'a::real-normed-algebra-1
shows k # L= - (A\z. k) —— a ——> L
apply (simp add: LIM-eq)
apply (rule-tac z=norm (k — L) in exl, simp, safe)
apply (rule-tac x=a + of-real (s/2) in exl, simp add: norm-of-real)
done

lemmas LIM-not-zero = LIM-const-not-eq [where L = 0]

lemma LIM-const-eq:
fixes a :: 'a::real-normed-algebra-1
shows (Az. k) ——a —> L= k=1L
apply (rule ccontr)
apply (blast dest: LIM-const-not-eq)
done

lemma LIM-unique:
fixes a :: 'a::real-normed-algebra-1
shows [f ——a—>L;f ——a—-—>M]|= L=M
apply (drule (1) LIM-diff)
apply (auto dest!: LIM-const-eq)
done

lemma LIM-ident [simp]: (A\z. ) —— a ——> a
by (auto simp add: LIM-def)

Limits are equal for functions equal except at limit point

lemma LIM-equal:
(Vez.z2#a—-——>(fz=yga)||==>(—a-——>0)=(@-—a-——>1
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by (simp add: LIM-def)

lemma LIM-cong:

[a=bANe.2#42b= fz=guz;1l=m]

= (Az. fz) ——a——>1)=((Az.gz) —— b ——> m)
by (simp add: LIM-def)

lemma LIM-equal2:
assumes 1: 0 < R
assumes 2: Az. [ # a; norm (zr — a) < R = fz =gz
shows g ——a —> 1= f ——a ——>1

apply (unfold LIM-def, safe)

apply (drule-tac z=r in spec, safe)

apply (rule-tac x=min s R in ezl safe)

apply (simp add: 1)

apply (simp add: 2)

done

Two uses in Hyperreal /Transcendental. ML

lemma LIM-trans:
[| (%z. f(z) + —g(z)) ——a ——>0; g——a——>1||==>f—-—a——>1
apply (drule LIM-add, assumption)
apply (auto simp add: add-assoc)
done

lemma LIM-compose:
assumes g: g —— [ ——> gl
assumes f: f —— a ——> [
shows (Az. g (fz)) —— a ——> g
proof (rule LIM-I)
fix r:real assume r: 0 < r
obtain s where s: 0 < s
and less-r: Ny. [y # I; norm (y — 1) < s] = norm (gy — gl) <7
using LIM-D [OF g r| by fast
obtain ¢ where ¢: 0 < t
and less-s: Az. [z # a; norm (z — a) < t] = norm (fz — 1) < s
using LIM-D [OF f s] by fast

show 3t>0.Vz. x # a A norm (z — a) < t — norm (g (fz) —gl) <r
proof (rule exl, safe)
show 0 < t using t .
next
fix  assume z # a and norm (z — a) < t
hence norm (fz — 1) < s by (rule less-s)
thus norm (g (fz) —gl) <r
using r less-r by (case-tac fx = 1, simp-all)
qed
qed
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lemma LIM-compose2:
assumes f: f —— a ——> b
assumes g: g —— b ——> ¢
assumes inj: 3d>0.Vz. z # a Anorm (x —a) < d — fz #Db
shows (Az. g (fz)) —— a ——> ¢
proof (rule LIM-T)
fix r :: real
assume r: 0 < r
obtain s where s: 0 < s
and less-r: N\y. [y # b; norm (y — b) < s] = norm (gy —¢) <
using LIM-D [OF g r] by fast
obtain ¢ where ¢: 0 < ¢
and less-s: Az. [z # a; norm (z — a) < t] = norm (fz — b) < s
using LIM-D [OF f s] by fast
obtain d where d: 0 < d
and neg-b: Az. [z # a; norm (z — a) < d] = fz # b
using inj by fast

show 3t>0.Vz. 2 # a A norm (z —a) <t — norm (g (fz) —c) <
proof (safe introl: exl)
show 0 < min d t using d t by simp
next
fix z
assume z # a and norm (z — a) < min d t
hence fz # b and norm (fz — b) < s
using neq-b less-s by simp-all
thus norm (g (fz) —¢) <
by (rule less-r)
qed
qed

lemma LIM-0: g —— | ——>gl; f ——a—> 1] = (gof) ——a——> gl
unfolding o-def by (rule LIM-compose)

lemma real-LIM-sandwich-zero:
fixes f g :: 'a::real-normed-vector = real
assumes f: f —— a ——> 0
assumes I: A\z.z £a= 0<gzx
assumes 2: A\z.z A a =gz < fz
shows ¢ — a ——> 0
proof (rule LIM-imp-LIM [OF f])
fix r assume z: z # a
have norm (g x — 0) = g x by (simp add: 1 z)
also have g z < fz by (rule 2 [OF z])
also have fz < |f z| by (rule abs-ge-self)
also have |f z| = norm (fx — 0) by simp
finally show norm (g x — 0) < norm (fz — 0) .
qed

Bounded Linear Operators
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lemma (in bounded-linear) cont: f —— a ——> fa
proof (rule LIM-I)
fix r::real assume r: 0 < r
obtain K where K: 0 < K and norm-le: Az. norm (f z) < norm x * K
using pos-bounded by fast
show 3s>0.Vz.x # a Anorm (x —a) < s — norm (fz — fa) <r
proof (rule exl, safe)
from r K show 0 < r / K by (rule divide-pos-pos)
next
fix © assume z: norm (z — a) <r / K
have norm (fz — fa) = norm (f (x — a)) by (simp only: diff)
also have ... < norm (z — a) * K by (rule norm-le)
also from K z have ... < r by (simp only: pos-less-divide-eq)
finally show norm (fz — fa) <.
qed
qed

lemma (in bounded-linear) LIM:
g—a—>1= (Az. f (gz)) —— a——>fI
by (rule LIM-compose [OF cont])

lemma (in bounded-linear) LIM-zero:
g—a—>0= (Az. f(gz)) ——a——>0

by (drule LIM, simp only: zero)

Bounded Bilinear Operators

lemma (in bounded-bilinear) LIM-prod-zero:

assumes f: f —— a ——> 0
assumes g: g —— a ——> 0
shows (\z. fz *x gz) —— a ——> 0

proof (rule LIM-I)
fix r:real assume r: 0 < r
obtain K where K: 0 < K
and norm-le: Az y. norm (z *x y) < norm = * norm y * K
using pos-bounded by fast
from K have K': 0 < inverse K
by (rule positive-imp-inverse-positive)
obtain s where s: 0 < s
and norm-f: Az. [z # a; norm (z — a) < s] = norm (fz) < r
using LIM-D [OF f r] by auto
obtain ¢ where ¢: 0 < ¢t
and norm-g: Az. [z # a; norm (z — a) < t] = norm (g z) < inverse K
using LIM-D [OF g K] by auto
show 3s>0.Vz. 2 #a Anorm (z —a) <s — norm (fzxxx gz — 0) <r
proof (rule exl, safe)
from s t show 0 < min s t by simp
next
fix z assume z: ¢ # a
assume norm (z — a) < min st
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hence zs: norm (z — a) < s and zt: norm (z — a) < t by simp-all
from z zs have 1: norm (f x) < r by (rule norm-f)
from z 2t have 2: norm (g x) < inverse K by (rule norm-g)
have norm (f x *x g ) < norm (f z) * norm (g ) * K by (rule norm-le)
also from 1 2 K have ... < r x inverse K x K
by (intro mult-strict-right-mono mult-strict-mono’ norm-ge-zero)
also from K have r x inverse K « K = r by simp
finally show norm (fz *x gz — 0) < r by simp
qed
qed

lemma (in bounded-bilinear) LIM-left-zero:
f——a—-—->0= (Az. fexxc)—— a——>0
by (rule bounded-linear.LIM-zero [OF bounded-linear-left))

lemma (in bounded-bilinear) LIM-right-zero:
f—a—->0= (Az.cxxfa) —— a ——> 0
by (rule bounded-linear.LIM-zero [OF bounded-linear-right])

lemma (in bounded-bilinear) LIM:
If——a—-—>Lg—a—>M = (Az. fesxgz) —— a ——> L*x M

apply (drule LIM-zero)

apply (drule LIM-zero)

apply (rule LIM-zero-cancel)

apply (subst prod-diff-prod)

apply (rule LIM-add-zero)

apply (rule LIM-add-zero)

apply (erule (1) LIM-prod-zero)

apply (erule LIM-left-zero)

apply (erule LIM-right-zero)

done

lemmas LIM-mult = mult.LIM

lemmas LIM-mult-zero = mult. LIM-prod-zero

lemmas LIM-mult-left-zero = mult. LIM-left-zero

lemmas LIM-mult-right-zero = mult. LIM-right-zero

lemmas LIM-scaleR = scaleR.LIM

lemmas LIM-of-real = of-real. LIM

lemma LIM-power:
fixes f :: ‘a::real-normed-vector = 'b::{recpower,real-normed-algebra}
assumes f: f —— a ——> [

shows (Az. fz "n) ——a——>1"n
by (induct n, simp, simp add: power-Suc LIM-mult f)
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13.1.2 Derived theorems about LIM

lemma LIM-inverse-lemma:
fixes z :: 'a::real-normed-div-algebra
assumes r: 0 < r
assumes z: norm (x — 1) < min (1/2) (r/2)
shows norm (inverse x — 1) < r
proof —
from r have r2: 0 < r/2 by simp
from z have 0: ¢ # 0 by clarsimp
from z have z”: norm (1 — x) < min (1/2) (r/2)
by (simp only: norm-minus-commute)
hence less1: norm (1 — z) < r/2 by simp
have norm (1::'a) — norm z < norm (1 — z) by (rule norm-triangle-ineq2)
also from z’ have norm (I — z) < 1/2 by simp
finally have 1/2 < norm z by simp
hence inverse (norm z) < inverse (1/2)
by (rule less-imp-inverse-less, simp)
hence less2: norm (inverse ) < 2
by (simp add: nonzero-norm-inverse 0)
from less1 less2 r2 norm-ge-zero
have norm (1 — z) x norm (inverse z) < (r/2) x 2
by (rule mult-strict-mono)
thus norm (inverse x — 1) < r
by (simp only: norm-mult [symmetric] left-diff-distrib, simp add: 0)
qed

lemma LIM-inverse-fun:
assumes a: a # (0::'a::real-normed-div-algebra)
shows inverse —— a ——> inverse a
proof (rule LIM-equal2)
from a show 0 < norm a by simp
next
fix x assume norm (z — a) < norm a
hence z # 0 by auto
with a show inverse & = inverse (inverse a * x) * inverse a
by (simp add: nonzero-inverse-mult-distrib
NONZETo-1MP-INVETSe-NoNZero
nonzero-inverse-inverse-eq mult-assoc)
next
have I1: inverse —— 1 ——> inverse (1::'a)
apply (rule LIM-I)
apply (rule-tac z=min (1/2) (r/2) in exl)
apply (simp add: LIM-inverse-lemma)

done

have (Az. inverse a *x ©) —— a ——> inverse a * a
by (intro LIM-mult LIM-ident LIM-const)

hence (\z. inverse a * ) —— a ——> 1

by (simp add: a)
with 7 have (\z. inverse (inverse a x x)) —— a ——> inverse 1
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by (rule LIM-compose)

hence (A\z. inverse (inverse a x z)) —— a ——> 1
by simp
hence (Az. inverse (inverse a * x) % inverse a) —— a ——> 1 * inverse a
by (intro LIM-mult LIM-const)
thus (Az. inverse (inverse a * x) * inverse a) —— a ——> inverse a
by simp
qed

lemma LIM-inverse:

fixes L :: 'a::real-normed-div-algebra

shows [f —— a ——> L; L # 0] = (A\z. inverse (f x)) —— a ——> inverse L
by (rule LIM-inverse-fun [THEN LIM-compose])

13.2 Continuity

13.2.1 Purely standard proofs

lemma LIM-isCont-iff: (f — a ——> fa) = ((Ah. f (a + h)) — 0 ——> fa)
by (rule iffl [OF LIM-offset-zero LIM-offset-zero-cancel))

lemma isCont-iff: isCont fx = (Ah. f (x + h)) — 0 —> fz
by (simp add: isCont-def LIM-isCont-iff)

lemma isCont-ident [simp]: isCont (Az. z) a
unfolding isCont-def by (rule LIM-ident)

lemma isCont-const [simp]: isCont (Az. k) a
unfolding isCont-def by (rule LIM-const)

lemma isCont-norm: isCont f a = isCont (Azx. norm (fz)) a
unfolding isCont-def by (rule LIM-norm)

lemma isCont-rabs: isCont f a = isCont (Az. |f z :: real|) a
unfolding isCont-def by (rule LIM-rabs)

lemma isCont-add: [isCont f a; isCont g a] = isCont (Az. fz + gz) a
unfolding isCont-def by (rule LIM-add)

lemma isCont-minus: isCont f a = isCont (Az. — fz) a
unfolding isCont-def by (rule LIM-minus)

lemma isCont-diff: [isCont f a; isCont g a] = isCont (A\x. fz — gz) a
unfolding isCont-def by (rule LIM-diff)

lemma isCont-mult:
fixes f g :: 'a::real-normed-vector = 'b::real-normed-algebra
shows [isCont f a; isCont g a] = isCont (M\z. fz * g z) a
unfolding isCont-def by (rule LIM-mult)
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lemma isCont-inverse:
fixes [ :: ‘a::real-normed-vector = 'b::real-normed-div-algebra
shows [isCont f a; f a # 0] = isCont (Az. inverse (fz)) a
unfolding isCont-def by (rule LIM-inverse)

lemma isCont-LIM-compose:
[isCont gl; f — a —> 1] = (Az. g (fz)) — a ——> g
unfolding isCont-def by (rule LIM-compose)

lemma isCont-LIM-compose2:
assumes f [unfolded isCont-def]: isCont f a
assumes ¢g: g — fa ——> 1
assumes inj: 3d>0.Vz.x #a Anorm (x —a) <d — fz # fa
shows (A\z. g (fz)) —— a ——> 1
by (rule LIM-compose2 [OF f g inj])

lemma isCont-02: [isCont f a; isCont g (f a)] = isCont (A\z. g (fz)) a
unfolding isCont-def by (rule LIM-compose)

lemma isCont-o: [isCont f a; isCont g (f a)] = isCont (g o f) a
unfolding o-def by (rule isCont-02)

lemma (in bounded-linear) isCont: isCont f a
unfolding isCont-def by (rule cont)

lemma (in bounded-bilinear) isCont:
[isCont f a; isCont g a] = isCont (A\x. fx *x g x) a
unfolding isCont-def by (rule LIM)

lemmas isCont-scaleR = scaleR.isCont

lemma isCont-of-real:
isCont f a = isCont (Az. of-real (f z)) a
unfolding isCont-def by (rule LIM-of-real)

lemma isCont-power:
fixes f :: 'a::real-normed-vector = 'b::{recpower,real-normed-algebra}
shows isCont f a = isCont (Az. fz "n) a
unfolding isCont-def by (rule LIM-power)

lemma isCont-abs [simp]: isCont abs (a::real)
by (rule isCont-rabs [OF isCont-ident])

13.3 Uniform Continuity

lemma isUCont-isCont: isUCont f ==> isCont f x
by (simp add: isUCont-def isCont-def LIM-def, force)

lemma isUCont-Cauchy:
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[isUCont f; Cauchy X] = Cauchy (An. f (X n))
unfolding isUCont-def
apply (rule Cauchyl)
apply (drule-tac x=e in spec, safe)
apply (drule-tac e=s in CauchyD, safe)
apply (rule-tac z=M in exl, simp)
done

lemma (in bounded-linear) isUCont: isUCont f
unfolding isUCont-def
proof (intro alll impl)
fix r::real assume r: 0 < r
obtain K where K: 0 < K and norm-le: Az. norm (f z) < norm z * K
using pos-bounded by fast
show 3s>0.Vzy. norm (z —y) < s — norm (fz — fy) <r
proof (rule exl, safe)
from r K show 0 < r / K by (rule divide-pos-pos)
next
fixzy:'a
assume zy: norm (z — y) <r /| K
have norm (fx — fy) = norm (f (z — y)) by (simp only: diff)
also have ... < norm (z — y) * K by (rule norm-le)
also from K zy have ... < r by (simp only: pos-less-divide-eq)
finally show norm (fz — fy) <r.
qed
qed

lemma (in bounded-linear) Cauchy: Cauchy X = Cauchy (An. f (X n))
by (rule isUCont [THEN 1isUCont-Cauchy))

13.4 Relation of LIM and LIMSEQ

lemma LIMSEQ-SEQ-convl:
fixes a :: 'a::real-normed-vector
assumes X: X —— a ——> L
shows VS. (Vn. Sn#a)ANS ————>a — (An. X (Sn)) ————> L
proof (safe intro!: LIMSEQ-I)
fix S :: nat = ‘a
fix r :: real
assume rgz: 0 < r
assume as: Vn. Sn # a
assume S: S ————> a
from LIM-D [OF X rgz] obtain s
where sgz: 0 < s
and auz: Az. [z # a; norm (z — a) < s] = norm (Xz — L) <r
by fast
from LIMSEQ-D [OF S sgz]
obtain no where ¥ n>no. norm (S n — a) < s by blast
hence Vn>no. norm (X (Sn) — L) < r by (simp add: auz as)
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thus Ino. Vn>no. norm (X (Sn) — L) < r ..
qed

lemma LIMSEQ-SEQ-conv2:
fixes a :: real

assumes VS. (Vn. Sn#a) NS ———>a — (An. X (Sn)) ————> L
shows X —— a ——> L

proof (rule ccontr)
assume - (X —— a ——> L)

hence - (Vr > 0.3s > 0. Va. 2 # a & norm (z — a) < s ——> norm (X z
— L) < r) by (unfold LIM-def)

hence 3r > 0. Vs> 0.3z. 2(z £ a ANl|x —a| <s ——>norm (Xz — L) <
r) by simp

hence 3r > 0.Vs > 0.3z. (z #a ANz — al <sAnorm (X2 — L) > r) by
(simp add: linorder-not-less)

then obtain r where rdef: r > 0 A (Vs > 0. 3z. (x # a Az — a] < s A
norm (X z — L) > r)) by auto

let ?F = An:nat. SOME x. x#a A |z — a| < inverse (real (Suc n)) A norm (X
z—L)>r
have An. 3z. 2#a N |z — a| < inverse (real (Suc n)) A norm (Xz — L) >r
using rdef by simp
hence F: An. Fn # a A |?F n — a| < inverse (real (Suc n)) A norm (X (2F
n)—L)y>r
by (rule somel-ex)
hence F1: An. ?Fn # a
and F2: An. |?F n — a| < inverse (real (Suc n))
and F3: An. norm (X (YFn) — L) > r

by fast+
have ?F ————> q
proof (rule LIMSEQ-I, unfold real-norm-def)
fix e::real

assume (0 < e

then have 3 no. inverse (real (Suc no)) < e by (rule reals-Archimedean)
then obtain m where nodef: inverse (real (Suc m)) < e by auto
show Ino.Vn.no <n ——>|%Fn —a| < e
proof (intro exI alll impl)
fix n
assume mlen: m < n
have |?F n — a| < inverse (real (Suc n))
by (rule F2)
also have inverse (real (Suc n)) < inverse (real (Suc m))
using mlen by auto
also from nodef have
inverse (real (Suc m)) < e .
finally show |?F n — a| < e .
qed
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qed

moreover have Vn. 7F n # a
by (rule alll) (rule F1)

moreover from prems have VS. (Vn. Sn# a) AS ————>a — (An. X (S
n)) ————> L by simp
ultimately have (An. X (?F n)) ————> L by simp
moreover have - ((An. X (?F n)) ————> L)
proof —
{
fix no::nat

obtain n where n = no + 1 by simp
then have nolen: no < n by simp

have norm (X (?Fn) — L) > r
by (rule F3)
with nolen have In. no < n A norm (X (¢Fn) — L) > r by fast

then have (Vno. 3n. no < n A norm (X (?F n) — L) > r) by simp
with rdef have Je>0. (Vno. IAn. no < n A norm (X (¢Fn) — L) > e) by
auto

thus %thesis by (unfold LIMSEQ-def, auto simp add: linorder-not-less)

qed
ultimately show Fulse by simp
qed
lemma LIMSEQ-SEQ-conv:
(VS. (Vn.Sn#a) NS ————> (aureal) — (An. X (Sn)) ————> L) =
(X ——a—-——>1)
proof
assume VS. (Vn. Sn#a) NS ————>a— (An. X (Sn)) ———>1L
thus X —— a ——> L by (rule LIMSEQ-SEQ-conv2)
next
assume (X —— a ——> [)
thusVS. (Vn. Sn#a)ANS ———=>a — (An. X (Sn)) ————> L by (rule
LIMSEQ-SEQ-convl)
qed
end

14 Deriv: Differentiation

theory Deriv
imports Lim
begin
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Standard Definitions

definition
deriv :: ['az:real-normed-field = 'a, 'a, 'a] = bool
— Differentiation: D is derivative of function f at x
(DERIV (-)/ (9)/ > () [1000, 1000, 60] 60) where
DERIV fz > D = (%h. (f(z + h) — fz) / h) —— 0 ——> D)

!’

definition
differentiable :: ['a::real-normed-field = 'a, 'a] = bool
(infix] differentiable 60) where
f differentiable x = (3 D. DERIV fz :> D)

consts
Bolzano-bisect :: [realxreal=>bool, real, real, nat] => (realxreal)
primrec
Bolzano-bisect P a b 0 = (a,b)
Bolzano-bisect P a b (Suc n) =
(let (z,y) = Bolzano-bisect P a b n
in if P(x, (z+y)/2) then ((z+y)/2, y)
else (z, (z+y)/2))

14.1 Derivatives

202

lemma DERIV-iff: (DERIV fz :> D) = ((%h. (f(x + h) — f(2))/h) —— 0 ——>

D)
by (simp add: deriv-def)

lemma DERIV-D: DERIV fz :> D ==> (%h. (f(z + h) — f(z))/h) —— 0 ——>

D
by (simp add: deriv-def)

lemma DERIV-const [simp]: DERIV (Ax. k) z :> 0
by (simp add: deriv-def)

lemma DERIV-ident [simp]: DERIV (Az. z) z :> 1
by (simp add: deriv-def cong: LIM-cong)

lemma add-diff-add:

fixes a b ¢ d :: 'a::ab-group-add

shows (a +¢) — (b+d)=(a —b) + (¢c — d)
by simp

lemma DFERIV-add:

[DERIV fx :> D; DERIV g x :> E] = DERIV (MAz. fz +gx)z:> D+ E

by (simp only: deriv-def add-diff-add add-divide-distrib LIM-add)

lemma DERIV-minus:
DERIV fz :> D = DERIV (Az. — fz)x:> — D
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by (simp only: deriv-def minus-diff-minus divide-minus-left LIM-minus)

lemma DERIV-diff:
[DERIV fz :> D; DERIV gz :> E] = DERIV (Az. fz —gz)z:> D — E
by (simp only: diff-def DERIV-add DERIV-minus)

lemma DERIV-add-minus:

[DERIV fu :> D; DERIV gz :> E] = DERIV (Az. fz + — ga) a :> D +
- F
by (simp only: DERIV-add DERIV-minus)

lemma DERIV-isCont: DERIV fx :> D = isCont f z
proof (unfold isCont-iff )
assume DERIV fx :> D
hence (Ah. (f(z+h) — f(z)) / h) —— 0 ——> D
by (rule DERIV-D)
hence (Ah. (f(z+h) — f(z)) / hxh) —— 0 ——> D % 0
by (intro LIM-mult LIM-ident)
hence (Ah. (f(z+h) — f(z)) * (b / h)) —— 0 ——> 0
by simp
hence (Ah. f(z+h) — f(x)) —— 0 ——> 0
by (simp cong: LIM-cong)
thus (Ah. f(z+h)) —— 0 ——> f(z)
by (simp add: LIM-def)
qed

lemma DERIV-mult-lemma:

fixes a b ¢ d :: 'a::real-field

shows (axb—cx*xd)/h=ax(b—d)/h)+ ((a—2¢c)/h)xd
by (simp add: diff-minus add-divide-distrib [symmetric] ring-distribs)

lemma DERIV-mult”.
assumes f: DERIV fxz :> D
assumes g: DERIV gz :> FE
shows DERIV (Mz. fexgx)z > faxE+ Dxgux
proof (unfold deriv-def)
from f have isCont f x
by (rule DERIV-isCont)
hence (Ah. f(z+h)) —— 0 ——> fx
by (simp only: isCont-iff)
hence (Ah. f(z+h) * ((g(xz+h) — gz) / h) +
((f(z+h) = fz) / h) = g x)
— 0 —>fzxE+D=xgx
by (intro LIM-add LIM-mult LIM-const DERIV-D f g)
thus (Ah. (f(z+h) * g(az+h) — fz x gz) / h)
— 0 —>fzxxE+Dxgz
by (simp only: DERIV-mult-lemma)
qed
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lemma DERIV-mult:

| DERIV fu :> Da; DERIV g z => Db ||

==> DERIV (%z. fz % gz) z :> (Da x g(z)) + (Db * f(z))
by (drule (1) DERIV-mult’, simp only: mult-commute add-commute)

lemma DERIV-unique:
[| DERIV fz :> D; DERIV fz :> E || ==>D =F
apply (simp add: deriv-def)
apply (blast intro: LIM-unique)
done

Differentiation of finite sum

lemma DERIV-sumr [rule-format (no-asm)]:
~VMr.m <r&r<(m+n)——>DERIV (%x. frz)z > (f rz))
——> DERIV (%z. > n=m..<nunat. fn x :: real) z :> O r=m.<n. f'r
)
apply (induct n)
apply (auto intro: DERIV-add)
done

Alternative definition for differentiability

lemma DERIV-LIM-iff:
((%h. (f(a + h) — f(a)) / h) —— 0 ——> D) =
(%z. (f(z)—F(a)) / (3-)) —— @ ——> D)

apply (rule iffT)

apply (drule-tac k=— a in LIM-offset)

apply (simp add: diff-minus)

apply (drule-tac k=a in LIM-offset)

apply (simp add: add-commute)

done

lemma DERIV-iff2: (DERIV fx :> D) = (%z. (f(z) — f(z)) / (2—2)) —— =
——> D)
by (simp add: deriv-def diff-minus [symmetric] DERIV-LIM-iff)

lemma inverse-diff-inverse:

[(a::'a::division-ring) # 0; b # 0]

= inverse a — inverse b = — (inverse a * (a — b) * inverse b)
by (simp add: ring-simps)

lemma DERIV-inverse-lemma:
[a # 0; b # (0::'a::real-normed-field)]
= (inverse a — inverse b) / h
= — (tnverse a * ((a — b) / h) * inverse b)
by (simp add: inverse-diff-inverse)

lemma DERIV-inverse’:
assumes der: DERIV fz :> D
assumes neq: fx # 0
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shows DERIV (Az. inverse (fz)) x :> — (inverse (f ) * D * inverse (f z))

(is DERIV - - :> 7E)
proof (unfold DERIV-iff2)
from der have lim-f: f —— z ——> fz
by (rule DERIV-isCont [unfolded isCont-def])

from neq have 0 < norm (f z) by simp
with LIM-D [OF lim-f] obtain s
where s: 0 < s
and less-fr: Nz. [z # x; norm (z — z) < §]
= norm (fz — fz) < norm (f z)

by fast
show (A\z. (inverse (f z) — inverse (fz)) / (2 — z)) —— 2 ——> ?E
proof (rule LIM-equal2 [OF s])

fix z

assume z # znorm (z — z) < s
hence norm (f z — fz) < norm (f ) by (rule less-fx)
hence f z # 0 by auto
thus (inverse (f z) — inverse (fz)) / (z — z) =
— (inverse (fz) x ((fz — fx) / (z — x)) * inverse (f x))
using neq by (rule DERIV-inverse-lemma)
next
from der have (\z. (fz — fz) / (z —2)) — 2 —> D
by (unfold DERIV-iff2)
thus (Az. — (inverse (fz) x ((fz — fz) / (z — x)) * inverse (f x)))
—— 1z ——>?E
by (intro LIM-mult LIM-inverse LIM-minus LIM-const lim-f neq)
qed
qed

lemma DERIV-divide:

[DERIV fx :> D; DERIV gz :> E; gx # 0]

= DERIV (Mz. fz [/ gz)x:>(Dxgx —faxFE)/(gx*guzx)
apply (subgoal-tac f x x — (inverse (g x) *x E * inverse (g x)) +

D x inverse (gz) = (Dxgxz — fzxE)/ (gz % gx))

apply (erule subst)
apply (unfold divide-inverse)
apply (erule DERIV-mult’)
apply (erule (1) DERIV-inverse’)
apply (simp add: ring-distribs nonzero-inverse-mult-distrib)
apply (simp add: mult-ac)
done

lemma DERIV-power-Suc:

fixes f :: 'a = 'a::{real-normed-field,recpower}

assumes f: DERIV fz :> D

shows DERIV (M\z. fz " Sucn) z :> (1 4+ of-natn) x (D x fz " n)
proof (induct n)
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case (
show ?case by (simp add: power-Suc f)
case (Suc k)
from DERIV-mult’ [OF f Suc] show ?case
apply (simp only: of-nat-Suc ring-distribs mult-1-left)
apply (simp only: power-Suc right-distrib mult-ac add-ac)
done
qed

lemma DERIV-power:

fixes f :: 'a = 'a::{real-normed-field,recpower}

assumes f: DERIV fz :> D

shows DERIV (Az. fz “n) xz :> of-nat n «x (D x fz * (n — Suc 0))
by (cases n, simp, simp add: DERIV-power-Suc f)

lemma CARAT-DERIV:
(DERIV fz :> 1) =
3g. Vz. fz—fa=gzx*x(z2—z)) & isCont gz & gz = 1)
(is ?lhs = ?rhs)
proof
assume der: DERIV fx :> 1
show 3g. (Vz. fz —fz =gz % (z—x)) NisCont gz AN gz =1
proof (intro exl conjl)
let %9 = (%z. if z = x then lelse (fz — fz) / (z—x))
show Vz. fz — fz = 29z % (2—z) by simp
show isCont ?g x using der
by (simp add: isCont-iff DERIV-iff diff-minus
cong: LIM-equal [rule-format])
show ?g z = [ by simp
qed
next
assume ?rhs
then obtain g where
(V2. fz—fz=gz=x(2—2)) and isCont g x and g x = | by blast
thus (DERIV fx :> 1)
by (auto simp add: isCont-iff DERIV-iff cong: LIM-cong)
qed

lemma DERIV-chain':
assumes f: DERIV fz :> D
assumes g: DERIV g (fz) :> E
shows DERIV (Az. g (fz)) z :> E % D
proof (unfold DERIV-iff2)
obtain d where d: Vy. gy — g (fz) =dy* (y — fz)
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and cont-d: isCont d (f z) and dfr: d (fz) = E
using CARAT-DERIV [THEN iffD1, OF ¢] by fast
from f have f —— 2z ——> fz
by (rule DERIV-isCont [unfolded isCont-def])
with cont-d have (\z. d (f2)) —— z ——> d (fx)
by (rule isCont-LIM-compose)
hence (M\z. d (f2)* (fz — fz) / (z — 1))
—z——>d (fz)* D
by (rule LIM-mult [OF - f [unfolded DERIV-iff2]])
thus (A\z. (g (fz) —¢g (fz))/ (z —2) —— 2z ——> E % D
by (simp add: d dfx real-scaleR-def )
qed

lemma DERIV-cmult:
DERIV fz :> D ==> DERIV (%x. ¢ * fz) © :> cxD
by (drule DERIV-mult’ [OF DERIV-const|, simp)

lemma DERIV-chain: [| DERIV f (g z) :> Da; DERIV gz :> Db || ==> DERIV
(fog) z:> Dax Db
by (drule (1) DERIV-chain’', simp add: o-def real-scaleR-def mult-commute)

lemma DERIV-chain2: [| DERIV f (g z) :> Da; DERIV g z :> Db || ==>
DERIV (%x. f (g x)) x :> Da * Db
by (auto dest: DERIV-chain simp add: o-def)

lemma DERIV-cmult-Id [simp]: DERIV (op % ¢) z :> ¢
by (cut-tac ¢ = ¢ and = = z in DERIV-ident [THEN DERIV-cmult], simp)

lemma DERIV-pow: DERIV (%x. x “n) x :> realn % (z " (n — Suc 0))
apply (cut-tac DERIV-power [OF DERIV-ident])

apply (simp add: real-scaleR-def real-of-nat-def)

done

Power of -1

lemma DERIV-inverse:

fixes z :: 'a::{real-normed-field,recpower}

shows ¢ # 0 ==> DERIV (%x. inverse(z)) z :> (—(inverse z ~ Suc (Suc 0)))
by (drule DERIV-inverse’ [OF DERIV-ident]) (simp add: power-Suc)

Derivative of inverse

lemma DERIV-inverse-fun:
fixes z :: 'a::{real-normed-field,recpower}
shows [| DERIV fx :> d; f(z) # 0 |]
==> DERIV (%x. inverse(f z))  :> (— (d * inverse(f(z) " Suc (Suc 0))))
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by (drule (1) DERIV-inverse') (simp add: mult-ac power-Suc nonzero-inverse-mult-distrib)

Derivative of quotient

lemma DERIV-quotient:
fixes z :: 'a::{real-normed-field,recpower}
shows [| DERIV fx :> d; DERIV gz :> e; g(z) # 0 ||
==> DERIV (%y. f(y) / (9 9)) = :> (dxg(z) — (exf(2))) / (9(z) ~ Suc
(Suc 0))
by (drule (2) DERIV-divide) (simp add: mult-commute power-Suc)

14.2 Differentiability predicate

lemma differentiableD: f differentiable t ==> 3 D. DERIV fx :> D
by (simp add: differentiable-def)

lemma differentiablel: DERIV fx :> D ==> f differentiable
by (force simp add: differentiable-def)

lemma differentiable-const: (Az. a) differentiable x
apply (unfold differentiable-def)
apply (rule-tac z=0 in exl)
apply simp
done

lemma differentiable-sum:
assumes | differentiable x
and g differentiable =
shows (\z. fz + g x) differentiable x
proof —
from prems have 3 D. DERIV fx :> D by (unfold differentiable-def)
then obtain df where DERIV fz :> df ..
moreover from prems have 3 D. DERIV g x :> D by (unfold differentiable-def)
then obtain dg where DERIV g x :> dg ..
ultimately have DERIV (Az. fz + g z) = :> df + dg by (rule DERIV-add)
hence 3D. DERIV (Az. fz + g z) x :> D by auto
thus ?thesis by (fold differentiable-def)
qed

lemma differentiable-diff
assumes | differentiable x
and g differentiable x
shows (A\z. fz — g x) differentiable
proof —
from prems have f differentiable x by simp
moreover
from prems have 3D. DERIV g = :> D by (unfold differentiable-def)
then obtain dg where DERIV g x :> dg ..
then have DERIV (Azx. — g z) = :> —dg by (rule DERIV-minus)
hence 3D. DERIV (Az. — g z) z :> D by auto
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hence (A\z. — g z) differentiable x by (fold differentiable-def)
ultimately
show ?thesis
by (auto simp: diff-def dest: differentiable-sum)
qed

lemma differentiable-mult:
assumes | differentiable x
and g differentiable
shows (\z. fz x g x) differentiable
proof —
from prems have 3 D. DERIV fz :> D by (unfold differentiable-def)
then obtain df where DERIV fx :> df ..
moreover from prems have 3 D. DERIV gz :> D by (unfold differentiable-def)
then obtain dg where DERIV g z :> dg ..
ultimately have DERIV (\z. fz * gz) z :> df x gx + dg = fz by (simp
add: DERIV-mult)
hence 3D. DERIV (Az. fx *x gx) z :> D by auto
thus ?thesis by (fold differentiable-def)
qed

14.3 Nested Intervals and Bisection

Lemmas about nested intervals and proof by bisection (cf.Harrison). All
considerably tidied by lcp.

lemma lemma-f-mono-add [rule-format (no-asm)]: (Vn. (f:nat=>real) n < f
(Suc n)) ——> fm < f(m + no)

apply (induct no)

apply (auto intro: order-trans)

done

lemma f-inc-g-dec-Beg-f: [| Vn. f(n) < f(Suc n);
Vn. g(Suc n) < g(n);
V. f(n) < g(n) ]
==> Bseq (f :: nat = real)
apply (rule-tac k = f 0 and K = ¢ 0 in Bseql2, rule alll)
apply (induct-tac n)
apply (auto intro: order-trans)
apply (rule-tac y = g (Suc na) in order-trans)
apply (induct-tac [2] na)
apply (auto intro: order-trans)
done

lemma f-inc-g-dec-Beg-g: [| Vn. f(n) < f(Suc n);
Vn. g(Suc n) < g(n);
V. f(n) < g(n) |
==> Bseq (g :: nat = real)
apply (subst Bseg-minus-iff [symmetric])
apply (rule-tac ¢ = %z. — (f z) in f-inc-g-dec-Beg-f)
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apply auto
done

lemma f-inc-imp-le-lim:
fixes f :: nat = real
shows [Vn. fn < f (Suc n); convergent f] = fn < lim f
apply (rule linorder-not-less [THEN iffD1])
apply (auto simp add: convergent-LIMSEQ-iff LIMSEQ-iff monoseq-Suc)
apply (drule real-less-sum-gt-zero)
apply (drule-tac x = fn + — lim f in spec, safe)
apply (drule-tac P = %na. no<na ——> ?Q) na and = = no + n in spec, auto)
apply (subgoal-tac lim f < f (no + n))
apply (drule-tac no=no and m=n in lemma-f-mono-add)
apply (auto simp add: add-commute)
apply (induct-tac no)

apply simp

apply (auto intro: order-trans simp add: diff-minus abs-if)

done

lemma lim-uminus: convergent g ==> lim (%x. — g x) = — (lim g)

apply (rule LIMSEQ-minus [THEN limI])
apply (simp add: convergent-LIMSEQ-iff)
done

lemma g-dec-imp-lim-le:

fixes g :: nat = real

shows [V n. g (Suc n) < g(n); convergent g] = lim g < gn
apply (subgoal-tac — (g n) < — (lim g) )
apply (cut-tac [2] f = %z. — (g z) in f-inc-imp-le-lim)
apply (auto simp add: lim-uminus convergent-minus-iff [symmetric])
done

lemma lemma-nest: [| Vn. f(n) < f(Suc n);

Vn. g(Suc n) < g(n);

V. f(n) < g(n) |

==>3JIim:ureal. I <m& (Vn. f(n) <D&f-——=—>D&
(Vn.m < g(n)) & g ————=>m)

apply (subgoal-tac monoseq f & monoseq g)
prefer 2 apply (force simp add: LIMSEQ-iff monoseg-Suc)
apply (subgoal-tac Bseq [ & Bseq g)
prefer 2 apply (blast intro: f-inc-g-dec-Beg-f f-inc-g-dec-Beg-g)
apply (auto dest!: Bseqg-monoseq-convergent simp add: convergent-LIMSEQ-iff)
apply (rule-tac z = lim f in exl)
apply (rule-tac = lim g in exl)
apply (auto intro: LIMSEQ-le)
apply (auto simp add: f-inc-imp-le-lim g-dec-imp-lim-le convergent-LIMSEQ-iff)
done

lemma lemma-nest-unique: [| Vn. f(n) < f(Suc n);
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uc n) < g(n);
n) < g(n);
(%n f(n) = g(n)) ——==>0|]
==> Jlureal. (Vn. f(n) <D &f-——>1&
(Vn. 1< g(n) & g ————>1)

apply (drule lemma-nest, auto)
apply (subgoal-tac | = m)
apply (drule-tac [2] X = f in LIMSEQ-diff)
apply (auto intro: LIMSEQ-unique)
done

V. g(S
(

The universal quantifiers below are required for the declaration of Bolzano-nest-unique
below.

lemma Bolzano-bisect-le:

a < b ==>Vn. fst (Bolzano-bisect P a b n) < snd (Bolzano-bisect P a b n)
apply (rule alll)

apply (induct-tac n)

apply (auto simp add: Let-def split-def)

done

lemma Bolzano-bisect-fst-le-Suc: a < b ==>
YV n. fst(Bolzano-bisect P a b n) < fst (Bolzano-bisect P a b (Suc n))
apply (rule alll)
apply (induct-tac n)
apply (auto simp add: Bolzano-bisect-le Let-def split-def)
done

lemma Bolzano-bisect-Suc-le-snd: a < b ==>
¥ n. snd(Bolzano-bisect P a b (Suc n)) < snd (Bolzano-bisect P a b n)
apply (rule alll)
apply (induct-tac n)
apply (auto simp add: Bolzano-bisect-le Let-def split-def)
done

lemma eq-divide-2-times-iff: ((z:real) =y / (2 % 2)) = (2 x ¢ = y/2)
apply (auto)

apply (drule-tac f = %u. (1/2) *u in arg-cong)

apply (simp)

done

lemma Bolzano-bisect-diff :
a < b==>
snd(Bolzano-bisect P a b n) — fst(Bolzano-bisect P a b n) =
(b-a) / (2 " n)
apply (induct n)
apply (auto simp add: eq-divide-2-times-iff add-divide-distrib Let-def split-def)
done

lemmas Bolzano-nest-unique =
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lemma-nest-unique
[OF Bolzano-bisect-fst-le-Suc Bolzano-bisect-Suc-le-snd Bolzano-bisect-le]

lemma not-P-Bolzano-bisect:
assumes P: lla b c. || P(a,b); P(b,c); a < b; b < ¢|] ==> P(a,c)
and notP: ~ P(a,b)
and le: a <D
shows ™~ P(fst(Bolzano-bisect P a b n), snd(Bolzano-bisect P a b n))
proof (induct n)
case () show ?case using notP by simp
next
case (Suc n)
thus Zcase
by (auto simp del: surjective-pairing [symmetric)
simp add: Let-def split-def Bolzano-bisect-le [OF le]
P [of fst (Bolzano-bisect P a b n) - snd (Bolzano-bisect P a b n)))
qed

lemma not-P-Bolzano-bisect:
[[Vabec P(abd) & P(bye) & a<b& b<c——> P(a,c);
~ P(ab); a <b|] ==>
Vn. "~ P(fst(Bolzano-bisect P a b n), snd(Bolzano-bisect P a b n))
by (blast elim!: not-P-Bolzano-bisect [THEN [2] rev-notE])

lemma lemma-BOLZANO:
[[Vabec. Pla,b) & P(b,e) & a <b& b < c¢——> P(a,c);
V. 3dureal. 0 < d &
Vab.a<z&z<b& (b—a) <d——> P(a,h));
a<bl
==> P(a,b)
apply (rule Bolzano-nest-unique [where P1=P, THEN ezE|, assumption+)
apply (rule LIMSEQ-minus-cancel)
apply (simp (no-asm-simp) add: Bolzano-bisect-diff LIMSEQ-divide-realpow-zero)
apply (rule ccontr)
apply (drule not-P-Bolzano-bisect’, assumption+)
apply (rename-tac 1)
apply (drule-tac x = [ in spec, clarify)
apply (simp add: LIMSEQ-def)
apply (drule-tac P = %r. 0<r ——> ?Q r and z = d/2 in spec)
apply (drule-tac P = %r. 0<r ——> ?Q r and = = d/2 in spec)
apply (drule real-less-half-sum, auto)
apply (drule-tac x = fst (Bolzano-bisect P a b (no + noa)) in spec)
apply (drule-tac x = snd (Bolzano-bisect P a b (no + noa)) in spec)
apply safe
apply (simp-all (no-asm-simp))
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apply (rule-tac y = abs (fst (Bolzano-bisect P a b (no 4+ noa)) — 1) + abs (snd
(Bolzano-bisect P a b (no + noa)) — 1) in order-le-less-trans)

apply (simp (no-asm-simp) add: abs-if)

apply (rule real-sum-of-halves [THEN subst])

apply (rule add-strict-mono)

apply (simp-all add: diff-minus [symmetric])

done

lemma lemma-BOLZANO2: (Vabec. (a <b& b < c & P(a,b) & P(b,c)) ——>
P(a,c)) &

(Vz. Fdureal. 0 < d &

Vab.a<z &z <b& (b—a)<d——> P(a,h))))

—> (Vab.a <b——> P(a,b))
apply clarify
apply (blast intro: lemma-BOLZANO)
done

14.4 Intermediate Value Theorem

Prove Contrapositive by Bisection

lemma IVT: [| f(a:real) < (y::real); y < f(b);
a < b;
Vz.a<z &z <b——>1isCont fz) |
==>3dr.a<z &z <b& flz)=y
apply (rule contrapos-pp, assumption)
apply (cut-tac P =% (uw) .a <uv & u<v&ov<b—>"(f(v) <y&y<
f (v)) in lemma-BOLZANO2)
apply safe
apply simp-all
apply (simp add: isCont-iff LIM-def)
apply (rule ccontr)
apply (subgoal-tac a < z & = < b)
prefer 2
apply simp
apply (drule-tac P = %d. 0<d ——> ?P d and z = 1 in spec, arith)
apply (drule-tac * = z in spec)+
apply simp
apply (drule-tac P = %r. P r ——> (3s>0. ?Q rs) and z = |y — fz| in spec)
apply safe
apply simp
apply (drule-tac x = s in spec, clarify)
apply (cut-tac x = fx and y = y in linorder-less-linear, safe)
apply (drule-tac x = ba—x in spec)
apply (simp-all add: abs-if)
apply (drule-tac x = aa—z in spec)
apply (case-tac z < aa, simp-all)
done
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lemma IVT2: [| f(b::real) < (y::real); y < f(a);

a < b;

Vz.a <z &z <b——>isCont fx)

[==>3dz.a<z&z<b& f(z)=y

apply (subgoal-tac — fa < —y & —y < — fb, clarify)
apply (drule IVT [where f = %z. — f z], assumption)
apply (auto intro: isCont-minus)
done

lemma IVT-objl: (f(a::real) < (y:real) & y < f(b) & a < b &
Vz.a <z &2 <b-——>1isCont f x))
—>Fz.a<z&z<b& f(z)=1y)

apply (blast intro: IVT)

done

lemma IVT2-0bjl: (f(b::real) < (y:real) & y < f(a) & a < b &
Vz.a <z &2 <b——>1isCont f x))
—> Fzr.a<z&z<b& f(z)=1y)

apply (blast intro: IVT2)

done

By bisection, function continuous on closed interval is bounded above

lemma isCont-bounded:
[a<b;Vz.a<z&z<b—-——>isContfx |
==>JIM:ureal. Vzureal. a <z &z <b——> f(z) <M

apply (cut-tac P =% (uw) . a <u&u<v&v<b—>E3M V. u<z&

x<v-——>fzr < M)in lemma-BOLZANQO2)

apply safe

apply simp-all

apply (rename-tac z za ya M Ma)

apply (cut-tac z = M and y = Ma in linorder-linear, safe)

apply (rule-tac x = Ma in exl, clarify)

apply (cut-tac x = zb and y = za in linorder-linear, force)

apply (rule-tac z = M in exl, clarify)

apply (cut-tac x = zb and y = za in linorder-linear, force)

apply (case-tac a < x & z < b)

apply (rule-tac [2] x = 1 in exl)

prefer 2 apply force

apply (simp add: LIM-def isCont-iff)

apply (drule-tac x = x in spec, auto)

apply (erule-tac V.=VM.3z. a <z &z <b& "~ fz < M in thin-rl)

apply (drule-tac x = 1 in spec, auto)

apply (rule-tac z = s in exl, clarify)

apply (rule-tac x = |f z| + 1 in exl, clarify)

apply (drule-tac * = za—z in spec)

apply (auto simp add: abs-ge-self)

done

Refine the above to existence of least upper bound
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lemma lemma-reals-complete: ((3z. xz € S) & (Fy. isUb UNIV S (y::real))) ——>
(3t. isLub UNIV S t)

by (blast intro: reals-complete)

lemma isCont-has-Ub: [| a < b;Vz. a <z & < b ——> isCont fx ||
==> AM:real. Vz:real. a <z &z <b——> f(z) < M) &
(VN.N<M—-—>3z.a<z&z<b& N < f(x))
apply (cut-tac S = Collect (%oy. Jz. a <z &z < b& y = fz)
in lemma-reals-complete)
apply auto
apply (drule isCont-bounded, assumption)
apply (auto simp add: isUb-def leastP-def isLub-def setge-def setle-def)
apply (rule exl, auto)
apply (auto dest!: spec simp add: linorder-not-less)
done

Now show that it attains its upper bound

lemma isCont-eq-Ub:
assumes le: a < b
and con: Vz:real. a <z & xz < b ——> isCont f x
shows IM:real. Vz. a <z &z <b——>f(z) < M) &
Hz.a<z&z<b& flz)=M)
proof —
from isCont-has-Ub [OF le con]
obtain M where M1:Vz.a <z ANz <b— fz <M
and M2:!!N. N<M ==>3dz. a <z Az < bAN < fz by blast
show ?thesis
proof (intro exl, intro conjl)
show Vz.a <z Az <b-— fz <M by (rule M1)
show Jz. a <z Az <bAfzxz =M
proof (rule ccontr)
assume - (Jz.a <z Az < bAfz=M)
with M1 have M3:Vz. a <z &z <b——>fz < M
by (fastsimp simp add: linorder-not-le [symmetric])
hence Vz. a < z & z < b ——> isCont (Y%x. inverse (M — fz)) x
by (auto simp add: isCont-inverse isCont-diff con)
from isCont-bounded [OF le this]
obtain k£ where k: !!z. a <z & 2 < b ——> inverse (M — fz) < k by auto
have Minv: llz. a <z & z < b ——> 0 < inverse (M — f (z))
by (simp add: M8 compare-rls)
have lz. a <z & © < b ——> inverse (M — fz) < k+1 using k
by (auto intro: order-le-less-trans [of - k])
with Minv
have lz. a < z & © < b ——> inverse(k+1) < inverse(inverse(M — fx))
by (intro strip less-imp-inverse-less, simp-all)
hence invit: 'z. o <z & v < b ——> inverse(k+1) < M — fz
by simp
have M — inverse (k+1) < M using k [of a] Minv [of a] le
by (simp, arith)
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from M2 [OF this]
obtain z where az: 0 <z & z < b & M — inverse(k+1) < fz ..
thus False using invlt [of z] by force
qed
qed
qed

Same theorem for lower bound

lemma isCont-eq-Lb: [| a < b;Vz. a <z & 2 < b ——> isCont fz ||

==> I M:ureal. Vzureal. a <z & 2 <b——>M < f(2)) &
Hz.a<z&z<b& flx)=M)

apply (subgoal-tacVz. a <z & x < b ——> isCont (%z. — (fz)) )

prefer 2 apply (blast intro: isCont-minus)

apply (drule-tac f = (%x. — (fz)) in isCont-eq-Ub)

apply safe

apply auto

done

Another version.

lemma isCont-Lb-Ub: [l[a < b;Vz. a <z &z < b ——> isCont fx ||

==> 3L M:real. (Vwreala<x&:x<b——>L<f() flz) < M) &

Vy L<y&y<M—>3z.a<z&z<b& (f(z)=y)))

apply (frule isCont-eq-Lb)
apply (frule-tac [2] isCont-eq-Ub)
apply (assumption+, safe)
apply (rule-tac z = fz in exl)
apply (rule-tac x = f za in exl, simp, safe)
apply (cut-tac z = © and y = za in linorder-linear, safe)
apply (cut-tac f = f and ¢ = r and b = za and y = y in IVT-objl)
apply (cut-tac [2] f = f and a=zaand b =z and y = y in IVT2-0bjl, safe)
apply (rule-tac [2]
apply (rule-tac [4]
done

z = zb in ex[)
z = zb in exl, simp-all)

If (0::'a) < f' z then z is Locally Strictly Increasing At The Right

lemma DERIV-left-inc:
fixes f :: real => real
assumes der: DERIV fz :> 1

and I: 0 <
shows 3d > 0.Yh > 0. h < d ——> f(z) < f(z + h)
proof —

from ! der [THEN DERIV-D, THEN LIM-D [where r = []]
have 3s > 0. Vz. 2 # 0 A |z| < s — |(f(z+2) — fz) [/ z = 1] < 1)
by (simp add: diff-minus)
then obtain s
where s: 0 <s
and all: "z. 2 # 0 AN |z] < s — |(f(z+2) — fz) /2 =1 <
by auto
thus %thesis
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proof (intro exl conjI strip)
show 0<s using s .
fix h::real
assume 0 < h h < s
with all [of h] show fz < f (z+h)
proof (simp add: abs-if pos-less-divide-eq diff-minus [symmetric]
split add: split-if-asm)
assume ~ (f (z+h) — fz) /h<land h: 0 < h
with [
have 0 < (f (z+h) — fz) / h by arith
thus fz < f (z+h)
by (simp add: pos-less-divide-eq h)
qed
qed
qed

lemma DERIV-left-dec:
fixes f :: real => real
assumes der: DERIV fz :> 1

and I: [ <0
shows 3d > 0.Vh > 0. h < d ——> f(z) < f(z—h)
proof —

from ! der [THEN DERIV-D, THEN LIM-D [where r = —[|]
have 3s > 0. Vz. 2 # 0 A |z| < s — |(f(z+2) — fz) [/ z — 1| < =)
by (simp add: diff-minus)
then obtain s
where s: 0 < s
and all: 'z. 2 # 0 AN |z] < s — |(f(z+2z) — fz) [z — 1] < =1
by auto
thus ?thesis
proof (intro exl conjl strip)
show 0<s using s .
fix h::real
assume 0 < h h < s
with all [of —h] show fz < f (z—h)
proof (simp add: abs-if pos-less-divide-eq diff-minus [symmetric]
split add: split-if-asm)
assume — ((f (z—h) — fz) / h) <land h: 0 < h
with [
have 0 < (f (z—h) — fz) / h by arith
thus fz < f (z—h)
by (simp add: pos-less-divide-eq h)
qed
qed
qed

lemma DERIV-local-mazx:
fixes f :: real => real
assumes der: DERIV fx > 1
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and d: 0 < d
and le: Vy. |[z—y| < d —> f(y) < f(z)
shows [ = 0
proof (cases rule: linorder-cases [of | 0])
case equal thus ?thesis .
next
case less
from DERIV-left-dec [OF der less]
obtain d’ where d": 0 < d’
and It: Vh > 0. h < d'— fz < f (z—h) by blast
from real-lbound-gt-zero [OF d d]
obtain ¢ where 0 < e ANe<dAe<d ..
with [t le [THEN spec [where z=x—¢]|
show ?thesis by (auto simp add: abs-if)
next
case greater
from DERIV-left-inc [OF der greater]
obtain d’ where d": 0 < d’
and lt: Vh > 0. h < d'— fz < f (z + h) by blast
from real-lbound-gt-zero [OF d d]
obtain e where 0 < e ANe<dAe<d ..
with [t le [THEN spec [where z=x+c¢]|
show ?thesis by (auto simp add: abs-if)
qed

Similar theorem for a local minimum

lemma DERIV-local-min:

fixes f :: real => real

shows [| DERIV fz :> 1; 0 < d;Vy. |[z—y| < d —> f(z) < f(y) || ==> 1 =
0
by (drule DERIV-minus [THEN DERIV-local-maz], auto)

In particular, if a function is locally flat

lemma DERIV-local-const:

fixes f :: real => real

shows [| DERIV fz :> 1; 0 < d;Vy. |z—y| < d ——> f(z) = f(y) || ==> 1 =
0
by (auto dest!: DERIV-local-maz)

Lemma about introducing open ball in open interval

lemma lemma-interval-lt:
[a<z z<b]
==> 3dureal. 0 < d & Vy. |z—y|<d—>a<y&y<b)
apply (simp add: abs-less-iff)
apply (insert linorder-linear [of z—a b—2x], safe)
apply (rule-tac © = z—a in exl)
apply (rule-tac [2] x = b—z in ex], auto)
done
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lemma lemma-interval: [| a < z; z < b |] ==>
Jdureal. 0 < d & (Vy. Jz—y|l <d—>a<y&y<Dbh)
apply (drule lemma-interval-it, auto)
apply (auto intro!: exl)
done

Rolle’s Theorem. If f is defined and continuous on the closed interval [a,b]
and differentiable on the open interval (a,b), and f a = f b, then there exists
z0 € (a,b) such that f’ 20 = (0::a)

theorem Rolle:
assumes lt: a < b
and eq: f(a) = ()
and con: Vz. a <z & x < b ——>isCont fx
and dif [rule-format]: Va. a < x & © < b ——> f differentiable x
shows Jzureal. a < 2 & 2 < b & DERIV fz :> 0
proof —
have le: a < b using It by simp
from isCont-eq-Ub [OF le con)
obtain z where z-maz: Vz. a <2 ANz2<b— fz<fz
and alex: a < z and zleb: z < b
by blast
from isCont-eq-Lb [OF le con]
obtain z’ where z’-min: Vz. a < 2N 2<b— fz' < fz
and alez” a < 2’ and z'leb: 2/ < b
by blast
show ?thesis
proof cases
assume azh: ¢ <z & z < b
— f attains its maximum within the interval
hence az: a<z and zb: x<b by auto
from lemma-interval [OF az zb)
obtain d where d: 0<d and bound: Vy. [z—y| < d — a<yAy<b
by blast
hence bound”: Vy. |z—y| < d — fy < fz using z-max
by blast
from differentiableD [OF dif [OF axb]]
obtain [ where der: DERIV fz :> [ ..
have (=0 by (rule DERIV-local-maz [OF der d bound'])
— the derivative at a local maximum is zero
thus ?thesis using ax xb der by auto
next
assume notazb: ~ (a < z & z < b)
hence zeqab: x=a | x=0 using alezx zleb by arith
hence fo-eq-fz: f b = fx by (auto simp add: eq)
show ?thesis
proof cases
assume az’b: a < z' & ' < b
— f attains its minimum within the interval
hence az’ a<z’ and z’b: z'<b by auto
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from lemma-interval [OF ax’ z'b]

obtain d where d: 0<d and bound: Vy. |z'—y| <d — a <y Ay <b
by blast

hence bound”: Vy. |z'—y| < d — fz’ < fy using z’-min
by blast

from differentiableD [OF dif [OF az'b]]

obtain | where der: DERIV fz':> [ ..

have /=0 by (rule DERIV-local-min [OF der d bound’])

— the derivative at a local minimum is zero
thus ?thesis using ax’ z’b der by auto
next
assume notaz’b: ~ (a < z' & ' < b)
— f is constant througout the interval

hence z’eqab: '=a | z'=b using alez’ x'leb by arith

hence fb-eq-fr”: f b = fz’ by (auto simp add: eq)

from dense [OF [t]

obtain r where ar: ¢ < r and rb: r < b by blast

from lemma-interval [OF ar rb)

obtain d where d: 0<d and bound: Vy. |[r—y|<d — a<yANy<b
by blast

have eq-fb:Vz. a <z —>2<b——>fz=fb

proof (clarify)

fix z::real
assume az: a < zand zb: z < b
show fz=fb

proof (rule order-antisym)
show f 2z < fb by (simp add: fb-eq-fr x-mazx az zb)
show fb < fz by (simp add: fb-eq-fr’ x’-min az zb)
qged
qed
have bound”: Vy. |r—y| < d — fr=1fy
proof (intro strip)
fix y::real
assume [t: [r—y| < d
hence fy = f b by (simp add: eg-fb bound)
thus fr = fy by (simp add: eq-fb ar rb order-less-imp-le)
qed
from differentiableD [OF dif [OF congl [OF ar rb]]]
obtain [ where der: DERIV fr :> [ ..
have [=0 by (rule DERIV-local-const [OF der d bound))
— the derivative of a constant function is zero
thus “thesis using ar rb der by auto
qed
qed
qed

14.5 Mean Value Theorem

lemma lemma-MVT:
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fa—(fb—fa)/(b—a)*xa=fb—(fb— fa)/(b—a) x (b:real)
proof cases
assume a=>b thus ?thesis by simp
next
assume a#b
hence ba: b—a # 0 by arith
show ?thesis
by (rule real-mult-left-cancel [OF ba, THEN iffD1],
simp add: right-diff-distrib,
simp add: left-diff-distrib)
qged

theorem MVT:
assumes lt: a < b
and con: Vz.a <z & x < b ——>1isCont fx
and dif [rule-format]: Va. a < z & © < b ——> f differentiable x
shows 3l z:ireal. a < 2 & 2 < b & DERIV fz :> 1 &

; (f(b) — f(a) = (b=a) x 1)
proof —
let 2F = %z. fz — ((fo— fa)/ (b—a)) xz

have contF: Vz. a < x A x < b — isCont ?F x using con
by (fast intro: isCont-diff isCont-const isCont-mult isCont-ident)
have diff':Vz. a <z ANz < b — ?F differentiable x
proof (clarify)
fix z::real
assume az: ¢ < z and zb: x < b
from differentiableD [OF dif [OF congl [OF ax zb]]]
obtain [ where der: DERIV fz :> [ ..
show ?2F differentiable x
by (rule differentiablel [where D =1 — (fb — fa)/(b—a)],
blast intro: DERIV-diff DERIV-cmult-1d der)
qed
from Rolle [where f = ?F, OF It lemma-MVT contF difF)|
obtain z where az: ¢ < z and 2b: z < b and der: DERIV ?F z :> 0
by blast
have DERIV (%z. ((fb — fa)/(b—a)) *xx) z:> (fb — fa)/(b—a)
by (rule DERIV-cmult-Id)
hence derF: DERIV (Az. ?Fx + (fb—fa)/ (b —a)xz) 2
>0+ (fb—fa)/ (b—a)
by (rule DERIV-add [OF der])
show ?thesis
proof (intro exl congl)
show a < z using az .
show z < b using 2b .
show fb— fa= (b a)+ (fb— fa)/(b—a)) by (simp)
show DERIV fz :> ((fb — fa)/(b—a)) using derF by simp
qed
qed

A function is constant if its derivative is 0 over an interval.
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lemma DERIV-isconst-end:
fixes f :: real => real
shows [| a < b;
V.o <z &z <b——>1isCont [z
Ve.a<z & x<b——>DERIVfz:> 0]
==>fb=fa
apply (drule MVT, assumption)
apply (blast intro: differentiablel)
apply (auto dest!: DERIV-unique simp add: diff-eq-eq)
done

lemma DERIV-isconstl:
fixes f :: real => real
shows [| a < b;
V.o <z &z <b-——>1isCont [z
Ve.a <z & x<b——>DERIVfz:> 0]
==>Ve.a<z&z<b—>fzx=fa
apply safe
apply (drule-tac * = a in order-le-imp-less-or-eq, safe)
apply (drule-tac b = z in DERIV-isconst-end, auto)
done

lemma DERIV-isconst2:
fixes f :: real => real
shows [| a < b;
V.o <z &z <b——>1isCont [z
Ve.a<z &z <b——>DERIVfzx:>0;
a<zxz<bl
==>fz=fa
apply (blast dest: DERIV-isconstl)
done

lemma DERIV-isconst-all:
fixes f :: real => real
shows V. DERIV fx :> 0 ==> f(z) = f(y)
apply (rule linorder-cases [of = y))
apply (blast intro: sym DERIV-isCont DERIV-isconst-end)+
done

lemma DERIV-const-ratio-const:

fixes [ :: real => real

shows [|a # b; Vx. DERIV fz :> k || ==> (f(b) — f(a)) = (b—a) x k
apply (rule linorder-cases [of a b], auto)
apply (drule-tac [!] f = f in MVT)
apply (auto dest: DERIV-isCont DERIV-unique simp add: differentiable-def)
apply (auto dest: DERIV-unique simp add: ring-distribs diff-minus)
done

lemma DERIV-const-ratio-const2:
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fixes f :: real => real

shows [|a # b; Vz. DERIV fz :> k || ==> (f(b) — f(a))/(b—a) =k
apply (rule-tac ¢c1 = b—a in real-mult-right-cancel [THEN iffD1])
apply (auto dest!: DERIV-const-ratio-const simp add: mult-assoc)
done

lemma real-average-minus-first [simp]: ((a + b) /2 — a) = (b—a)/(2::real)
by (simp)

lemma real-average-minus-second [simp]: ((b + a)/2 — a) = (b—a)/(2::real)
by (simp)

Gallileo’s 7trick”: average velocity = av. of end velocities

lemma DERIV-const-average:
fixes v :: real => real
assumes neq: a # (b::real)
and der: Vz. DERIV vz > k
shows v ((a + b)/2) = (va + v b)/2
proof (cases rule: linorder-cases [of a b))
case equal with neq show ?thesis by simp
next
case less
have (vb —wva)/(b—a)=k
by (rule DERIV-const-ratio-const2 [OF neq der])
hence (b—a) * (vb — v a) / (b—a)) = (b—a) x k by simp
moreover have (v ((a +b) / 2) —va)/ (a+b)/ 2 —a)=k
by (rule DERIV-const-ratio-const2 [OF - der], simp add: neq)
ultimately show ?thesis using neq by force
next
case greater
have (vb —wva)/ (b—a) =k
by (rule DERIV-const-ratio-const2 [OF neq der])
hence (b—a) * ((vb — va) / (b—a)) = (b—a) * k by simp
moreover have (v (b+a)/2)—va)/ ((b+a)/ 2 —a)=k
by (rule DERIV-const-ratio-const2 [OF - der], simp add: neq)
ultimately show ?thesis using neq by (force simp add: add-commute)
qed

Dull lemma: an continuous injection on an interval must have a strict max-
imum at an end point, not in the middle.

lemma lemma-isCont-inj:
fixes f :: real = real
assumes d: 0 < d
and inj [rule-format]: Vz. |z—z| < d ——> g(f2) = 2
and cont: Vz. |z—z| < d ——> isCont f z
shows 2. [z—z| < d & fz < f2
proof (rule ccontr)
assume ~ (Fz. |z—z| < d & fzx < fz)
hence all [rule-format]: Vz. |z — z| < d ——> fz < fz by auto



THEORY “Deriv”

show Fulse
proof (cases rule: linorder-le-cases [of f(x—d) f(z+d)])
case le
from d cont all [of z+d]
have flef: f(z+d) < fz
and zlez: z — d < x
and cont"Vz.z —d <z AN z<z— isCont fz
by (auto simp add: abs-if)
from IVT [OF le flef zlex cont’]
obtain z’ where z—d < z’' 2’ < z fz' = f(z+d) by blast
moreover
hence g(f ') = g (f(s-+d)) by simp
ultimately show False using d inj [of =] inj [of z+d]
by (simp add: abs-le-iff)
next
case ge
from d cont all [of z—d]
have flef: f(z—d) < fz
and zlez: x < z+d
and cont’ " Vz.x <z A z < z+d — isCont f z
by (auto simp add: abs-if)
from VT2 [OF ge flef xlex cont’]
obtain 2z’ where z < z' 2’ < z+d fz' = f(z—d) by blast
moreover
hence g(f ') = g (f(s—d)) by simp
ultimately show Fulse using d inj [of z'] inj [of x—d]
by (simp add: abs-le-iff )
qed
qed

Similar version for lower bound.

lemma lemma-isCont-inj2:
fixes f g :: real = real
shows [|0 < d; Vz. |z—z| < d ——> g(f z) = z;
Vz. |z—z| < d ——> isCont f z |]
==>3z. [z—z|<d & fz<fz
apply (insert lemma-isCont-inj

[where f = %z. — fz and g = %y. g(—y) and z = z and d = d))

apply (simp add: isCont-minus linorder-not-le)
done

Show there’s an interval surrounding f z in f[[z — d, = + d]] .

lemma isCont-inj-range:
fixes f :: real = real
assumes d: 0 < d
and inj: Vz. |z—z| < d ——> ¢g(f2) = 2
and cont: Vz. |z—z| < d ——> isCont f z

shows Je>0.Vy. |y — fz| <e——> Tz |z—z|<d & fz=y)

proof —

224
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have 1—d < z+d Vz. z—d < z A z < x4+d — isCont f z using cont d
by (auto simp add: abs-le-iff)
from isCont-Lb-Ub [OF this]
obtain L M
where all! [rule-format]: Vz. 2—d < z ANz <z+d — L<fzANfz<M
and all2 [rule-format]:
Vy L<yANy<M-— Fz.2—d<zANz<z+d ANfz=1y)
by auto
with d have L < fz & fz < M by simp
moreover have L # fz
proof —
from lemma-isCont-ing2 [OF d ing cont]
obtain u where |u — z| < d fu < fz by auto
thus ?thesis using alll [of u] by arith
qed
moreover have fz # M
proof —
from lemma-isCont-inj [OF d inj cont|
obtain u where |u — 2| < d fz < fu by auto
thus ?thesis using alll [of u] by arith
qed
ultimately have L < fz & fx < M by arith
hence 0 < fz — L 0 < M — fz by arith+
from real-lbound-gt-zero [OF this]
obtain e where e: 0 < ee < fz — Le < M — fx by auto
thus ?thesis
proof (intro exI conjI)
show 0<e using e(1) .
show Vy. |y — fz|<e— Fz. |z — 2| <dANfz=y)
proof (intro strip)
fix y::real
assume |y — fz| <e
with e have L < y A y < M by arith
from all2 [OF this]
obtain z where z — d < zz2 <z + d fz =y by blast
thus 3z. |z —z| <dAfz=y
by (force simp add: abs-le-iff)
qed
qed
qed

Continuity of inverse function

lemma isCont-inverse-function:
fixes f g :: real = real
assumes d: 0 < d
and inj: Vz. |z—2| < d ——> g(f2) = 2
and cont: Vz. |z—z| < d ——> isCont f z
shows isCont g (f x)
proof (simp add: isCont-iff LIM-eq)
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show Vr. 0 <r —
(3s>0.Vz. 240 Nz| < s — |g(fz + 2) — g(fz)] <7)
proof (intro strip)
fix r:real
assume r: 0<r
from real-lbound-gt-zero [OF r d]
obtain e where e: 0 < e and e-lt: e < r A e < d by blast
with inj cont
have e-simps: Vz. |z—z| < e ——> g (fz) = 2
Vz.|lz—z| < e ——> isCont f z by auto
from isCont-inj-range [OF e this]
obtain ¢’ where ¢”: 0 < e’
and all: Vy. ly — fz|<e' — Fz. |z —z|<eAfz=y)
by blast
show 3s>0.Vz. 2#0 N |z| < s — |g(fz + 2) — g(fz)| <
proof (intro exl conjI)
show 0<e’ using e’ .
showVz. 2 Z 0Nzl <e — |g(fz+2)—g(fa)<r
proof (intro strip)
fix z::real
assume z: z # 0 A |z] < e’
with e e-lt e-simps all [rule-format, of fz + 2]
show |g (fz + z) — g (fz)| < r by force
qed
qed
qged
qed

Derivative of inverse function

lemma DERIV-inverse-function:
fixes f g :: real = real
assumes der: DERIV f (g z) :> D
assumes neq: D # 0
assumes a: ¢ < z and b: x < b
assumes inj: Vy. a <y ANy<b—f(gy) =y
assumes cont: isCont g
shows DERIV g x :> inverse D
unfolding DERIV-iff2
proof (rule LIM-equal2)
show 0 < min (z — a) (b — 1)
using a b by simp
next
fix y
assume norm (y — ) < min (z — a) (b — )
hence o« < yand y < b
by (simp-all add: abs-less-iff)
thus (gy —gz) / (y — 2) =
inverse ((f (9y) — )/ (gy — gx))
by (simp add: inj)
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next
have (Az. (f2 — f (92)) / (2 — g @) —— g& ——> D
by (rule der [unfolded DERIV-iff2])
hence 1: (A\z. (fz —z) /(2 —gz)) —— gax ——> D
using inj a b by simp
have 2: 3d>0.Vy. y#x Anorm (y —z)<d — gy # gz
proof (safe intro!: exl)
show 0 < min (z — a) (b — z)
using a b by simp
next
fix y
assume norm (y — z) < min (z — a) (b — )
hence y: a < yy < b
by (simp-all add: abs-less-iff )
assume gy =g
hence f (g9 y) = f (g9 z) by simp
hence y = z using inj y a b by simp
also assume y # zx
finally show Fualse by simp
qed
have (\y. (f (9y) —2) /(9y —ga)) —— 2z ——> D
using cont 1 2 by (rule isCont-LIM-compose2)
thus (\y. inverse ((f (9y) —z) / (9y — g )))
—— z ——> inverse D
using neq by (rule LIM-inverse)
qed

theorem GMVT:
fixes a b :: real
assumes alb: a < b
and fe:Vz.a <z ANz < b— isCont fx
and fd:Vz.a <z Nz <b— fdifferentiable x
and gc:Vz.a <z Ax < b—isCont gz
and gd: Vz. a < x Az < b — g differentiable
shows d¢g’c f'c ¢. DERIV g ¢ :> g'¢ N DERIV fc:> fle Na<cANc<bA
(Fb— fa)x g%) = ((g b — g a) « f'c)
proof —
let 2h = Xz. (fb — fa)x(gx) — (gb — ga)x(fx)
from prems have a < b by simp
moreover have Vz. a <z Az < b — isCont ?h x
proof —
have Vz. a <=z Az <= b — isCont (Az. fb — fa) z by simp
with gc have V. a <=2 Az <= b — isCont (\z. (fb — fa)xgz) x
by (auto intro: isCont-mult)
moreover
have Vz. a <=z Az <= b — isCont (Az. g b — g a) = by simp
with fc have V. a <=z Az <=b — isCont (A\z. (9b —ga)*fz)z
by (auto intro: isCont-mult)
ultimately show ?thesis
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by (fastsimp intro: isCont-diff)
qed
moreover
have Vz. a < 2z Az < b — ?h differentiable x
proof —
have Vz. a <z Az < b — (Az. fb — f a) differentiable x by (simp add:
differentiable-const)
with gd have Vz. a <z Az < b — (Az. (fb — fa) x g x) differentiable =
by (simp add: differentiable-mult)
moreover
have Vz. a <z Az < b — (Az. g b — g a) differentiable x by (simp add:
differentiable-const)
with fd have Vz. a <2 Az < b — (Az. (¢ b — g a) * fx) differentiable
by (simp add: differentiable-mult)
ultimately show ?thesis by (simp add: differentiable-diff)
qged
ultimately have 31 z. a < 2 Az < bADERIV ?hz:>1AN?%b— %ha=(b
— a) x Il by (rule MVT)
then obtain [ where ldef: 32z. a < 2 A2 < b A DERIV ?h z:> 1N ?h b — ?h
a=(b—a)*l..
then obtain ¢ where cdef: a < ¢ A c < b A DERIV ?hec:>1N?hb— %ha
=(b—a)x*xl..

from cdef have cint: a < ¢ A ¢ < b by auto

with gd have g differentiable ¢ by simp

hence 3 D. DERIV g ¢ :> D by (rule differentiableD)
then obtain ¢'c where g’cdef: DERIV g ¢ :> g'c ..

from cdef have a < ¢ A ¢ < b by auto

with fd have f differentiable ¢ by simp

hence 3 D. DERIV f ¢ :> D by (rule differentiableD)
then obtain f’c where f’cdef: DERIV fc :> f'c ..

from cdef have DERIV ?h ¢ :> [ by auto
moreover

have DERIV (Ax. (fb — fa)xgz) ¢c:> g'c* (fb — fa)
apply (insert DERIV-const [where k=fb — f a])
apply (drule meta-spec [of - c])
apply (drule DERIV-mult [OF - g’cdef])
by simp

moreover have DERIV (Ax. (gb — ga) x fz) c:>flcx(gb— ga)
apply (insert DERIV-const [where k=g b — g a])
apply (drule meta-spec [of - c])
apply (drule DERIV-mult [OF - f’cdef])
by simp

ultimately have DERIV ?h ¢ :> g'cx (fb— fa) — flcx(¢gb — g a)
by (simp add: DERIV-diff)

}
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ultimately have leq: | = g'c x (fb — fa) — flc x (g b — g a) by (rule
DERIV-unique)

{
from cdef have ?h b — ?h a = (b — a) * | by auto
also with leg have ... = (b — a) x (¢’c x (fb — fa) — flcx (gb — ga)) by
s1mp

finally have ?h b — ?ha= (b — a) * (g’c* (fb — fa) — flcx(gb — ga))
by simp
}

moreover

{

have ?h b — ?h a =
((fb)x(g b) — (fa)x(g b) — (g b)*(f ) (9 a)x(f b)) —
((f0)x(g a) = (fa)x(g a) — (g b)*(f a) + (g a)*(f a))
by (simp add: mult-ac add-ac right-diff- dzstrzb)
hence ?h b — ?h a = 0 by auto

ultimately have (b — a) * (g’c % (fb — fa) — flex (g b — g a)) = 0 by auto
with alb have g’c * (fb — fa) — flc x (g b — g a) = 0 by simp
hence g'c x (fb — fa) =f'cx (gb — g a) by simp

hence (fb — fa) x g'c=(gb — g a) * f'c by (simp add: mult-ac)

with g’cdef f'cdef cint show ?thesis by auto
qed

lemma lemma-DERIV-subst: || DERIV fz :> D; D = E || ==> DERIV fz :>
E
by auto

end

15 NthRoot: Nth Roots of Real Numbers

theory NthRoot
imports SEQ Parity Deriv
begin

15.1 Existence of Nth Root

Existence follows from the Intermediate Value Theorem

lemma realpow-pos-nth:
assumes n: 0 < n
assumes a: 0 < a
shows 3r>0. r " n = (a::real)
proof —
have 3r>0.r < (max 1 a) Ar "n=a
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proof (rule IVT)
show 0 “n < a using n a by (simp add: power-0-left)
show 0 < maz 1 a by simp
from n have ni: 1 < n by simp
have a < maz 1 a ~ 1 by simp
also have mazr 1 a "1 <mar1a " n
using nl by (rule power-increasing, simp)
finally show a < mazx 1 a " n .
show Vr. 0 <r Ar <max1a— isCont (Az.z "n)r
by (simp add: isCont-power)
qed
then obtain r where r: 0 < r A r " n = a by fast
with n a have r # 0 by (auto simp add: power-0-left)
with » have 0 < r A r " n = a by simp
thus %thesis ..
qed

230

lemma realpow-pos-nth2: (0::real) < a = 3Ir>0.r " Sucn = a

by (blast intro: realpow-pos-nth)

Uniqueness of nth positive root

lemma realpow-pos-nth-unique:
[0<n;0<a] = 3lr.0<rAr " n=(a:real)

apply (auto intro!: realpow-pos-nth)

apply (rule-tac n=n in power-egq-imp-eg-base, simp-all)

done

15.2 Nth Root

We define roots of negative reals such that root n (— z) =
allows us to omit side conditions from many theorems.

definition
root :: [nat, real] = real where
root nx = (if 0 < x then (THE u. 0 < u A u " n = z) else

— root n z. This

ift < Othen — (THE uw. 0 < u Au "n=— z) else 0)

lemma real-root-zero [simpl: root n 0 = 0
unfolding root-def by simp

lemma real-root-minus: 0 < n => root n (— z) = — root n x
unfolding root-def by simp

lemma real-root-gt-zero: [0 < n; 0 < z] = 0 < root n x
apply (simp add: root-def)

apply (drule (1) realpow-pos-nth-unique)

apply (erule thel’ [THEN conjunctl])

done
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lemma real-root-pow-pos:

[0<n; 0<z]= rootnz " n==z
apply (simp add: root-def)
apply (drule (1) realpow-pos-nth-unique)
apply (erule thel' [THEN conjunct2])
done

lemma real-root-pow-pos2 [simp]:
[0<n; 0<z]= rootnz "n=cz
by (auto simp add: order-le-less real-root-pow-pos)

lemma odd-pos: odd (n:nat) = 0 < n
by (cases n, simp-all)

lemma odd-real-root-pow: odd n — root nx “n =z
apply (rule-tac z=0 and y=z in linorder-le-cases)
apply (erule (1) real-root-pow-pos2 [OF odd-pos])
apply (subgoal-tac root n (— z) “n = — z)

apply (simp add: real-root-minus odd-pos)

apply (simp add: odd-pos)

done

lemma real-root-ge-zero: [0 < n; 0 < z] = 0 < root n x
by (auto simp add: order-le-less real-root-gt-zero)

lemma real-root-power-cancel: [0 < n; 0 < z] = root n (z "n) =z
apply (subgoal-tac 0 < z " n)

apply (subgoal-tac 0 < root n (z ~ n))

apply (subgoal tac rootn (x “n) “n =z " n)

apply (erule (3) power-eq-imp-eq-base)

apply (erule (1) real-root-pow-pos2)

apply (erule (1) real-root-ge-zero)

apply (erule zero-le-power)

done

lemma odd-real-root-power-cancel: odd n = root n (x " n) = x
apply (rule-tac z=0 and y=z in linorder-le-cases)

apply (erule (1) real-root-power-cancel [OF odd-pos))
apply (subgoal-tac root n ((— z) “n) = — )

apply (simp add: real-root-minus odd-pos)

apply (erule real-root-power-cancel [OF odd-pos], simp)
done

lemma real-root-pos-unique:
[0<n0<y;y "n=z] = rootnz =y
by (erule subst, rule real-root-power-cancel)

lemma odd-real-root-unique:
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[oddn;y “n=1a] = rootnz =y
by (erule subst, rule odd-real-root-power-cancel)

lemma real-root-one [simp]: 0 < n = root n 1 = 1
by (simp add: real-root-pos-unique)

Root function is strictly monotonic, hence injective

lemma real-root-less-mono-lemma:
[0<n; 0<z2z<y]= rootnz<rootny
apply (subgoal-tac 0 < y)
apply (subgoal-tac root nx " n < rootny " n)
apply (erule power-less-imp-less-base)
apply (erule (1) real-root-ge-zero)
apply simp
apply simp
done

lemma real-root-less-mono: [0 < n; z < y] = root n & < root n y
apply (cases 0 < x)

apply (erule (2) real-root-less-mono-lemma)
apply (cases 0 < y)

apply (rule-tac y=0 in order-less-le-trans)
apply (subgoal-tac 0 < root n (— z))

apply (simp add: real-root-minus)

apply (simp add: real-root-gt-zero)

apply (simp add: real-root-ge-zero)

apply (subgoal-tac root n (— y) < root n (— x))
apply (simp add: real-root-minus)

apply (simp add: real-root-less-mono-lemma)
done

lemma real-root-le-mono: [0 < n; 2 < y] = root nx < root n y
by (auto simp add: order-le-less real-root-less-mono)

lemma real-root-less-iff [simp]:
0 <n= (rootnz < rootny)=(z<y)
apply (cases z < y)
apply (simp add: real-root-less-mono)
apply (simp add: linorder-not-less real-root-le-mono)
done

lemma real-root-le-iff [simp]:
0 <n= (rootnz <rootny)=(z<y)
apply (cases © < y)
apply (simp add: real-root-le-mono)
apply (simp add: linorder-not-le real-root-less-mono)
done

lemma real-root-eq-iff [simp]:
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0 <n = (root nz = root ny)=(z=y)
by (simp add: order-eq-iff)

lemmas real-root-gt-0-iff [simp] = real-root-less-iff [where =0, simplified]
lemmas real-root-lt-0-iff [simp] = real-root-less-iff [where y=0, simplified]
lemmas real-root-ge-0-iff [simp] = real-root-le-iff [where =0, simplified]
lemmas real-root-le-0-iff [simp] = real-root-le-iff [where y=0, simplified]
lemmas real-root-eq-0-iff [simp] = real-root-eq-iff [where y=0, simplified]

lemma real-root-gt-1-iff [simp]: 0 < n = (I < root ny) = (1 < y)
by (insert real-root-less-iff [where z=1], simp)

lemma real-root-lt-1-iff [simp]: 0 < n = (root nz < 1) = (z < 1)
by (insert real-root-less-iff [where y=1], simp)

lemma real-root-ge-1-iff [simp]: 0 < n = (1 < rootny) = (1 < y)
by (insert real-root-le-iff [where z=1], simp)

lemma real-root-le-1-iff [simp]: 0 < n = (root naz < 1) = (z < 1)
by (insert real-root-le-iff [where y=1], simp)

lemma real-root-eq-1-iff [simp]: 0 < n = (rootnx =1) = (xz = 1)
by (insert real-root-eq-iff [where y=1], simp)

Roots of roots

lemma real-root-Suc-0 [simp]: root (Suc 0) z = z
by (simp add: odd-real-root-unique)

lemma real-root-pos-mult-exp:
[0 <m;0<mn;0<z]= root (mx*n)x = rootm (root n )
by (rule real-root-pos-unique, simp-all add: power-mult)

lemma real-root-mult-exp:

[0 < m; 0 < n] = root (m x n) x = root m (root n x)
apply (rule linorder-cases [where r=z and y=0])
apply (subgoal-tac root (m x n) (— z) = root m (root n (— x)))
apply (simp add: real-root-minus)
apply (simp-all add: real-root-pos-mult-exp)
done

lemma real-root-commute:
[0 < m; 0 < n] = root m (root n z) = root n (root m x)
by (simp add: real-root-mult-exp [symmetric] mult-commute)

Monotonicity in first argument

lemma real-root-strict-decreasing:

[0<n;n< N;1<z]= root No < rootnz
apply (subgoal-tac root n (root N z) “n < root N (root n z) ~ N, simp)
apply (simp add: real-root-commute power-strict-increasing
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del: real-root-pow-pos2)
done

lemma real-root-strict-increasing:
[0<n;n<N;0<z;z<1] = rootnz < root Nz
apply (subgoal-tac root N (root n x) “~ N < root n (root N z) " n, simp)
apply (simp add: real-root-commute power-strict-decreasing
del: real-root-pow-pos2)
done

lemma real-root-decreasing:
[0<n;n<N;1<z]= root Nv <rootnz
by (auto simp add: order-le-less real-root-strict-decreasing)

lemma real-root-increasing:
[0<n;n<N;0<z;z<1] = rootnz < root Nz
by (auto simp add: order-le-less real-root-strict-increasing)

Roots of multiplication and division

lemma real-root-mult-lemma:
[0 <n;0<z;0<y] = root n (z*y) = root nx * root ny
by (simp add: real-root-pos-unique mult-nonneg-nonneg power-mult-distrib)

lemma real-root-inverse-lemma:
[0 < n; 0 < z] = root n (inverse x) = inverse (root n x)
by (simp add: real-root-pos-unique power-inverse [symmetric|)

lemma real-root-mult:

assumes n: 0 < n

shows root n (x * y) = root n x x root n y
proof (rule linorder-le-cases, rule-tac [!] linorder-le-cases)

assume (0 <z and 0 <y

thus ?thesis by (rule real-root-mult-lemma [OF n))
next

assume (0 < z and y < 0

hence 0 < z and 0 < — y by simp-all

hence o0t n (z x — y) = root n x * root n (— y)

by (rule real-root-mult-lemma [OF n])

thus ?thesis by (simp add: real-root-minus [OF n))
next

assume z < 0 and 0 < y

hence 0 < — z and 0 < y by simp-all

hence root n (— = * y) = root n (— x) * root n y

by (rule real-root-mult-lemma [OF n])

thus ?thesis by (simp add: real-root-minus [OF n))
next

assume z < 0 and y < 0

hence 0 < — z and 0 < — y by simp-all

hence root n (— z * — y) = root n (— z) * root n (— y)
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by (rule real-root-mult-lemma [OF n])
thus ?thesis by (simp add: real-root-minus [OF n])
qed

lemma real-root-inverse:

assumes n: 0 < n

shows root n (inverse x) = inverse (root n )
proof (rule linorder-le-cases)

assume 0 < z

thus ?thesis by (rule real-root-inverse-lemma [OF n])
next

assume z < (

hence 0 < — z by simp

hence root n (inverse (— z)) = inverse (root n (— x))

by (rule real-root-inverse-lemma [OF n))

thus ?thesis by (simp add: real-root-minus [OF n))

qed

lemma real-root-divide:
0 <n= rootn (z/y)=rootnz/ rootny
by (simp add: divide-inverse real-root-mult real-root-inverse)

lemma real-root-power:
0 <n=rootn (x " k)=rootnz "k
by (induct k, simp-all add: real-root-mult)

lemma real-root-abs: 0 < n = root n |z| = |root n x|
by (simp add: abs-if real-root-minus)

Continuity and derivatives

lemma isCont-root-pos:
assumes n: 0 < n
assumes z: 0 < z
shows isCont (root n) x
proof —
have isCont (root n) (root n x ~ n)
proof (rule isCont-inverse-function [where f=XAa. a " n])
show 0 < root n x using n z by simp

show Vz. |z — root n z| < root n x — root n (z " n) = z
by (simp add: abs-le-iff real-root-power-cancel n)
show Vz. |z — root n z| < root n x — isCont (Aa. a

by (simp add: isCont-power)
qed
thus “thesis using n z by simp
qed

lemma isCont-root-neg:
[0 < n; z < 0] = isCont (root n) x
apply (subgoal-tac isCont (A\x. — root n (— z)) x)

“n) z

235
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apply (simp add: real-root-minus)

apply (rule isCont-02 [OF isCont-minus [OF isCont-ident]])
apply (simp add: isCont-minus isCont-root-pos)

done

lemma isCont-root-zero:
0 < n = isCont (root n) 0
unfolding isCont-def
apply (rule LIM-T)
apply (rule-tac x=r " n in exl, safe)
apply (simp add: zero-less-power)
apply (simp add: real-root-abs [symmetric])
apply (rule-tac n=n in power-less-imp-less-base, simp-all)
done

lemma isCont-real-root: 0 < n = isCont (root n) x

apply (rule-tac z=z and y=0 in linorder-cases)

apply (simp-all add: isCont-root-pos isCont-root-neg isCont-root-zero)
done

lemma DERIV-real-root:
assumes n: 0 < n
assumes z: (0 < z
shows DERIV (root n) x :> inverse (real n * root n x ~ (n — Suc 0))
proof (rule DERIV-inverse-function)
show 0 < z using z .
show z < z + 1 by simp
showVy. 0 < yANy<z+1 —1r00tny "n=y
using n by simp
show DERIV (Az. z " n) (root n x) :> real n * root nz * (n — Suc 0)
by (rule DERIV-pow)
show real n * root nx * (n — Suc 0) # 0
using n = by simp
show isCont (root n) x
using n by (rule isCont-real-root)
qed

lemma DERIV-odd-real-root:
assumes n: odd n
assumes z: z # 0
shows DERIV (root n) x :> inverse (real n % root n z ~ (n — Suc 0))
proof (rule DERIV-inverse-function)
show =z — 1 < z by simp
show = < z + 1 by simp
show Vy. 2z — I <yANy<z+1-—ro0tny n=y
using n by (simp add: odd-real-root-pow)
show DERIV (Ax. z " n) (root n x) :> real n * root n z * (n — Suc 0)
by (rule DERIV-pow)
show real n * root nx ~ (n — Suc 0) # 0
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using odd-pos [OF n] z by simp
show isCont (root n) x
using odd-pos [OF n] by (rule isCont-real-root)
qed

15.3 Square Root

definition
sqrt :: real = real where
sqrt = root 2

lemma pos2: 0 < (2:nat) by simp

lemma real-sqrt-unique: [y?> = z; 0 < y] = sqrt x =y
unfolding sqrt-def by (rule real-root-pos-unique [OF pos2])

lemma real-sqrt-abs [simp]: sqrt (z?) = |7|
apply (rule real-sqrt-unique)

apply (rule power2-abs)

apply (rule abs-ge-zero)

done

lemma real-sqrt-pow2 [simp]: 0 < 1 = (sqrt z)?> = =
unfolding sqrt-def by (rule real-root-pow-pos2 [OF pos2])

lemma real-sqrt-pow2-iff [simp]: ((sqrt z)? = z) = (0 < z)
apply (rule iffI)

apply (erule subst)

apply (rule zero-le-power2)

apply (erule real-sqrt-pow?2)

done

lemma real-sqrt-zero [simp]: sqrt 0 = 0
unfolding sqrt-def by (rule real-root-zero)

lemma real-sqrt-one [simp): sqrt 1 = 1
unfolding sqrt-def by (rule real-root-one [OF pos2])

lemma real-sqrt-minus: sqrt (— z) = — sqrt
unfolding sqrt-def by (rule real-root-minus [OF pos2])

lemma real-sqrt-mult: sqrt (x * y) = sqrt © * sqrt y
unfolding sqrt-def by (rule real-root-mult [OF pos2])

lemma real-sqrt-inverse: sqrt (inverse x) = inverse (sqrt x)
unfolding sqrt-def by (rule real-root-inverse [OF pos2])

lemma real-sqrt-divide: sqrt (x [/ y) = sqrt z / sqrt y
unfolding sqrt-def by (rule real-root-divide [OF pos2])

237
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lemma real-sqrt-power: sqrt (x k) = sqrt  ~ k
unfolding sqrt-def by (rule real-root-power [OF pos2])

lemma real-sqrt-gt-zero: 0 < x = 0 < sqrt z
unfolding sqrt-def by (rule real-root-gt-zero [OF pos2])

lemma real-sqrt-ge-zero: 0 < z = 0 < sqrt x
unfolding sqrt-def by (rule real-root-ge-zero [OF pos2])

lemma real-sqri-less-mono: x < y = sqrt ¢ < sqrt y
unfolding sqrt-def by (rule real-root-less-mono [OF pos2])

lemma real-sqrt-le-mono: ¢ < y = sqrt © < sqrt y
unfolding sqrt-def by (rule real-root-le-mono [OF pos2])

lemma real-sqri-less-iff [simp]: (sqrt z < sqrt y) = (z < y)
unfolding sqrt-def by (rule real-root-less-iff [OF pos2])

lemma real-sqrt-le-iff [simp]: (sqrt x < sqrt y) = (z < y)
unfolding sqrt-def by (rule real-root-le-iff [OF pos2])

lemma real-sqrt-eq-iff [simp]: (sqrt x = sqrt y) = (x = y)
unfolding sqrt-def by (rule real-root-eq-iff [OF pos2])

lemmas real-sqrt-gt-0-iff [simp] = real-sqrt-less-iff [where =0, simplified]
lemmas real-sqrt-lt-0-iff [simp] = real-sqrt-less-iff [where y=0, simplified]
lemmas real-sqrt-ge-0-iff [simp] = real-sqri-le-iff [where x=0, simplified]
lemmas real-sqrt-le-0-iff [simp] = real-sqrit-le-iff [where y=0, simplified]
lemmas real-sqrt-eq-0-iff [simp] = real-sqrt-eq-iff [where y=0, simplified]

lemmas real-sqrt-gt-1-iff [simp] = real-sqrt-less-iff [where z=1, simplified]
lemmas real-sqri-lt-1-iff [simp] = real-sqrt-less-iff [where y=1, simplified]
lemmas real-sqrt-ge-1-iff [simp] = real-sqri-le-iff [where x=1, simplified]
lemmas real-sqrt-le-1-iff [simp] = real-sqri-le-iff [where y=1, simplified]
lemmas real-sqrt-eq-1-iff [simp] = real-sqrt-eq-iff [where y=1, simplified]

lemma isCont-real-sqrt: isCont sqrt x
unfolding sqrt-def by (rule isCont-real-root [OF pos2])

lemma DERIV-real-sqrt:
0 < x = DERIV sqrt x :> inverse (sqrt x) / 2
unfolding sqrt-def by (rule DERIV-real-root [OF pos2, simplified))

lemma not-real-square-gt-zero [simp]: (~ (0::real) < zxx) = (z = 0)
apply auto

apply (cut-tac x = ¢ and y = 0 in linorder-less-linear)

apply (simp add: zero-less-mult-iff)

done
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lemma real-sqrt-abs2 [simp]: sqrt(zxz) = |z|
apply (subst power2-eg-square [symmetric])
apply (rule real-sqrt-abs)

done

lemma real-sqrt-pow2-gt-zero: 0 < x ==> 0 < (sqrt x)?

by simp

lemma real-sqrt-not-eq-zero: 0 < x ==> sqrt x # 0

by simp

lemma real-inv-sqri-pow2: 0 < ¢ ==> inverse (sqrt(z)) * 2 = inverse x

by (simp add: power-inverse [symmetric])

lemma real-sqrt-eq-zero-cancel: [| 0 < z; sqrt(z) = 0] ==>z = 0
by simp

lemma real-sqrt-ge-one: 1 <z ==> 1 < sqrt z

by simp

lemma real-sqrt-two-gt-zero [simpl: 0 < sqrt 2
by simp

lemma real-sqrt-two-ge-zero [simp): 0 < sqrt 2
by simp

lemma real-sqrt-two-gt-one [simpl: 1 < sqrt 2
by simp

lemma sqrt-divide-self-eq:
assumes nneg: 0 < z
shows sqrt © / x = inverse (sqrt )
proof cases
assume z=0 thus ?thesis by simp
next
assume nz: t#£0
hence pos: 0<x using nneg by arith
show ?thesis
proof (rule right-inverse-eq [THEN 4ffD1, THEN sym])
show sqrt x / = # 0 by (simp add: divide-inverse nneg nz)
show inverse (sqrt x) / (sqrtx | x) = 1
by (simp add: divide-inverse mult-assoc [symmetric]
power2-eq-square [symmetric] real-inv-sqrt-pow2 pos nz)
qed
qed

lemma real-divide-square-eq [simp|: (((r::real) * a) / (rx71))=a /T
apply (simp add: divide-inverse)
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apply (case-tac r=0)
apply (auto simp add: mult-ac)
done

lemma lemma-real-divide-sqrt-less: 0 < uw ==> u [/ sqrt 2 < u
by (simp add: divide-less-eq mult-compare-simps)

lemma four-z-squared:
fixes z::real
shows 4 x 22 = (2 x 1)?
by (simp add: power2-eq-square)

15.4 Square Root of Sum of Squares
lemma real-sqrt-mult-self-sum-ge-zero [simp]: 0 < sqrt(z*xz + y*y)

by (rule real-sqrt-ge-zero [OF sum-squares-ge-zero|)

lemma real-sqrt-sum-squares-ge-zero [simpl: 0 < sqrt (.Z'2 + yz)
by simp

declare real-sqrt-sum-squares-ge-zero [THEN abs-of-nonneg, simp)
lemma real-sqrt-sum-squares-mult-ge-zero [simp):

0 < sqrt (2% + y?)x(za® + ya?))
by (auto intro!: real-sqrt-ge-zero simp add: zero-le-mult-iff)
lemma real-sqrt-sum-squares-mult-squared-eq [simp]:

sqrt ((z2 + y?) * (za® + ya?)) "~ 2 = (22 + y?) * (za® + ya?)
by (auto simp add: zero-le-mult-iff)

lemma real-sqrt-sum-squares-eq-cancel: sqrt (z? + y?) =1 = y = 0
by (drule-tac f = %x. 2% in arg-cong, simp)

lemma real-sqrt-sum-squares-eg-cancel2: sqrt (22 + y?) =y =z = 0
by (drule-tac f = %z. 2% in arg-cong, simp)

lemma real-sqrt-sum-squares-gel [simp]: © < sqrt (22 + y?)
by (rule power2-le-imp-le, simp-all)

lemma real-sqrt-sum-squares-ge2 [simp]: y < sqrt (2% + y?)
by (rule power2-le-imp-le, simp-all)

lemma real-sqrt-ge-abs1 [simp]: |z < sqrt (2% + y?)
by (rule power2-le-imp-le, simp-all)

lemma real-sqrt-ge-abs2 [simp]: |y| < sqrt (2% + y?)
by (rule power2-le-imp-le, simp-all)

lemma le-real-sqrt-sumsq [simp]: © < sqrt (z * = + y * y)
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by (simp add: power2-eq-square [symmetric])

lemma power2-sum:
fixes z y :: 'a::{number-ring,recpower}
shows (z + y)2 =22 + 92 + 2 x 2 % y
by (simp add: ring-distribs power2-eq-square)

lemma power2-diff:
fixes z y :: 'a::{number-ring,recpower}
shows (z — y)2 =22 + 92 — 2 x 2 % y
by (simp add: ring-distribs power2-eq-square)

lemma real sqrt- sum—squares—triangle—ineq:

sqrt ((a + ¢)? + (b + d)?) < sqrt (a® + b2) + sqrt (¢* + d?)
apply (rule power2-le-imp-le, simp)
apply (simp add: power2- sum)
apply (simp only: mult-assoc right-distrib [symmetric])
apply (rule mult-left-mono)
apply (rule power2-le-imp-le)
apply (simp add: power2-sum power-mult-distrib)
apply (simp add: ring- dzstmbs)
apply (subgoal-tac 0 < b% * ¢2 + a? * d> — 2 x (a * ¢) * (b * d), simp)
apply (rule-tac b=(a * d — b * c)?
apply (rule zero-le-power?2)
apply (simp add: power2-diff power-mult-distrib)
apply (simp add: mult-nonneg-nonneg)
apply simp
apply (simp add: add-increasing)
done

in ord-le-eq-trans)

lemma real-sqrt-sum-squares-less:

llz| < w / sqrt 2; |y| < u / sqrt 2] = sqrt (2* + y*) < u
apply (rule power2-less-imp-less, simp)
apply (drule power-strict-mono [OF - abs-ge-zero pos2])
apply (drule power-strict-mono [OF - abs-ge-zero pos2])
apply (simp add: power-divide)
apply (drule order-le-less-trans [OF abs-ge-zero|)
apply (simp add: zero-less-divide-iff)
done

Needed for the infinitely close relation over the nonstandard complex num-
bers

lemma lemma-sqrt-hcomplex-capproz:
0 <u;z<u/2;y<u/20<uz;0<yl ==>sqt (2?2 +y?) <u
apply (rule-tac y = u/sqrt 2 in order-le-less-trans)
apply (erule-tac [2] lemma-real-divide-sqrt-less)
apply (rule power2-le-imp-le)
apply (auto simp add: real-0-le-divide-iff power-divide)
apply (rule-tac t = u? in real-sum-of-halves [THEN subst])
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apply (rule add-mono)
apply (auto simp add: four-z-squared simp del: realpow-Suc intro: power-mono)
done

Legacy theorem names:

lemmas real-root-pos2 = real-root-power-cancel

lemmas real-root-pos-pos = real-root-gt-zero [THEN order-less-imp-le]
lemmas real-root-pos-pos-le = real-root-ge-zero

lemmas real-sqrt-mult-distrib = real-sqrt-mult

lemmas real-sqrt-mult-distrib2 = real-sqrt-mult

lemmas real-sqrit-eq-zero-cancel-iff = real-sqrt-eq-0-iff

lemma real-root-pos: 0 < x = root (Suc n) (z ~ (Suc n)) =z
by (rule real-root-power-cancel [OF zero-less-Suc order-less-imp-le])

end

16 Fact: Factorial Function

theory Fact
imports ../ Real/Real
begin

consts fact :: nat => nat
primrec
fact-0: fact 0 = 1
fact-Suc:  fact (Suc n) = (Suc n) * fact n

lemma fact-gt-zero [simp]: 0 < fact n
by (induct n) auto

lemma fact-not-eg-zero [simp]: fact n # 0
by simp

lemma real-of-nat-fact-not-zero [simp): real (fact n) # 0
by auto

lemma real-of-nat-fact-gt-zero [simpl: 0 < real(fact n)
by auto

lemma real-of-nat-fact-ge-zero [simpl: 0 < real(fact n)
by simp

lemma fact-ge-one [simpl: 1 < fact n
by (induct n) auto
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lemma fact-mono: m < n ==> fact m < fact n
apply (drule le-imp-less-or-eq)

apply (auto dest!: less-imp-Suc-add)

apply (induct-tac k, auto)

done

Note that fact 0 = fact 1

lemma fact-less-mono: [| 0 < m; m < n || ==> fact m < fact n
apply (drule-tac m = m in less-imp-Suc-add, auto)

apply (induct-tac k, auto)

done

lemma inv-real-of-nat-fact-gt-zero [simp): 0 < inverse (real (fact n))
by (auto simp add: positive-imp-inverse-positive)

lemma inv-real-of-nat-fact-ge-zero [simp]: 0 < inverse (real (fact n))
by (auto intro: order-less-imp-le)

lemma fact-diff-Suc [rule-format]:
n < Suc m ==> fact (Suc m — n) = (Suc m — n) * fact (m — n)
apply (induct n arbitrary: m)
apply auto
apply (drule-tac x = m — 1 in meta-spec, auto)
done

lemma fact-num0 [simp): fact 0 = 1
by auto

lemma fact-num-eq-if: fact m = (if m=0 then 1 else m * fact (m — 1))
by (cases m) auto

lemma fact-add-num-eq-if:

fact (m 4+ n) = (if m + n = 0 then 1 else (m + n) * fact (m + n — 1))
by (cases m + n) auto
lemma fact-add-num-eq-if2:

fact (m + n) = (if m = 0 then fact n else (m + n) * fact (m — 1) + n))

by (cases m) auto

end

17 Series: Finite Summation and Infinite Series
theory Series

imports SEQ

begin

definition
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sums :: (nat = 'areal-normed-vector) = 'a = bool
(infixr sums 80) where
fsums s = (%n. setsum f {0..<n}) ————> s

definition
summable :: (nat = 'a::real-normed-vector) = bool where
summable f = (I s. f sums s)

definition
suminf :: (nat = 'a::real-normed-vector) = 'a where
suminf f = (THE s. f sums s)

syntax
-suminf :: idt = ‘a = 'a (3 - - [0, 10] 10)
translations

>>i. b == CONST suminf (%i. b)

lemma sumr-diff-mult-const:
setsum f {0..<n} — (real nxr) = setsum (%i. fi — r) {0..<n:nat}
by (simp add: diff-minus setsum-addf real-of-nat-def)

lemma real-setsum-nat-ivl-bounded:

(p.p <n = f(p) < K)

= setsum f {0..<n:unat} < realn x K
using setsum-bounded[where A = {0..<n}]
by (auto simp:real-of-nat-def)

lemma sumr-minus-one-realpow-zero [simp]:
(>i=0..<2+n. (—1) " Suc i) = (0::real)
by (induct n, auto)

lemma sumr-one-lb-realpow-zero [simp):
(3> n=Suc 0..<n. f(n) = (0:real) " n) =0
by (rule setsum-0', simp)

lemma sumr-group:
(>-m=0..<n:nat. setsum f {m x k ..< mxk + k}) = setsum f {0 ..< n * k}
apply (subgoal-tac k = 0 | 0 < k, auto)
apply (induct n)
apply (simp-all add: setsum-add-nat-ivl add-commute)
done

lemma sumr-offset3:

setsum f {0:nat..<n+k} = (> m=0.<n. f (m+k)) + setsum f {0..<k}
apply (subst setsum-shift-bounds-nat-ivl [symmetric])
apply (simp add: setsum-add-nat-ivl add-commute)
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done

lemma sumr-offset:

fixes f :: nat = 'a::ab-group-add

shows (3" m=0..<n. f(m+k)) = setsum f {0..<n+k} — setsum f {0..<k}
by (simp add: sumr-offset3)

lemma sumr-offset2:
V. (O.m=0.<n:nat. f(m+k):real) = setsum f {0..<n+k} — setsum f {0..<k}
by (simp add: sumr-offset)

lemma sumr-offsets:

Vn f. setsum f {0:nat.<n+k} = (O m=0..<n. f (m+k):real) + setsum f
{0..<k}
by (clarify, rule sumr-offset3)

17.1 Infinite Sums, by the Properties of Limits

lemma sums-summable: f sums | ==> summable f
by (simp add: sums-def summable-def, blast)

lemma summable-sums: summable f ==> f sums (suminf f)
apply (simp add: summable-def suminf-def sums-def )

apply (blast intro: thel LIMSEQ-unique)

done

lemma summable-sumr-LIMSEQ-suminf:
summable f ==> (%n. setsum f {0..<n}) ————=> (suminf f)
by (rule summable-sums [unfolded sums-def])

lemma sums-unique: f sums s ==> (s = suminf f)
apply (frule sums-summable [THEN summable-sums|)
apply (auto intro!: LIMSEQ-unique simp add: sums-def)
done

lemma sums-split-initial-segment: f sums s ==>
(%n. f(n + k) sums (s — (SUM i = 0..< k. 1))
apply (unfold sums-def)
apply (simp add: sumr-offset)
apply (rule LIMSEQ-diff-const)
apply (rule LIMSEQ-ignore-initial-segment)
apply assumption

done

lemma summable-ignore-initial-segment: summable f ==>
summable (%on. f(n + k))
apply (unfold summable-def)
apply (auto intro: sums-split-initial-segment)
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done

lemma suminf-minus-initial-segment: summable f ==>
suminf f = s ==> suminf (%n. f(n + k) =s — (SUMi=0..<k. fi)
apply (frule summable-ignore-initial-segment)
apply (rule sums-unique [THEN sym])
apply (frule summable-sums)
apply (rule sums-split-initial-segment)
apply auto
done

lemma suminf-split-initial-segment: summable f ==>
suminf f = (SUM i = 0..< k. f i) + suminf (%on. f(n + k))
by (auto simp add: suminf-minus-initial-segment)

lemma series-zero:

(Vm.n <m ——> f(m) = 0) ==> fsums (setsum f {0..<n})
apply (simp add: sums-def LIMSEQ-def diff-minus[symmetric], safe)
apply (rule-tac z = n in exl)
apply (clarsimp simp add:setsum-diff [symmetric] cong:setsum-ivl-cong)
done

lemma sums-zero: (An. 0) sums 0
unfolding sums-def by (simp add: LIMSEQ-const)

lemma summable-zero: summable (An. 0)
by (rule sums-zero [THEN sums-summable])

lemma suminf-zero: suminf (An. 0) = 0
by (rule sums-zero [THEN sums-unique, symmetric|)

lemma (in bounded-linear) sums:
(An. X n) sums a = (An. f (X n)) sums (f a)
unfolding sums-def by (drule LIMSEQ, simp only: setsum)

lemma (in bounded-linear) summable:
summable (An. X n) = summable (An. f (X n))
unfolding summable-def by (auto intro: sums)

lemma (in bounded-linear) suminf:
summable (An. X n) = f O n. Xn) = n. f (X n))
by (intro sums-unique sums summable-sums)

lemma sums-mult:

fixes c :: 'a::real-normed-algebra

shows f sums a = (An. ¢ * fn) sums (¢ * a)
by (rule mult-right.sums)

lemma summable-mult:
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fixes c¢ :: 'a::real-normed-algebra
shows summable f = summable (%on. ¢ * fn)
by (rule mult-right.summable)

lemma suminf-mult:

fixes ¢ :: 'a::real-normed-algebra

shows summable f = suminf (An. ¢ x fn) = ¢ * suminf f
by (rule mult-right.suminf [symmetric])

lemma sums-mult2:

fixes ¢ :: 'a::real-normed-algebra

shows f sums a = (An. fn * ¢) sums (a * c)
by (rule mult-left.sums)

lemma summable-mult2:

fixes ¢ :: 'a::real-normed-algebra

shows summable f = summable (An. fn *x c)
by (rule mult-left.summable)

lemma suminf-mult2:

fixes c :: 'a::real-normed-algebra

shows summable f = suminff x ¢ = O _n. fn * ¢)
by (rule mult-left.suminf)

lemma sums-divide:

fixes c :: ‘a::real-normed-field

shows f sums a = (An. fn / ¢) sums (a / ¢)
by (rule divide.sums)

lemma summable-divide:

fixes c :: 'a::real-normed-field

shows summable f = summable (An. fn / ¢)
by (rule divide.summable)

lemma suminf-divide:

fixes c¢ :: ‘a::real-normed-field

shows summable f = suminf (An. fn / ¢) = suminf f / c
by (rule divide.suminf [symmetric])

lemma sums-add: [X sums a; Y sums b] = (An. X n + Y n) sums (a + b)
unfolding sums-def by (simp add: setsum-addf LIMSEQ-add)

lemma summable-add: [summable X; summable Y] = summable (An. X n + Y

n)

unfolding summable-def by (auto intro: sums-add)

lemma suminf-add:
[summable X; summable Y] = suminf X + suminf ¥ = (> . n. X n + Y n)
by (intro sums-unique sums-add summable-sums)
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lemma sums-diff: [X sums a; Y sums b] = (An. X n — Y n) sums (a — b)
unfolding sums-def by (simp add: setsum-subtractf LIMSEQ-diff)

lemma summable-diff: [summable X; summable Y] = summable (An. X n — Y

n)

unfolding summable-def by (auto intro: sums-diff)

lemma suminf-diff:
[summable X; summable Y] = suminf X — suminf ¥ = (3. n. X n — Y n)
by (intro sums-unique sums-diff summable-sums)

lemma sums-minus: X sums a ==> (An. — X n) sums (— a)
unfolding sums-def by (simp add: setsum-negf LIMSEQ-minus)

lemma summable-minus: summable X => summable (An. — X n)
unfolding summable-def by (auto intro: sums-minus)

lemma suminf-minus: summable X = (> n. — X n)=— (3. n. X n)
by (intro sums-unique [symmetric] sums-minus summable-sums)

lemma sums-group:

[|summable f; 0 < k || ==> (%n. setsum f {nxk..<nxk+k}) sums (suminf f)
apply (drule summable-sums)
apply (simp only: sums-def sumr-group)
apply (unfold LIMSEQ-def, safe)
apply (drule-tac z=r in spec, safe)
apply (rule-tac z=no in ez, safe)
apply (drule-tac z=nxk in spec)
apply (erule mp)
apply (erule order-trans)
apply simp
done

A summable series of positive terms has limit that is at least as great as any
partial sum.

lemma series-pos-le:
fixes f :: nat = real
shows [summable f; Vm>n. 0 < fm] = setsum f {0..<n} < suminf f
apply (drule summable-sums)
apply (simp add: sums-def)
apply (cut-tac k = setsum f {0..<n} in LIMSEQ-const)
apply (erule LIMSEQ-le, blast)
apply (rule-tac z=n in exl, clarify)
apply (rule setsum-mono2)
apply auto
done

lemma series-pos-less:
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fixes f :: nat = real
shows [summable f; Vm>n. 0 < f m] = setsum f {0..<n} < suminf f
apply (rule-tac y=setsum f {0..<Suc n} in order-less-le-trans)
apply simp
apply (erule series-pos-le)
apply (simp add: order-less-imp-le)
done

lemma suminf-gt-zero:

fixes f :: nat = real

shows [summable f; Vn. 0 < fn] = 0 < suminf f
by (drule-tac n=0 in series-pos-less, simp-all)

lemma suminf-ge-zero:

fixes f :: nat = real

shows [summable f; Vn. 0 < fn] = 0 < suminf f
by (drule-tac n=0 in series-pos-le, simp-all)

lemma summr-pos-lt-pair:

fixes f :: nat = real

shows [summable f;

Vd. 0 <f (k+ (Suc(Suc 0) % d)) + f (k + ((Suc(Suc 0) * d) + 1))]
= setsum f {0..<k} < suminf f

apply (subst suminf-split-initial-segment [where k=k|)
apply assumption
apply simp
apply (drule-tac k=k in summable-ignore-initial-segment)
apply (drule-tac k=Suc (Suc 0) in sums-group, simp)
apply simp
apply (frule sums-unique)
apply (drule sums-summable)
apply simp
apply (erule suminf-gt-zero)
apply (simp add: add-ac)
done

Sum of a geometric progression.

lemmas sumr-geometric = geometric-sum [where ‘a = real]

lemma geometric-sums:
fixes z :: 'a::{real-normed-field,recpower}
shows normz < 1 = (An. z " n) sums (1 / (1 — z))
proof —
assume less-1: norm z < 1
hence neg-1: © # 1 by auto
hence neq-0: x — 1 # 0 by simp
from less-1 have lim-0: (An. z "n) ———> 0
by (rule LIMSEQ-power-zero)
hence (An.z "n/(z—-1)—-1/(x—-1)———>0/(z—-1)—1/(z —
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1)
using neg-0 by (intro LIMSEQ-divide LIMSEQ-diff LIMSEQ-const)
hence (An. (z “n—1)/(z—-1)) ———>1 /(1 — )
by (simp add: nonzero-minus-divide-right [OF neq-0] diff-divide-distrib)
thus (An. z “n) sums (1 / (1 — z))
by (simp add: sums-def geometric-sum negq-1)
qed

lemma summable-geometric:
fixes z :: 'a::{real-normed-field,recpower}
shows norm © < 1 = summable (An. z " n)
by (rule geometric-sums [THEN sums-summable])

Cauchy-type criterion for convergence of series (c.f. Harrison)

lemma summable-convergent-sumr-iff:
summable f = convergent (%n. setsum f {0..<n})
by (simp add: summable-def sums-def convergent-def)

lemma summable-LIMSEQ-zero: summable f — f ————> 0
apply (drule summable-convergent-sumr-iff [THEN iffD1])
apply (drule convergent-Cauchy)

apply (simp only: Cauchy-def LIMSEQ-def, safe)

apply (drule-tac z=r in spec, safe)

apply (rule-tac z=M in exl, safe)

apply (drule-tac z=Suc n in spec, simp)

apply (drule-tac z=n in spec, simp)

done

lemma summable-Cauchy:
summable (f::nat = 'a::banach) =
(Ve > 0.3N.¥Ym > N.Vn. norm (setsum f {m..<n}) < e)
apply (simp only: summable-convergent-sumr-iff Cauchy-convergent-iff [symmetric]
Cauchy-def , safe)
apply (drule spec, drule (1) mp)
apply (erule exE, rule-tac x=M in exl, clarify)
apply (rule-tac z=m and y=n in linorder-le-cases)
apply (frule (1) order-trans)
apply (drule-tac x=n in spec, drule (1) mp)
apply (drule-tac z=m in spec, drule (1) mp)
apply (simp add: setsum-diff [symmetric])
apply simp
apply (drule spec, drule (1) mp)
apply (erule exE, rule-tac t=N in exl, clarify)
apply (rule-tac x=m and y=n in linorder-le-cases)
apply (subst norm-minus-commaute)
apply (simp add: setsum-diff [symmetric])
apply (simp add: setsum-diff [symmetric])
done

Comparison test
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lemma norm-setsum:
fixes [ :: 'a = 'b::real-normed-vector
shows norm (setsum f A) < (> i€A. norm (f 1))
apply (case-tac finite A)
apply (erule finite-induct)
apply simp
apply simp
apply (erule order-trans [OF norm-triangle-ineq add-left-mono))
apply simp
done

lemma summable-comparison-test:
fixes [ :: nat = ’a::banach
shows [AN.Vn>N. norm (f n) < g n; summable g] = summable f
apply (simp add: summable-Cauchy, safe)
apply (drule-tac z=e in spec, safe)
apply (rule-tac z = N + Na in exl, safe)
apply (rotate-tac 2)
apply (drule-tac x = m in spec)
apply (auto, rotate-tac 2, drule-tac x = n in spec)
apply (rule-tac y = > k=m..<n. norm (f k) in order-le-less-trans)
apply (rule norm-setsum)
apply (rule-tac y = setsum g {m..<n} in order-le-less-trans)
apply (auto intro: setsum-mono simp add: abs-less-iff)
done

lemma summable-norm-comparison-test:
fixes [ :: nat = ’a::banach
shows [3N.Vn>N. norm (f n) < g n; summable ¢]
= summable (An. norm (f n))
apply (rule summable-comparison-test)
apply (auto)
done

lemma summable-rabs-comparison-test:
fixes f :: nat = real

shows [AN.Vn>N. |fn| < g n; summable g] = summable (An. |f nl|)

apply (rule summable-comparison-test)

apply (auto)
done

Summability of geometric series for real algebras

lemma complete-algebra-summable-geometric:
fixes z :: 'a::{real-normed-algebra-1,banach,recpower}
shows norm © < 1 = summable (An. z " n)
proof (rule summable-comparison-test)
show IN.Vn>N. norm (z “n) < normz “n
by (simp add: norm-power-ineq)
show norm z < 1 = summable (An. norm z " n)

251
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by (simp add: summable-geometric)
qed

Limit comparison property for series (c.f. jrh)

lemma summable-le:
fixes f g :: nat = real
shows [V n. fn < g n; summable f; summable g] = suminf f < suminf g
apply (drule summable-sums)+
apply (simp only: sums-def, erule (1) LIMSEQ-le)
apply (rule exI)
apply (auto intro!: setsum-mono)
done

lemma summable-le2:
fixes f g :: nat = real
shows [V n. |f n| < g n; summable g] = summable f A suminf f < suminf g
apply (subgoal-tac summable f)
apply (auto intro!: summable-le)
apply (simp add: abs-le-iff)
apply (rule-tac g=g¢ in summable-comparison-test, simp-all)
done

lemma suminf-0-le:
fixes f::nat=real
assumes ¢gt0: Vn. 0 < fn and sm: summable f
shows 0 < suminf f
proof —
let g = (An. (0::real))
from ¢t0 have Vn. ?g n < fn by simp
moreover have summable ?g by (rule summable-zero)
moreover from sm have summable f .
ultimately have suminf ?g < suminf f by (rule summable-le)
then show 0 < suminf f by (simp add: suminf-zero)
qed

Absolute convergence imples normal convergence

lemma summable-norm-cancel:

fixes [ :: nat = ’a::banach

shows summable (An. norm (f n)) = summable f
apply (simp only: summable-Cauchy, safe)
apply (drule-tac z=e in spec, safe)
apply (rule-tac z=N in exl, safe)
apply (drule-tac z=m in spec, safe)
apply (rule order-le-less-trans [OF norm-setsum))
apply (rule order-le-less-trans [OF abs-ge-self])
apply simp
done
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lemma summable-rabs-cancel:

fixes f :: nat = real

shows summable (An. |f n|) = summable f
by (rule summable-norm-cancel, simp)

Absolute convergence of series

lemma summable-norm:
fixes [ :: nat = 'a::banach
shows summable (An. norm (f n)) = norm (suminf f) < (>_ n. norm (f n))
by (auto intro: LIMSEQ-le LIMSEQ-norm summable-norm-cancel
summable-sumr- LIMSEQ-suminf norm-setsum)

lemma summable-rabs:

fixes f :: nat = real

shows summable (An. |f n|) = |suminf f| < O n. |f nl)
by (fold real-norm-def, rule summable-norm)

17.2 The Ratio Test

lemma norm-ratiotest-lemma:
fixes z y :: 'a::real-normed-vector
shows [¢ < 0; norm x < ¢ * norm y] = = = 0
apply (subgoal-tac norm = < 0, simp)
apply (erule order-trans)
apply (simp add: mult-le-0-iff)
done

lemma rabs-ratiotest-lemma: [| ¢ < 0; abs ¢ < ¢ % abs y |] ==> z = (0::real)
by (erule norm-ratiotest-lemma, simp)

lemma le-Suc-ex: (k:nat) <1 ==> (An. l =k + n)
apply (drule le-imp-less-or-eq)

apply (auto dest: less-imp-Suc-add)

done

lemma le-Suc-ex-iff: ((kinat) < 1) = E3n. Il =k + n)
by (auto simp add: le-Suc-ex)

lemma ratio-test-lemma2:
fixes [ :: nat = 'a::banach
shows [Vn>N. norm (f (Suc n)) < ¢ x norm (fn)] = 0 < ¢ V summable f
apply (simp (no-asm) add: linorder-not-le [symmetric])
apply (simp add: summable-Cauchy)
apply (safe, subgoal-tac Vn. N < n ——> f (n) = 0)
prefer 2
apply clarify
apply(erule-tac x = n — 1 in allE)
apply (simp add:diff-Suc split:nat.splits)
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apply (blast intro: norm-ratiotest-lemma)
apply (rule-tac £ = Suc N in exl, clarify)
apply (simp cong:setsum-ivl-cong)

done

lemma ratio-test:

fixes [ :: nat = ’a::banach

shows [¢ < 1; Vn>N. norm (f (Suc n)) < ¢ * norm (f n)] = summable f
apply (frule ratio-test-lemma2, auto)
apply (rule-tac g = %n. (norm (f N) / (¢ " N))*c " n

in summable-comparison-test)

apply (rule-tac z = N in ezl safe)
apply (drule le-Suc-ex-iff [THEN iffD1])
apply (auto simp add: power-add field-power-not-zero)
apply (induct-tac na, auto)
apply (rule-tac y = ¢ * norm (f (N + n)) in order-trans)
apply (auto intro: mult-right-mono simp add: summable-def)
apply (simp add: mult-ac)
apply (rule-tac x = norm (f N) = (1/ (1 — ¢)) / (¢ " N) in exl)
apply (rule sums-divide)
apply (rule sums-mult)
apply (auto introl: geometric-sums)
done

17.3 Cauchy Product Formula

lemma setsum-triangle-reindex:
fixes n :: nat
shows (> (i,5)€{(4,4). i+j < n}. fij) = O k=0.<n.> i=0.k. fi (k — 1))
proof —
have (5 (i, §)€{(i, j). i + < n}. fi) =
O (k, 9)e(SIGMA k:{0..<n}. {0..k}). fi (k — 1))
proof (rule setsum-reindez-cong)
show inj-on (A(k,7). (i, k — 1)) (SIGMA k:{0..<n}. {0..k})
by (rule inj-on-inversel [where g=M\(i,j). (i+7j, )], auto)
show {(i,j). i + j < n} = (A(k,i). (¢, k — 1)) * (SIGMA k:{0..<n}. {0..k})
by (safe, rule-tac x=(a+b,a) in image-eql, auto)
show Aa. (A(k, i). fi (k — 1)) a = split f (A(k, ). (i, k — 1)) a)
by clarify
qed
thus ?thesis by (simp add: setsum-Sigma)
qed

lemma Cauchy-product-sums:

fixes a b :: nat = 'a:{real-normed-algebra,banach}

assumes a: summable (A\k. norm (a k))

assumes b: summable (A\k. norm (b k))

shows (\k. > i=0..k. aix b (k — 1)) sums (D k. ak) x O k. bk))
proof —
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let 251 = An:nat. {0..<n} x {0..<n}

let 252 = An:nat. {(ij). 1 +j < n}

have S1-mono: Am n. m < n = 951 m C 951 n by auto

have 52-le-S1: An. 252 n C 251 n by auto

have S1-le-S2: An. 251 (n div 2) C 252 n by auto

have finite-S1: An. finite (251 n) by simp

with 52-le-S1 have finite-S2: A\n. finite (252 n) by (rule finite-subset)

let 2g = A(i,j). a i *bj

let 2f = A\(i,j). norm (a i) * norm (b j)

have f-nonneg: Az. 0 < ?f x
by (auto simp add: mult-nonneg-nonneg)

hence norm-setsum-f: NA. norm (setsum ?f A) = setsum ?f A
unfolding real-norm-def
by (simp only: abs-of-nonneg setsum-nonneg [rule-format])

have (An. O_k=0..<n. a k) x O_k=0..<n. b k))
————> O"k.ak)x O k. bE)
by (intro LIMSEQ-mult summable-sumr-LIMSEQ-suminf
summable-norm-cancel [OF a] summable-norm-cancel [OF b))
hence 1: (An. setsum 29 (251 n)) ————> O k. a k) * O k. b k)
by (simp only: setsum-product setsum-Sigma [rule-format]
finite-atLeastLessThan)

have (An. (3_k=0..<n. norm (a k)) * (O_ k=0..<n. norm (b k)))
————> (3" k. norm (a k)) * O_k. norm (b k))
using a b by (intro LIMSEQ-mult summable-sumr-LIMSEQ-suminf)
hence (An. setsum ?f (251 n)) ————> (3 k. norm (a k)) * O k. norm (b k))
by (simp only: setsum-product setsum-Sigma [rule-format]
finite-atLeastLessThan)
hence convergent (An. setsum ?f (251 n))
by (rule convergentl)
hence Cauchy: Cauchy (An. setsum ?f (251 n))
by (rule convergent-Cauchy)
have Zseq (An. setsum ?f (51 n — 252 n))
proof (rule Zseql, simp only: norm-setsum-f)
fix r :: real
assume 71: 0 < r
from CauchyD [OF Cauchy r] obtain N
where Vm>N. Vn>N. norm (setsum ?f (251 m) — setsum ?f (?S1 n)) <r

hence Am n. [N < n; n < m] = norm (setsum ?f (251 m — 251 n)) < r
by (simp only: setsum-diff finite-S1 S1-mono)
hence N: Am n. [N < n; n < m] = setsum 2f (?S1 m — ¢Sin) <r
by (simp only: norm-setsum-f)
show IN.Vn>N. setsum ?f (251 n — 252 n) <r
proof (intro exl alll impl)
fix n assume 2 * N < n
hence n: N < n div 2 by simp
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have setsum ?f (251 n — 252 n) < setsum ?f (?S1 n — 251 (n div 2))
by (intro setsum-mono?2 finite-Diff finite-S1 f-nonneg
Diff-mono subset-refl S1-le-S2)
also have ... < r
using n div-le-dividend by (rule N)
finally show setsum 2f (S1n — 252 n) < r.
qed
qed
hence Zseq (An. setsum ?g (751 n — 252 n))
apply (rule Zseg-le [rule-format])
apply (simp only: norm-setsum-f)
apply (rule order-trans [OF norm-setsum setsum-mono))
apply (auto simp add: norm-mult-ineq)
done
hence 2: (An. setsum ?g (251 n) — setsum ?g (952 n)) ————> 0
by (simp only: LIMSEQ-Zseq-iff setsum-diff finite-S1 S2-le-S1 diff-0-right)

with 1 have (An. setsum ?g (952 n)) ————> O k. a k)« O k. b k)
by (rule LIMSEQ-diff-approach-zero2)
thus ?thesis by (simp only: sums-def setsum-triangle-reindex)
qed

lemma Cauchy-product:

fixes a b :: nat = ‘a::{real-normed-algebra,banach}

assumes a: summable (Ak. norm (a k))

assumes b: summable (Ak. norm (b k))

shows (D> k. ak)« O k. bk)= 0k > i=0.k. aixbd(k—1i))
using a b
by (rule Cauchy-product-sums [THEN sums-unique))

end

18 EvenOdd: Even and Odd Numbers: Compati-
bility file for Parity

theory FvenOdd
imports NthRoot
begin

18.1 General Lemmas About Division

lemma Suc-times-mod-eq: 1<k ==> Suc (k * m) mod k = 1
apply (induct m)

apply (simp-all add: mod-Suc)

done

declare Suc-times-mod-eq [of number-of w, standard, simp)
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lemma [simp]: n div k < (Suc n) div k
by (simp add: div-le-mono)

lemma Suc-n-div-2-gt-zero [simp]: (0:nat) < n ==> 0 < (n + 1) div 2
by arith

lemma div-2-gt-zero [simp]: (1:nat) < n ==> 0 < n div 2
by arith

lemma mod-mult-self3 [simp]: (kxn + m) mod n = m mod (n::nat)
by (simp add: mult-ac add-ac)

lemma mod-mult-self] [simp]: Suc (kxn + m) mod n = Suc m mod n
proof —
have Suc (k * n + m) mod n = (k * n + Suc m) mod n by simp

also have ... = Suc m mod n by (rule mod-mult-self3)
finally show ?thesis .
qed

lemma mod-Suc-eq-Suc-mod: Suc m mod n = Suc (m mod n) mod n
apply (subst mod-Suc [of m])

apply (subst mod-Suc [of m mod n], simp)

done

18.2 More Even/Odd Results

lemma even-mult-two-ez: even(n) = (Im:unat. n = 2+m)
by (simp add: even-nat-equiv-def2 numeral-2-eq-2)

lemma odd-Suc-mult-two-ez: odd(n) = (Im. n = Suc (2xm))
by (simp add: odd-nat-equiv-def2 numeral-2-eq-2)

lemma even-add [simp]: even(m + n:nat) = (even m = even n)
by auto

lemma odd-add [simp]: odd(m + n:nat) = (odd m # odd n)
by auto

lemma lemma-even-div2 [simp]: even (n:inat) ==> (n + 1) div 2 = n div 2
apply (simp add: numeral-2-eq-2)

apply (subst div-Suc)

apply (simp add: even-nat-mod-two-eg-zero)

done

lemma lemma-not-even-div2 [simp]: ~even n ==> (n + 1) div 2 = Suc (n div
2)

apply (simp add: numeral-2-eq-2)

apply (subst div-Suc)
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apply (simp add: odd-nat-mod-two-eq-one)
done

lemma even-num-iff: 0 < n ==> even n = (~ even(n — 1 :: nat))
by (case-tac n, auto)

lemma even-even-mod-4-iff: even (n::nat) = even (n mod 4)
apply (induct n, simp)

apply (subst mod-Suc, simp)

done

lemma lemma-odd-mod-4-div-2: n mod 4 = (3::nat) ==> odd((n — 1) div 2)
apply (rule-tac t = n and nl = 4 in mod-div-equality [THEN subst])

apply (simp add: even-num-iff )

done

lemma lemma-even-mod-4-div-2: n mod 4 = (1:nat) ==> even ((n — 1) div 2)
by (rule-tac t = n and n1 = / in mod-div-equality [THEN subst], simp)

end

19 Transcendental: Power Series, Transcendental
Functions etc.

theory Transcendental
imports NthRoot Fact Series EvenOdd Deriv
begin

19.1 Properties of Power Series

lemma lemma-realpow-diff :

fixes y :: 'a::recpower

shows p <n=y " (Sucn—p)=(y " (n—p)) xy
proof —

assume p < n

hence Suc n — p = Suc (n — p) by (rule Suc-diff-le)

thus ?thesis by (simp add: power-Suc power-commutes)
qed

lemma lemma-realpow-diff-sumr:
fixes y :: 'a::{recpower,comm-semiring-0} shows
- p=0..<Sucn. (x "p)*xy " (Sucn — p)) =
yx O p=0.<Sucn.(z "p)*xy " (n—Dp))
by (auto simp add: setsum-right-distrib lemma-realpow-diff mult-ac
simp del: setsum-op-ivl-Suc cong: strong-setsum-cong)

lemma lemma-realpow-diff-sumr2:
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fixes y :: 'a::{recpower,comm-ring} shows

z " (Sucn) —y " (Sucn) =

( —y) * X p=0..<Sucn.(z "p)*y " (n—p))
apply (induct n, simp add: power-Suc)
apply (simp add: power-Suc del: setsum-op-ivl-Suc)
apply (subst setsum-op-ivl-Suc)
apply (subst lemma-realpow-diff-sumr)
apply (simp add: right-distrib del: setsum-op-ivl-Suc)
apply (subst mult-left-commute [where a=x — y))
apply (erule subst)
apply (simp add: power-Suc ring-simps)
done

Py

lemma lemma-realpow-rev-sumr:

(X p=0..<Sucn. (z "p)* (y " (n—p))) =

(X p=0..<Sucn. (z " (n —p)) *(y " p))
apply (rule setsum-reindex-cong [where f=\i. n — i)
apply (rule inj-onl, simp)
apply auto
apply (rule-tac x=n — x in image-eql, simp, simp)
done

Power series has a ‘circle’ of convergence, i.e. if it sums for z, then it sums
absolutely for z with |z| < |z].

lemma powser-insidea:
fixes z z :: ‘a::{real-normed-field,banach,recpower}
assumes 1: summable (An. fn xz " n)
assumes 2: norm z < norm x
shows summable (An. norm (fn x z * n))

proof —
from 2 have z-neq-0: © # 0 by clarsimp
from 1 have (An. fn*xz "n) ————> 0

by (rule summable-LIMSEQ-zero)
hence convergent (An. fn xz " n)
by (rule convergentl)
hence Cauchy (An. fn xz " n)
by (simp add: Cauchy-convergent-iff)
hence Bseq (An. fn xx " n)
by (rule Cauchy-Bseq)
then obtain K where 3: 0 < K and 4: Vn. norm (fnxz “n) < K
by (simp add: Bseg-def, safe)
have IN. Vn>N. norm (norm (fn x z " n)) <
K * norm (z " n) % inverse (norm (z " n))
proof (intro exI alll impl)
fix n::nat assume 0 < n
have norm (norm (fn * z " n)) * norm (z “n) =
norm (fn * x " n) *x norm (z " n)
by (simp add: norm-mult abs-mult)
also have ... < K * norm (z " n)
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by (simp only: mult-right-mono 4 norm-ge-zero)

also have ... = K *x norm (z " n) * (inverse (norm (z " n)) * norm (z * n))
by (simp add: z-neg-0)
also have ... = K x norm (z ~ n) * inverse (norm (z " n)) x norm (z " n)

by (simp only: mult-assoc)
finally show norm (norm (fn * z “n)) <
K x norm (z " n) x inverse (norm (z " n))
by (simp add: mult-le-cancel-right z-neq-0)
qed
moreover have summable (An. K x norm (z " n) x inverse (norm (z " n)))
proof —
from 2 have norm (norm (z * inverse z)) < 1
using z-neg-0
by (simp add: nonzero-norm-divide divide-inverse [symmetric))
hence summable (An. norm (z % inverse x) " n)
by (rule summable-geometric)
hence summable (An. K * norm (z * inverse ) " n)
by (rule summable-mult)
thus summable (An. K % norm (z ~ n) * inverse (norm (z " n)))
using z-neq-0
by (simp add: norm-mult nonzero-norm-inverse power-mult-distrib
power-inverse norm-power mault-assoc)
qed
ultimately show summable (An. norm (fn * z " n))
by (rule summable-comparison-test)
qged

lemma powser-inside:
fixes f :: nat = ‘a::{real-normed-field,banach,recpower’} shows
[| summable (%on. f(n) x (z " n)); norm z < norm z ||
==> summable (%on. f(n) x (z " n))
by (rule powser-insidea [THEN summable-norm-cancel])

19.2 Term-by-Term Differentiability of Power Series

definition
diffs :: (nat => 'auring-1) => nat => 'a where
diffs ¢ = (%n. of-nat (Suc n) * ¢(Suc n))

Lemma about distributing negation over it

lemma diffs-minus: diffs (%n. — ¢ n) = (%n. — diffs ¢ n)
by (simp add: diffs-def)

Show that we can shift the terms down one

lemma lemma-diffs:
- n=0..<n. (diffs ¢)(n) x (z " n)) =
(3" n=0..<n. of-nat n x c(n) x (z ~ (n — Suc 0))) +
(of-nat n x ¢(n) x z " (n — Suc 0))

apply (induct n)
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apply (auto simp add: mult-assoc add-assoc [symmetric] diffs-def)
done

lemma lemma-diffs2:
3o n=0..<n. of-nat n * ¢(n) *x (x ~ (n — Suc 0))) =
> n=0..<n. (diffs ¢)(n) * (x " n)) —
(of-nat n x c(n) x z ~ (n — Suc 0))

by (auto simp add: lemma-diffs)

lemma diffs-equiv:

summable (Yon. (diffs c)(n) * (z " n)) ==>

(%mn. of-nat n x c(n) x (z * (n — Suc 0))) sums

(S n. (diffs c)(n) * (& "))

apply (subgoal-tac (%mn. of-nat n * ¢ (n) * (z * (n — Suc 0))) ————> 0)
apply (rule-tac [2] LIMSEQ-imp-Suc)
apply (drule summable-sums)
apply (auto simp add: sums-def)
apply (drule-tac X=(An. > . n = 0..<n. diffs c n x £ " n) in LIMSEQ-diff)
apply (auto simp add: lemma-diffs2 [symmetric] diffs-def [symmetric])
apply (simp add: diffs-def summable-LIMSEQ-zero)
done

lemma lemma-termdiff1:
fixes z :: ‘a :: {recpower,comm-ring} shows
(S p=0-<m. (= + h) " (m — ) * (= ")) — (= " m)) =
(X p=0..<m. (z "p) * (((z + h) " (m —p)) = (z " (m = p))))
by (auto simp add: right-distrib diff-minus power-add [symmetric] mult-ac
cong: strong-setsum-cong)

lemma less-add-one: m < n ==> (3d. n = m + d + Suc 0)
by (simp add: less-iff-Suc-add)

lemma sumdiff: a + b — (¢ + d) = a — ¢ + b — (d::real)
by arith

lemma sumr-diff-mult-const2:
setsum f {0..<n} — of-nat n * (r:'azring-1) = O i = 0..<n. fi — 1)
by (simp add: setsum-subtractf)

lemma lemma-termdiff2:
fixes h :: 'a :: {recpower,field}
assumes h: h # 0 shows
((z+h) "n—2"n)/h—ofnatnxz" (n— Suc0)=
h* (> p=0..<n— Suc0.> ¢g=0..<n— Suc 0 — p.
(z+h) "gxz"(n—2—q)) (is ?lhs = ?rhs)
apply (subgoal-tac h x ?lhs = h *x ?rhs, simp add: h)
apply (simp add: right-diff-distrib diff-divide-distrib h)
apply (simp add: mult-assoc [symmetric))



THEORY “Transcendental” 262

apply (cases n, simp)
apply (simp add: lemma-realpow-diff-sumr2 h
right-diff-distrib [symmetric] mult-assoc
del: realpow-Suc setsum-op-ivl-Suc of-nat-Suc)
apply (subst lemma-realpow-rev-sumr)
apply (subst sumr-diff-mult-const2)
apply simp
apply (simp only: lemma-termdiff1 setsum-right-distrib)
apply (rule setsum-cong [OF refl])
apply (simp add: diff-minus [symmetric] less-iff-Suc-add)
apply (clarify)
apply (simp add: setsum-right-distrib lemma-realpow-diff-sumr2 mult-ac
del: setsum-op-ivl-Suc realpow-Suc)
apply (subst mult-assoc [symmetric], subst power-add [symmetric])
apply (simp add: mult-ac)
done

lemma real-setsum-nat-ivl-bounded?2:
fixes K :: 'a::ordered-semidom
assumes f: Ap:inat. p < n = fp < K
assumes K: 0 < K
shows setsum f {0..<n—k} < of-nat n x K
apply (rule order-trans [OF setsum-mono))
apply (rule f, simp)
apply (simp add: mult-right-mono K)
done

lemma lemma-termdiff3:
fixes h z :: 'a::{real-normed-field,recpower}
assumes I1: h # 0
assumes 2: norm z < K
assumes 3: norm (z + h) < K
shows norm (((z + h) "n — 2z "n) / h — of-nat n *x z ~ (n — Suc 0))
< of-nat n * of-nat (n — Suc 0) x K " (n — 2) x norm h
proof —
have norm (((z + h) "n— 2z “n) / h — of-nat n *x z *~ (n — Suc 0)) =
norm (>.p =0.<n — Suc 0. ¢ = 0..<n — Suc 0 — p.
(z4+h) “g*xz"(n—2—¢q)) xnormh
apply (subst lemma-termdiff2 [OF 1])
apply (subst norm-mult)
apply (rule mult-commute)
done
also have ... < of-nat n x (of-nat (n — Suc 0) x K " (n — 2)) * norm h
proof (rule mult-right-mono [OF - norm-ge-zero|)
from norm-ge-zero 2 have K: 0 < K by (rule order-trans)
have le-Kn: Nijn. i +j=n=norm ((z+h) "ixz "j) <K "n
apply (erule subst)
apply (simp only: norm-mult norm-power power-add)
apply (intro mult-mono power-mono 2 3 norm-ge-zero zero-le-power K)
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done
show norm (3> p = 0..<n — Suc 0. > ¢ = 0..<n — Suc 0 — p.
(c+h) qxz(n—2— q)
< of-nat n * (of-nat (n — Suc 0) * K~ (n — 2))
apply (intro
order-trans [OF norm-setsum]
real-setsum-nat-1vl-bounded?
mult-nonneg-nonneg
zero-le-imp-of-nat
zero-le-power K)
apply (rule le-Kn, simp)
done
qed
also have ... = of-nat n * of-nat (n — Suc 0) * K ~ (n — 2) * norm h
by (simp only: mult-assoc)
finally show ?thesis .
qed

lemma lemma-termdiff}:
fixes f :: ‘a::{real-normed-field,recpower} =
'b::real-normed-vector
assumes k: 0 < (k::real)
assumes le: N\h. [h # 0; norm h < k] = norm (f h) < K % norm h
shows f —— 0 ——> 0
proof (simp add: LIM-def, safe)
fix r::real assume r: 0 < r
have zero-le-K: 0 < K
apply (cut-tac k)
apply (cut-tac h=of-real (k/2) in le, simp)
apply (simp del: of-real-divide)
apply (drule order-trans [OF norm-ge-zero])
apply (simp add: zero-le-mult-iff )
done
show 3s. 0 < s A (Vz. 2 # 0 AN normz < s — norm (fz) < r)
proof (cases)
assume K = 0
with £ rle have 0 < k A (Vz. 2z # 0 A norm x < k — norm (fz) < r)
by simp
thus 3s. 0 < s A (Vz. 2 # 0 ANnormax < s — norm (fz) <) ..
next
assume K-neg-zero: K # 0
with zero-le-K have K: 0 < K by simp
show 3s. 0 < s A (Vz. 2 # 0 ANnormzx <s — norm (fz) <)
proof (rule exl, safe)
from k r K show 0 < min k (r * inverse K / 2)
by (simp add: mult-pos-pos positive-imp-inverse-positive)
next
fix z::'a
assume z1: z # 0 and z2: norm x < min k (r x inverse K | 2)
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from 22 have z3: norm ¢ < k and z4: norm < r x inverse K | 2
by simp-all

from z1 23 le have norm (f z) < K * norm z by simp

also from z/ K have K * norm z < K x (r % inverse K | 2)
by (rule mult-strict-left-mono)

also have ... =1/ 2
using K-neg-zero by simp

also have r / 2 < r
using r by simp

finally show norm (fz) < r.

qed
qed
qged

lemma lemma-termdiff5:
fixes g :: ‘a::{recpower,real-normed-field} =
nat = 'b::banach
assumes k: 0 < (k:real)
assumes f: summable f
assumes le: Ah n. [h # 0; norm h < k] = norm (g hn) < fn % norm h
shows (Ah. suminf (g h)) —— 0 ——> 0
proof (rule lemma-termdiff) [OF k)
fix h::'a assume h # 0 and norm h < k
hence A: Vn. norm (¢ hn) < fn * norm h
by (simp add: le)
hence IN. Vn>N. norm (norm (g h n)) < fn x norm h
by simp
moreover from f have B: summable (An. fn * norm h)
by (rule summable-mult2)
ultimately have C: summable (An. norm (g h n))
by (rule summable-comparison-test)
hence norm (suminf (g h)) < (3 n. norm (g h n))
by (rule summable-norm)
also from A C B have (> n. norm (g hn)) < (O n. fn * norm h)
by (rule summable-le)
also from f have (3. n. fn * norm h) = suminf f * norm h
by (rule suminf-mult2 [symmetric])
finally show norm (suminf (g h)) < suminf f = norm h .
qed

FIXME: Long proofs

lemma termdiffs-aux:
fixes z :: 'a::{recpower,real-normed-field,banach}
assumes I: summable (An. diffs (diffs ¢) n x« K " n)
assumes 2: norm r < norm K
shows (MAb. > n.cnx(((x +h) "n—2"n)/h
—of-natn xx "~ (n — Suc 0))) —— 0 ——> 0
proof —
from dense [OF 2]
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obtain r where r1: norm x < r and r2: r < norm K by fast
from norm-ge-zero r1 have r: 0 < r

by (rule order-le-less-trans)

hence r-neq-0: r # 0 by simp
show ?thesis
proof (rule lemma-termdiff5)

show 0 < r — norm x using 1 by simp

next

n))

from r r2 have norm (of-real r::'a) < norm K
by simp

with 1 have summable (An. norm (diffs (diffs ¢) n * (of-real v * n)))
by (rule powser-insidea)

hence summable (An. diffs (diffs (An. norm (c n))) n * r
using r
by (simp add: diffs-def norm-mult norm-power del: of-nat-Suc)

hence summable (An. of-nat n = diffs (An. norm (¢ n)) nxr " (n — Suc 0))
by (rule diffs-equiv [THEN sums-summable])

also have (An. of-nat n * diffs (An. norm (¢ n)) n x r * (n — Suc 0))
= (An. diffs (%m. of-nat (m — Suc 0) * norm (¢ m) * inverse r) n * (r

n)

apply (rule ext)
apply (simp add: diffs-def)
apply (case-tac n, simp-all add: r-neg-0)
done
finally have summable
(An. of-nat n x (of-nat (n — Suc 0) x norm (¢ n) * inverse ) * r ~ (n —

Suc 0))

by (rule diffs-equiv [THEN sums-summable])
also have
(An. of-nat n * (of-nat (n — Suc 0) * norm (c n) * inverse r) *
r " (n — Suc 0)) =
(An. norm (¢ n) * of-nat n * of-nat (n — Suc 0) x r "~ (n — 2))
apply (rule ext)
apply (case-tac n, simp)
apply (case-tac nat, simp)
apply (simp add: r-neq-0)
done
finally show
summable (An. norm (¢ n) * of-nat n * of-nat (n — Suc 0) x r " (n — 2)) .

next

fix h::’a and n:nat

assume h: h # 0

assume norm h < r — norm x

hence norm z + norm h < r by simp

with norm-triangle-ineq have zh: norm (x + h) < r
by (rule order-le-less-trans)

show norm (¢n x (((x + h) “n—x "n) / h — of-natn x x * (n — Suc 0)))

< norm (¢ n) * of-nat n * of-nat (n — Suc 0) x r " (n — 2) x norm h

apply (simp only: norm-mult mult-assoc)
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apply (rule mult-left-mono [OF - norm-ge-zero))
apply (simp (no-asm) add: mult-assoc [symmetric])
apply (rule lemma-termdiff3)
apply (rule h)
apply (rule r1 [THEN order-less-imp-le])
apply (rule h [THEN order-less-imp-le])
done
qed
qed

lemma termdiffs:
fixes K z :: 'a::{recpower,real-normed-field ,banach}
assumes 1: summable (An. ¢ n * K " n)
assumes 2: summable (An. (diffs ¢) n x K " n)
assumes 3: summable (An. (diffs (diffs ¢)) n x K " n)
assumes 4: norm & < norm K
shows DERIV (Az. > n.cnx*xz “n)z:> O . n. (diffsc) nxx " n)
proof (simp add: deriv-def, rule LIM-zero-cancel)
show (Ah. (suminf (An. ¢ n * (x + h) “n) — suminf (An. cn xz “n)) / h
— suminf (An. diffscn*x “n)) —— 0 ——> 0
proof (rule LIM-equal2)
show 0 < norm K — norm z by (simp add: less-diff-eq 4)
next
fix h:: 'a
assume h # 0
assume norm (h — 0) < norm K — norm x
hence norm x 4+ norm h < norm K by simp
hence 5: norm (z + h) < norm K
by (rule norm-triangle-ineq [THEN order-le-less-trans))
have A: summable (An. ¢n * z " n)
by (rule powser-inside [OF 1 4])
have B: summable (An. ¢ n % (x + h) " n)
by (rule powser-inside [OF 1 5])
have C: summable (An. diffs cn x z " n)
by (rule powser-inside [OF 2 4])
show (D n.cnx(z+h) "n)— O n.cnxz "n))/h
—On.diffscnxz " n) =
Oon.enx (((x+h) "n—2x"n)/h—ofnatnx*z " (n— Suc0)))
apply (subst sums-unique [OF diffs-equiv [OF C]])
apply (subst suminf-diff [OF B A))
apply (subst suminf-divide [symmetric])
apply (rule summable-diff [OF B A])
apply (subst suminf-diff’)
apply (rule summable-divide)
apply (rule summable-diff [OF B A])
apply (rule sums-summable [OF diffs-equiv [OF C1])
apply (rule-tac f=suminf in arg-cong)
apply (rule ext)
apply (simp add: ring-simps)
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done
next
show (Ah. > n.enx* ((z+h) "n—2"n)/h—
of-nat n x x * (n — Suc 0))) —— 0 ——> 0
by (rule termdiffs-auz [OF 3 4])
qed
qed

19.3 Exponential Function

definition
exp = 'a = 'a::{recpower,real-normed-field,banach} where
expr = (D n.x " n /g real (fact n))

definition
sin :: real => real where
sin z = (3 n. (if even(n) then 0 else
(=1 " ((n — Suc 0) div 2))/(real (fact n))) * z " n)

definition
cos :: real => real where
cos x = (D> n. (if even(n) then (—1 " (n div 2))/(real (fact n))
else 0) x z " n)

lemma summable-exp-generic:
fixes z :: 'a::{real-normed-algebra-1,recpower,banach}
defines S-def: S = An. z " n /g real (fact n)
shows summable S
proof —
have S-Suc: An. S (Suc n) = (z * S n) /g real (Suc n)
unfolding S-def by (simp add: power-Suc del: mult-Suc)
obtain r :: real where 70: 0 < rand r1: r < 1
using dense [OF zero-less-one| by fast
obtain N :: nat where N: norm x < real N x r
using reals-Archimedeand [OF r0] by fast
from r1 show ?thesis
proof (rule ratio-test [rule-format])
fix n :: nat
assume n: N < n
have norm x < real N x r
using N by (rule order-less-imp-le)
also have real N x r < real (Suc n) x r
using 70 n by (simp add: mult-right-mono)
finally have norm z * norm (S n) < real (Suc n) * r x norm (S n)
using norm-ge-zero by (rule mult-right-mono)
hence norm (z * S n) < real (Suc n) *x r x norm (S n)
by (rule order-trans [OF norm-mult-ineq))
hence norm (z * S n) / real (Suc n) < r * norm (S n)
by (simp add: pos-divide-le-eq mult-ac)
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thus norm (S (Suc n)) < r * norm (S n)
by (simp add: S-Suc norm-scaleR inverse-eq-divide)
qed
qed

lemma summable-norm-exp:
fixes z :: 'a::{real-normed-algebra-1,recpower,banach}
shows summable (An. norm (x * n /g real (fact n)))
proof (rule summable-norm-comparison-test [OF exl, rule-format])
show summable (An. norm x * n /g real (fact n))
by (rule summable-exp-generic)
next
fix n show norm (z “n /g real (fact n)) < norm x “n /g real (fact n)
by (simp add: norm-scaleR norm-power-ineq)
qed

lemma summable-exp: summable (%on. inverse (real (fact n)) *x x * n)
by (insert summable-exp-generic [where =z, simp)

lemma summable-sin:
summable (Y%on.
(if even n then 0
else =1 " ((n — Suc 0) div 2)/(real (fact n))) *
z " n)
apply (rule-tac g = (%n. inverse (real (fact n)) * |z| “n) in summable-comparison-test)
apply (rule-tac [2] summable-exp)
apply (rule-tac z = 0 in exl)
apply (auto simp add: divide-inverse abs-mult power-abs [symmetric] zero-le-mult-iff )
done

lemma summable-cos:
summable (Y%n.
(if even n then

—1 " (n div 2)/(real (fact n)) else 0) * x " n)

apply (rule-tac g = (%n. inverse (real (fact n)) * |z| *n) in summable-comparison-test)
apply (rule-tac [2] summable-exp)
apply (rule-tac x = 0 in exl)

(

apply (auto simp add: divide-inverse abs-mult power-abs [symmetric] zero-le-mult-iff)

done

lemma lemma-STAR-sin:
(if even n then 0
else =1 " ((n — Suc 0) div 2)/(real (fact n))) * 0 "n =0
by (induct n, auto)

lemma lemma-STAR-cos:

0<n-——>

—1 " (n div 2)/(real (factn)) * 0 “n =0
by (induct n, auto)
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lemma lemma-STAR-cos!:

0<n-——>

(—=1) " (n div 2)/(real (fact n)) * 0 "n =0
by (induct n, auto)

lemma lemma-STAR-cos2:
(>-n=1..<n. if even n then —1 ~ (n div 2)/(real (fact n)) * 0 " n
else 0) = 0
apply (induct n)
apply (case-tac [2] n, auto)
done

lemma exp-converges: (An. x ~n /g real (fact n)) sums exp x
unfolding ezp-def by (rule summable-exp-generic [THEN summable-sums))

lemma sin-converges:
(%n. (if even n then 0
else —1 " ((n — Suc 0) div 2)/(real (fact n))) *
z " n) sums sin(x)
unfolding sin-def by (rule summable-sin [THEN summable-sums))

lemma cos-converges:
(%n. (if even n then
—1 " (n div 2)/(real (fact n))
else 0) x x * n) sums cos(x)
unfolding cos-def by (rule summable-cos [THEN summable-sums])

19.4 Formal Derivatives of Exp, Sin, and Cos Series

lemma exp-fdiffs:
diffs (%on. inverse(real (fact n))) = (%n. inverse(real (fact n)))
by (simp add: diffs-def mult-assoc [symmetric] real-of-nat-def of-nat-mult
del: mult-Suc of-nat-Suc)

lemma diffs-of-real: diffs (An. of-real (f n)) = (An. of-real (diffs f n))
by (simp add: diffs-def)

lemma sin-fdiffs:
diffs(%omn. if even n then 0
else —1 " ((n — Suc 0) div 2)/(real (fact n)))
= (%n. if even n then
—1 " (n div 2)/(real (fact n))
else 0)
by (auto intro!: ext
simp add: diffs-def divide-inverse real-of-nat-def of-nat-mult
simp del: mult-Suc of-nat-Suc)

lemma sin-fdiffs2:
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diffs(%on. if even n then 0
else —1 " ((n — Suc 0) div 2)/(real (fact n))) n
= (if even n then
—1 " (n div 2)/(real (fact n))
else 0)
by (simp only: sin-fdiffs)

lemma cos-fdiffs:

diffs(%n. if even n then

—1 " (n div 2)/(real (fact n)) else 0)
= (%n. — (if even n then 0
else —1 " ((n — Suc 0)div 2)/(real (fact n))))
by (auto intro!: ext
simp add: diffs-def divide-inverse odd-Suc-mult-two-ex real-of-nat-def
of-nat-mult
simp del: mult-Suc of-nat-Suc)

lemma cos-fdiffs2:
diffs(%on. if even n then
—1 " (n div 2)/(real (fact n)) else 0) n
= — (if even n then 0
else =1 " ((n — Suc 0)div 2)/(real (fact n)))
by (simp only: cos-fdiffs)

Now at last we can get the derivatives of exp, sin and cos

lemma lemma-sin-minus:
—sinzx = (D n. — ((if even n then 0
else =1 " ((n — Suc 0) div 2)/(real (fact n))) *x x * n))

by (auto intro!: sums-unique sums-minus sin-converges)

lemma lemma-exp-ext: exp = (Az. > n. z " n /g real (fact n))
by (auto introl: ext simp add: exp-def)

lemma DERIV-exp [simp]: DERIV exp z :> exp(z)

apply (simp add: exp-def)

apply (subst lemma-exp-ext)

apply (subgoal-tac DERIV (Au. > n. of-real (inverse (real (fact n))) * u " n) z
> (X n. diffs (An. of-real (inverse (real (fact n)))) n * z “n))

apply (rule-tac [2] K = of-real (1 + norm x) in termdiffs)

apply (simp-all only: diffs-of-real scaleR-conv-of-real exp-fdiffs)

apply (rule exp-converges [THEN sums-summable, unfolded scaleR-conv-of-real])+
apply (simp del: of-real-add)

done

lemma lemma-sin-ext:
sin = (%oz. Y n.
(if even n then 0
else —1 " ((n — Suc 0) div 2)/(real (fact n))) *
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x " n)
by (auto intro!: ext simp add: sin-def)

lemma lemma-cos-ext:
cos = (%ox. Y n.
(if even n then —1 ~ (n div 2)/(real (fact n)) else 0) *
x " n)
by (auto intro!: ext simp add: cos-def)

lemma DERIV-sin [simp]: DERIV sin z :> cos(z)

apply (simp add: cos-def)

apply (subst lemma-sin-ext)

apply (auto simp add: sin-fdiffs2 [symmetric])

apply (rule-tac K = 1 + |z| in termdiffs)

apply (auto intro: sin-converges cos-converges sums-summable introl: sums-minus
[THEN sums-summable] simp add: cos-fdiffs sin-fdiffs)

done

lemma DERIV-cos [simp]: DERIV cos x :> —sin(z)

apply (subst lemma-cos-ext)

apply (auto simp add: lemma-sin-minus cos-fdiffs2 [symmetric] minus-mult-left)
apply (rule-tac K = 1 + |z| in termdiffs)

apply (auto intro: sin-converges cos-converges sums-summable introl: sums-minus
[THEN sums-summable] simp add: cos-fdiffs sin-fdiffs diffs-minus)

done

lemma isCont-exp [simp]: isCont exp x
by (rule DERIV-exp [THEN DERIV-isCont))

lemma isCont-sin [simp]: isCont sin x
by (rule DERIV-sin [THEN DERIV-isCont])

lemma isCont-cos [simp]: isCont cos

by (rule DERIV-cos [THEN DERIV-isCont])

19.5 Properties of the Exponential Function

lemma powser-zero:
fixes f :: nat = ‘a::{real-normed-algebra-1,recpower}
shows O n. fnx0"n)=f0
proof —
have Dn=0.<1.fnx0 "n)=0O_n. fn*x0"n)
by (rule sums-unique [OF series-zero], simp add: power-0-left)
thus ?thesis by simp
qged

lemma exp-zero [simp]: exp 0 = 1
unfolding exp-def by (simp add: scaleR-conv-of-real powser-zero)
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lemma setsum-head?2:
m < n = setsum f {m..n} = fm + setsum f {Suc m..n}
by (simp add: setsum-head atLeastSucAtMost-greaterThanAtMost)

lemma setsum-cl-ivl-Suc2:
S i=m..Suc n. fi) = (if Suc n < m then 0 else fm + (O i=m..n. f (Suc i)))
by (simp add: setsum-head2 setsum-shift-bounds-cl-Suc-ivl
del: setsum-cl-ivl-Suc)

lemma exp-series-add:
fixes z y :: 'a::{real-field,recpower}
defines S-def: S = Az n. & " n /g real (fact n)
shows S (z +y) n= (D i=0.n. Szi*x Sy (n— 1))
proof (induct n)
case 0
show ?case
unfolding S-def by simp
next
case (Suc n)
have S-Suc: Az n. Sz (Sucn) = (z x Sz n) /g real (Suc n)
unfolding S-def by (simp add: power-Suc del: mult-Suc)
hence times-S: Az n. z * Sz n = real (Suc n) xg Sz (Suc n)
by simp

have real (Suc n) g S (z + y) (Sucn)=(z+y)* S (z+ y)n
by (simp only: times-S)

also have ... = (z + y) *x (O i=0..n. Sz i x Sy (n—i))
by (simp only: Suc)
also have ... =z * (>_i=0..n. Sz i+ Sy (n—i))

+yx (O i=0.n. Szix* Sy (n—i))
by (rule left-distrib)
also have ... = (3} i=0..n. (z * Sz i) x Sy (n—i))
+ O i=0.n. Szi*x(y* Sy (n—i)))
by (simp only: setsum-right-distrib mult-ac)
also have ... = (3" i=0..n. real (Suc i) *xg (S z (Suc i) * Sy (n—1)))
+ O_i=0..n. real (Suc n—i) *g (Szi* Sy (Suc n—i)))
by (simp add: times-S Suc-diff-le)
also have (> i=0..n. real (Suc i) *r (S z (Suc i) * Sy (n—i))) =
(32 i=0..Suc n. real i xg (Szi* Sy (Suc n—i)))
by (subst setsum-cl-ivl-Suc2, simp)
also have (> i=0..n. real (Suc n—i) xg (Sx i x Sy (Suc n—1))) =
(> i=0..Suc n. real (Suc n—i) xg (Szi* Sy (Sucn—i))
by (subst setsum-cl-ivl-Suc, simp)
also have (> i=0..Suc n. real i xg (Szi xSy (Suc n—1i))) +
(32 i=0..Suc n. real (Suc n—i) xg (Szi* Sy (Sucn—1i))) =
(32 i=0..Suc n. real (Suc n) xg (Sxi* Sy (Suc n—1)))
by (simp only: setsum-addf [symmetric] scaleR-left-distrib [symmetric]
real-of-nat-add [symmetric], simp)
also have ... = real (Suc n) xg (>_i=0..Sucn. Sz i * Sy (Suc n—1))
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by (simp only: scaleR-right.setsum)
finally show
S (z+y) (Sucn) =03 i=0..Sucn. Sxix Sy (Sucn — 1))
by (simp add: scaleR-cancel-left del: setsum-cl-ivl-Suc)
qed

lemma exp-add: exp (x + y) = exp = * exp y
unfolding exp-def
by (simp only: Cauchy-product summable-norm-exp exp-series-add)

lemma exp-of-real: exp (of-real x) = of-real (exp x)
unfolding exp-def

apply (subst of-real.suminf)

apply (rule summable-exp-generic)

apply (simp add: scaleR-conv-of-real)

done

lemma exp-ge-add-one-self-aux: 0 < (z::real) ==> (1 + z) < exp(x)

apply (drule order-le-imp-less-or-eq, auto)

apply (simp add: exp-def)

apply (rule real-le-trans)

apply (rule-tac [2] n = 2 and f = (%n. inverse (real (fact n)) * x "~ n) in
series-pos-le)

apply (auto intro: summable-exp simp add: numeral-2-eq-2 zero-le-power zero-le-mult-iff)
done

lemma exp-gt-one [simp]: 0 < (z:real) ==> 1 < exp
apply (rule order-less-le-trans)

apply (rule-tac [2] exp-ge-add-one-self-auz, auto)

done

lemma DERIV-exp-add-const: DERIV (%x. exp (z + y)) z :> exp(z + y)
proof —
have DERIV (exp o (Ax. z + y)) = :> exp (z + y) * (14+0)
by (fast intro: DERIV-chain DERIV-add DERIV-exp DERIV-ident DERIV-const)

thus ?thesis by (simp add: o-def)
qed

lemma DERIV-exp-minus [simp]: DERIV (%z. exp (—x)) z :> — exp(—=x)
proof —
have DERIV (exp o uminus) z :> exp (— ) * — 1
by (fast intro: DERIV-chain DERIV-minus DERIV-exp DERIV-ident)
thus ?thesis by (simp add: o-def)
qed

lemma DERIV-exp-exp-zero [simpl: DERIV (%x. exp (x + y) * exp (— x)) = >
0
proof —
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have DERIV (Az. exp (z + y) * exp (— z)) =
> exp (x +y) xexp (—x) + — exp (— ) * exp (z + y)
by (fast intro: DERIV-exp-add-const DERIV-exp-minus DERIV-mult)
thus ?thesis by (simp add: mult-commute)
qed

lemma exp-add-mult-minus [simp]: exp(z + y)xexp(—z) = exp(y::real)
proof —
have Vz. DERIV (%x. exp (z + y) * exp (— z)) z :> 0 by simp
hence ezp (z + y) * exp (— z) = exp (0 + y) * exp (— 0)
by (rule DERIV-isconst-all)
thus ?thesis by simp
qed

lemma exp-mult-minus [simp]: exp z x exp(—x) = 1
by (simp add: exp-add [symmetric])

lemma exp-mult-minus2 [simp|: exp(—z)*exp(z) = 1
by (simp add: mult-commute)

lemma exp-minus: exp(—z) = inverse(exp(x))
by (auto intro: inverse-unique [symmetric])

Proof: because every exponential can be seen as a square.

lemma exp-ge-zero [simpl: 0 < exp (z::real)

apply (rule-tac t = z in real-sum-of-halves [THEN subst])
apply (subst exp-add, auto)

done

lemma exp-not-eg-zero [simp|: exp x # 0
apply (cut-tac x = z in exp-mult-minus2)
apply (auto simp del: exp-mult-minus2)
done

lemma exp-gt-zero [simpl: 0 < exp (z::real)
by (simp add: order-less-le)

lemma inv-exp-gt-zero [simp]: 0 < inverse(exp x::real)
by (auto intro: positive-imp-inverse-positive)

lemma abs-exp-cancel [simp]: |exp x::real| = exp x

by auto

lemma exp-real-of-nat-mult: exp(real n x ) = exp(x) " n

apply (induct n)

apply (auto simp add: real-of-nat-Suc right-distrib exp-add mult-commute)
done
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lemma exp-diff: exp(x — y) = exp(z)/(exp y)
apply (simp add: diff-minus divide-inverse)
apply (simp (no-asm) add: exp-add exp-minus)
done

lemma exp-less-mono:
fixes x y :: real
assumes zy: ¢ < y shows exp x < exp y
proof —
from zy have 1 < exp (y + — )
by (rule real-less-sum-gt-zero [THEN exp-gt-one])
hence exp z * inverse (exp x) < exp y * inverse (exp x)
by (auto simp add: exp-add exp-minus)
thus ?thesis
by (simp add: divide-inverse [symmetric] pos-less-divide-eq
del: divide-self-if )
qed

lemma exp-less-cancel: exp (xz:real) < exp y ==> 1 < y
apply (simp add: linorder-not-le [symmetric])

apply (auto simp add: order-le-less exp-less-mono)

done

lemma exp-less-cancel-iff [iff]: (exp(z::real) < exp(y)) = (x < y)
by (auto intro: exp-less-mono exp-less-cancel)

lemma exp-le-cancel-iff [iff]: (exp(z::real) < exp(y)) = (x < y)
by (auto simp add: linorder-not-less [symmetric|)

lemma exp-inj-iff [iff]: (exp (xz:real) = exp y) = (z = y)
by (simp add: order-eq-iff)

lemma lemma-ezp-total: 1 <y ==>3Jz. 0 <z &z <y —1& exp(z::real) =
apply (rule IVT)

apply (auto intro: isCont-exp simp add: le-diff-eq)

apply (subgoal-tac 1 + (y — 1) < exp (y — 1))

apply simp

apply (rule exp-ge-add-one-self-aux, simp)

done

lemma exp-total: 0 < (y:real) ==> Jz. expz =y

apply (rule-tac z = 1 and y = y in linorder-cases)

apply (drule order-less-imp-le [THEN lemma-exp-total])

apply (rule-tac [2] x = 0 in exl)

apply (frule-tac [3] real-inverse-gt-one)

apply (drule-tac [4 ] order-less-imp-le [THEN lemma-exp-total], auto)
apply (rule-tac z = —z in exl)

apply (simp add: exp-minus)
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done

19.6 Properties of the Logarithmic Function

definition
In :: real => real where
Inx = (THE u. exp u = x)

lemma In-exp [simp]: In (exp z) = z
by (simp add: In-def)

lemma exp-ln [simp]: 0 < © = exp (Inz) =z
by (auto dest: exp-total)

lemma ezp-In-iff [simp]: (ezp (Inz) = z) = (0 < )
apply (auto dest: exp-total)

apply (erule subst, simp)

done

lemma in-mult: [| 0 < z; 0 <y |] ==> In(z * y) = In(z) + In(y)
apply (rule exp-inj-iff [THEN iffD1])

apply (simp add: exp-add exp-In mult-pos-pos)

done

lemma In-inj-iff [simp]: [| 0 < 2z; 0 < y|]==> (Inz =Ilny) = (x =y)
apply (simp only: exp-In-iff [symmetric])

apply (erule subst)+

apply simp

done

lemma In-one[simp]: In 1 = 0

by (rule exp-inj-iff [THEN iffD1], auto)

lemma in-inverse: 0 < x ==> In(inverse ) = — In z

apply (rule-tac al = In z in add-left-cancel [THEN iffD1])

apply (auto simp add: positive-imp-inverse-positive In-mult [symmetric])
done

lemma In-div:
10 <z;0 <y|] ==>In(z/y) =lnz —Iny
apply (simp add: divide-inverse)
apply (auto simp add: positive-imp-inverse-positive In-mult In-inverse)
done

lemma in-less-cancel-iff [simp]: [| 0 < z; 0 < y|]] ==> (Inz < Iny) = (z < y)
apply (simp only: exp-In-iff [symmetric])

apply (erule subst)+

apply simp

done
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lemma In-le-cancel-iff [simp]: [| 0 < z; 0 < y|]] ==> (lnz < Iny) = (z < y)

by (auto simp add: linorder-not-less [symmetric])

lemma in-realpow: 0 < z ==> In(z " n) = real n * In(x)
by (auto dest!: exp-total simp add: exp-real-of-nat-mult [symmetric])

lemma in-add-one-self-le-self [simp]: 0 < z ==>In(1 + z) < z
apply (rule In-exp [THEN subst])

apply (rule In-le-cancel-iff [THEN iffD2])

apply (auto simp add: exp-ge-add-one-self-aux)

done

lemma in-less-self [simp]: 0 < z ==>Inz <z
apply (rule order-less-le-trans)

apply (rule-tac [2] In-add-one-self-le-self )

apply (rule In-less-cancel-iff [THEN iffD2], auto)
done

lemma In-ge-zero [simp]:

assumes z: I < z shows 0 < In z
proof —

have 0 < z using z by arith

hence ezp 0 < exp (In x)

by (simp add: z)

thus ?thesis by (simp only: exp-le-cancel-iff)

qed

lemma In-ge-zero-imp-ge-one:

assumes [n: 0 < In z

and z: 0 <z

shows 1 <z
proof —

from In have In 1 < In z by simp

thus ?thesis by (simp add: x del: In-one)
qed

lemma In-ge-zero-iff [simp]: 0 < x ==> (0 < Inz) = (1 < x)
by (blast intro: In-ge-zero In-ge-zero-imp-ge-one)

lemma In-less-zero-iff [simp]: 0 < z ==> (Inz < 0) = (z < 1)
by (insert In-ge-zero-iff [of x], arith)

lemma In-gt-zero:
assumes z: I < z shows 0 < In x
proof —
have 0 < x using = by arith
hence ezp 0 < exp (In z) by (simp add: z)
thus ?thesis by (simp only: exp-less-cancel-iff)
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qed

lemma In-gt-zero-imp-gt-one:

assumes In: 0 < In z

and z: 0 <z

shows 1 < z
proof —

from In have In 1 < In = by simp

thus ?thesis by (simp add: z del: In-one)
qed

lemma In-gt-zero-iff [simp]: 0 < z ==> (0 < Ilnz) = (1 < x)
by (blast intro: In-gt-zero In-gt-zero-imp-gt-one)

lemma in-eg-zero-iff [simp]: 0 < z ==> (lnz =0)=(x = 1)
by (insert In-less-zero-iff [of x] In-gt-zero-iff [of x], arith)

lemma In-less-zero: || 0 < z; 2 < 1 |]==>Inz <0
by simp

lemma exp-ln-eq: exp u =z ==>Inxz = u

by auto

lemma isCont-In: 0 < v = isCont In x

apply (subgoal-tac isCont In (exp (In x)), simp)

apply (rule isCont-inverse-function [where f=exp], simp-all)
done

lemma DERIV-In: 0 < x = DERIV In x :> inverse x

apply (rule DERIV-inverse-function [where f=ezp and a=0 and b=z+1])
apply (erule lemma-DERIV-subst [OF DERIV-exp exp-In])

apply (simp-all add: abs-if isCont-in)

done

19.7 Basic Properties of the Trigonometric Functions

lemma sin-zero [simp]: sin 0 = 0
unfolding sin-def by (simp add: powser-zero)

lemma cos-zero [simp]: cos 0 = 1
unfolding cos-def by (simp add: powser-zero)

lemma DERIV-sin-sin-mult [simp]:
DERIV (%x. sin(x)*sin(z)) z :> cos(z) * sin(z) + cos(z) = sin(z)
by (rule DERIV-mult, auto)

lemma DERIV-sin-sin-mult2 [simp]:
DERIV (%x. sin(z)xsin(x))  :> 2 * cos(x) * sin(x)
apply (cut-tac x = z in DERIV-sin-sin-mult)
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apply (auto simp add: mult-assoc)
done

lemma DERIV-sin-realpow?2 [simp]:
DERIV (%x. (sin z)?) x :> cos(x) * sin(z) + cos(x) * sin(z)
by (auto simp add: numeral-2-eq-2 real-mult-assoc [symmetric])

lemma DERIV-sin-realpow2a [simp):
DERIV (%x. (sin z)?) x :> 2 * cos(z) * sin(z)
by (auto simp add: numeral-2-eq-2)

lemma DERIV-cos-cos-mult [simp]:
DERIV (%x. cos(x)xcos(x)) x :> —sin(z) * cos(x) + —sin(z) * cos(z)
by (rule DERIV-mult, auto)

lemma DERIV-cos-cos-mult2 [simp]:
DERIV (%x. cos(z)xcos(z)) z :> —2 * cos(x) * sin(z)
apply (cut-tac x = z in DERIV-cos-cos-mult)
apply (auto simp add: mult-ac)
done

lemma DERIV-cos-realpow?2 [simp]:
DERIV (%x. (cos )?) z :> —sin(z) * cos(x) + —sin(z) * cos(x)
by (auto simp add: numeral-2-eq-2 real-mult-assoc [symmetric])

lemma DERIV-cos-realpow2a [simp):
DERIV (%x. (cos x)?) z :> —2 x cos(z) * sin(zx)
by (auto simp add: numeral-2-eq-2)

lemma lemma-DERIV-subst: || DERIV fz :> D; D = E || ==> DERIV fx :>
E
by auto

lemma DERIV-cos-realpow2b: DERIV (%z. (cos z)?) z :> —(2 * cos(z) * sin(x))
apply (rule lemma-DERIV-subst)

apply (rule DERIV-cos-realpow2a, auto)

done

lemma DERIV-cos-cos-mult3 [simp]:
DERIV (%x. cos(z)xcos(z)) x :> —(2 * cos(z) * sin(zx))
apply (rule lemma-DERIV-subst)
apply (rule DERIV-cos-cos-mult2, auto)
done

lemma DERIV-sin-circle-all:
Vax. DERIV (%x. (sin z)? + (cos z)?) © :>
(2xcos(x)*sin(z) — 2xcos(x)*sin(zx))
apply (simp only: diff-minus, safe)
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apply (rule DERIV-add)
apply (auto simp add: numeral-2-eq-2)
done

lemma DERIV-sin-circle-all-zero [simp]:
V. DERIV (%x. (sin )% + (cos z)?) z :> 0
by (cut-tac DERIV-sin-circle-all, auto)

lemma sin-cos-squared-add [simp]: ((sin z)?) + ((cos 1)?) = 1

apply (cut-tac z = z and y = 0 in DERIV-sin-circle-all-zero [THEN DERIV-isconst-all])
apply (auto simp add: numeral-2-eg-2)

done

lemma sin-cos-squared-add2 [simp): ((cos z)?) + ((sin x)?) = 1
apply (subst add-commute)

apply (simp (no-asm) del: realpow-Suc)

done

lemma sin-cos-squared-add8 [simp]: cos & * cos & + sin x * sinz = 1
apply (cut-tac © = z in sin-cos-squared-add?2)

apply (auto simp add: numeral-2-eq-2)

done

lemma sin-squared-eq: (sin 2)?> = 1 — (cos z)?

apply (rule-tac al = (cos z)? in add-right-cancel [THEN iffD1])
apply (simp del: realpow-Suc)

done

lemma cos-squared-eq: (cos 7)? = 1 — (sin z)?

apply (rule-tac a1l = (sin 1)? in add-right-cancel [THEN iffD1])
apply (simp del: realpow-Suc)

done

lemma real-gt-one-ge-zero-add-less: [| 1 < z; 0 < y |] ==> 1 < z + (y::real)
by arith

lemma abs-sin-le-one [simp]: |sin x| < 1
by (rule power2-le-imp-le, simp-all add: sin-squared-eq)

lemma sin-ge-minus-one [simp]: —1 < sin z
apply (insert abs-sin-le-one [of x])

apply (simp add: abs-le-iff del: abs-sin-le-one)
done

lemma sin-le-one [simp]: sin x < 1

apply (insert abs-sin-le-one [of x])

apply (simp add: abs-le-iff del: abs-sin-le-one)
done
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lemma abs-cos-le-one [simp]: |cos x| < 1
by (rule power2-le-imp-le, simp-all add: cos-squared-eq)

lemma cos-ge-minus-one [simp]: —1 < cos «
apply (insert abs-cos-le-one [of 1))

apply (simp add: abs-le-iff del: abs-cos-le-one)
done

lemma cos-le-one [simp]: cos © < 1

apply (insert abs-cos-le-one [of 1))

apply (simp add: abs-le-iff del: abs-cos-le-one)
done

lemma DERIV-fun-pow: DERIV g x :> m ==>
DERIV (%x. (gz) "n)xz:>realn =« (gz) " (n—1)*m
apply (rule lemma-DERIV-subst)
apply (rule-tac f = (%z. z " n) in DERIV-chain2)
apply (rule DERIV-pow, auto)
done

lemma DERIV-fun-exp:
DERIV gz :> m ==> DERIV (%x. exp(g z)) © :> exp(g ) * m
apply (rule lemma-DERIV-subst)
apply (rule-tac f = exp in DERIV-chain2)
apply (rule DERIV-exp, auto)
done

lemma DERIV-fun-sin:
DERIV g x :> m ==> DERIV (%x. sin(g x)) x :> cos(g ) * m
apply (rule lemma-DERIV-subst)
apply (rule-tac f = sin in DERIV-chain2)
apply (rule DERIV-sin, auto)
done

lemma DERIV-fun-cos:
DERIV g z :> m ==> DERIV (%x. cos(g x)) z :> —sin(g z) * m
apply (rule lemma-DERIV-subst)
apply (rule-tac f = cos in DERIV-chain2)
apply (rule DERIV-cos, auto)
done

281

lemmas DERIV-intros = DERIV-ident DERIV-const DERIV-cos DERIV-cmult

DERIV-sin DERIV-exp DERIV-inverse DERIV-pow
DERIV-add DERIV-diff DERIV-mult DERIV-minus
DERIV-inverse-fun DERIV-quotient DERIV-fun-pow
DERIV-fun-exp DERIV-fun-sin DERIV-fun-cos

lemma lemma-DERIV-sin-cos-add:
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V.
DERIV (%x. (sin (x + y) — (sinx * cos y + cos ¢ x siny)) "2 +
(cos (z + y) — (cosz x cosy — sinz * siny)) ~2) z:> 0
apply (safe, rule lemma-DERIV-subst)
apply (best introl: DERIV-intros intro: DERIV-chain2)
— replaces the old DERIV-tac
apply (auto simp add: diff-minus left-distrib right-distrib mult-ac add-ac)
done

lemma sin-cos-add [simp]:
(sin (x +y) — (sinz x cos y + cos x * siny)) ~ 2 +
(cos (x + y) — (cosx * cosy — sinz *x siny)) "2 =10
apply (cut-tacy = 0 and z = z and y7 = y
in lemma-DERIV-sin-cos-add [THEN DERIV-isconst-all))
apply (auto simp add: numeral-2-eq-2)
done

lemma sin-add: sin (z + y) = sin x * cos y + cos  * sin y
apply (cut-tac z = z and y = y in sin-cos-add)

apply (simp del: sin-cos-add)

done

lemma cos-add: cos (z + y) = cos x * cos y — sin x * sin y
apply (cut-tac x = z and y = y in sin-cos-add)

apply (simp del: sin-cos-add)

done

lemma lemma-DERIV-sin-cos-minus:
V. DERIV (%x. (sin(—x) + (sin z)) " 2 + (cos(—x) — (cos x)) ~ 2) z :> 0
apply (safe, rule lemma-DERIV-subst)
apply (best introl: DERIV-intros intro: DERIV-chain2)
apply (auto simp add: diff-minus left-distrib right-distrib mult-ac add-ac)
done

lemma sin-cos-minus [simp):
(sin(—z) + (sin z)) * 2 + (cos(—z) — (cosx)) "2 =10
apply (cut-tacy = 0 and z = z
in lemma-DERIV-sin-cos-minus [THEN DERIV-isconst-all])
apply simp
done

lemma sin-minus [simp]: sin (—x) = —sin(z)
apply (cut-tac x = z in sin-cos-minus)
apply (simp del: sin-cos-minus)

done

lemma cos-minus [simp]: cos (—x) = cos(z)
apply (cut-tac x = z in sin-cos-minus)
apply (simp del: sin-cos-minus)
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done

lemma sin-diff: sin (z — y) = sin % cos y — cos T * sin y
by (simp add: diff-minus sin-add)

lemma sin-diff2: sin (x — y) = cos y * sinx — sin y * cos
by (simp add: sin-diff mult-commute)

lemma cos-diff: cos (z — y) = cos x * cos y + sin x * sin y
by (simp add: diff-minus cos-add)

lemma cos-diff2: cos (x — y) = cos y * cos T + sin y x sin x
by (simp add: cos-diff mult-commute)

lemma sin-double [simp]: sin(2 * x) = 2% sin x * cos x
by (cut-tac © = z and y = z in sin-add, auto)

lemma cos-double: cos(2% z) = ((cos x)?) — ((sin z)?)
apply (cut-tac £ = z and y = z in cos-add)

apply (simp add: power2-eq-square)

done

19.8 The Constant Pi

definition
pi :: real where
pi=2x% (THE z. 0 < (zureal) & 2z < 2 & cos z = 0)

Show that there’s a least positive z with cos £ = 0; hence define pi.

lemma sin-paired:
(%n. —1 "n /(real (fact (2 xn+ 1)) xz " (2xn+ 1))
sums sin T
proof —
have (An. Yk =n=* 2.<n *x 2 + 2.
(if even k then 0
else —1 " ((k — Suc 0) div 2) / real (fact k))
x " k)
sums sin T
unfolding sin-def
by (rule sin-converges [THEN sums-summable, THEN sums-group|, simp)
thus ?thesis by (simp add: mult-ac)
qged

lemma sin-gt-zero: [|0 < z;x < 2 || ==> 0 < sin x
apply (subgoal-tac
(An. > k=mn=x*2.<nx*x 2+ 2.
—1 "k [ real (fact (2 xk+ 1))xz " (2*k+ 1))
sums (3.m. —1 “n [ real (fact (2 xn+ 1)) xz " (2xn+ 1))
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prefer 2

apply (rule sin-paired [THEN sums-summable, THEN sums-group], simp)

apply (rotate-tac 2)

apply (drule sin-paired [THEN sums-unique, THEN ssubst))

apply (auto simp del: fact-Suc realpow-Suc)

apply (frule sums-unique)

apply (auto simp del: fact-Suc realpow-Suc)

apply (rule-tac nl = 0 in series-pos-less [THEN [2] order-le-less-trans))

apply (auto simp del: fact-Suc realpow-Suc)

apply (erule sums-summable)

apply (case-tac m=0)

apply (simp (no-asm-simp))

apply (subgoal-tac 6 x (z * (z * z) / real (Suc (Suc (Suc (Suc (Suc (Suc 0)))))))

< 6 % 1)

apply (simp only: mult-less-cancel-left, simp)

apply (simp (no-asm-simp) add: numeral-2-eq-2 [symmetric] mult-assoc [symmetric))

apply (subgoal-tac zxz < 2%3, simp)

apply (rule mult-strict-mono)

apply (auto simp add: real-0-less-add-iff real-of-nat-Suc simp del: fact-Suc)

apply (subst fact-Suc)

apply (subst fact-Suc)

apply (subst fact-Suc)

apply (subst fact-Suc)

apply (subst real-of-nat-mult)

apply (subst real-of-nat-mult)

apply (subst real-of-nat-mult)
(
(
(
(
(
(
(
(
(
(

Py

apply (subst real-of-nat-mult)

apply (simp (no-asm) add: divide-inverse del: fact-Suc)

apply (auto simp add: mult-assoc [symmetric| simp del: fact-Suc)

apply (rule-tac c=real (Suc (Suc (4*m))) in mult-less-imp-less-right)
apply (auto simp add: mult-assoc simp del: fact-Suc)

apply (rule-tac c=real (Suc (Suc (Suc (4*m)))) in mult-less-imp-less-right)
apply (auto simp add: mult-assoc mult-less-cancel-left simp del: fact-Suc)
apply (subgoal-tac z x (z * = ~ (4xm)) = (z ~ (4*m)) * (z * x))

apply (erule ssubst)+

apply (auto simp del: fact-Suc)

apply (subgoal-tac 0 < z " (4 * m))

prefer 2 apply (simp only: zero-less-power)

apply (simp (no-asm-simp) add: mult-less-cancel-left)

apply (rule mult-strict-mono)

apply (simp-all (no-asm-simp))

done

lemma sin-gt-zerol: [|0 < z;2 < 2 |] ==> 0 < sinx
by (auto intro: sin-gt-zero)

lemma cos-double-less-one: [| 0 < z; z < 2 |] ==> cos (2 x z) < I
apply (cut-tac x = z in sin-gt-zerol)
apply (auto simp add: cos-squared-eq cos-double)
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done

lemma cos-paired:
(%n. —1 " n /(real (fact (2 x n))) *z " (2 * n)) sums cos ©
proof —
have (An. Yk =n=x* 2.<n x 2 + 2.
(if even k then —1 ~ (k div 2) / real (fact k) else 0) =
z k)
sums cos
unfolding cos-def
by (rule cos-converges [THEN sums-summable, THEN sums-group], simp)
thus ?thesis by (simp add: mult-ac)
qed

declare zero-less-power [simp)

lemma fact-lemma: real (n::nat) x 4 = real (4 * n)
by simp

lemma cos-two-less-zero [simp]: cos (2) < 0
apply (cut-tac = 2 in cos-paired)
apply (drule sums-minus)
apply (rule neg-less-iff-less [THEN iffD1])
apply (frule sums-unique, auto)
apply (rule-tac y =
>n=0..< Suc(Suc(Suc 0)). — (=1 " n / (real(fact (2xn))) * 2 ~ (2xn))
in order-less-trans)
apply (simp (no-asm) add: fact-num-eg-if realpow-num-eq-if del: fact-Suc realpow-Suc)
apply (simp (no-asm) add: mult-assoc del: setsum-op-ivl-Suc)
apply (rule sumr-pos-lt-pair)
apply (erule sums-summable, safe)
apply (simp (no-asm) add: divide-inverse real-0-less-add-iff mult-assoc [symmetric]

del: fact-Suc)

apply (rule real-mult-inverse-cancel2)
apply (rule real-of-nat-fact-gt-zero)+
apply (simp (no-asm) add: mult-assoc [symmetric] del: fact-Suc)
apply (subst fact-lemma)
apply (subst fact-Suc [of Suc (Suc (Suc (Suc (Suc (Suc (Suc (4 * d)))))))])
apply (simp only: real-of-nat-mult)
apply (rule mult-strict-mono, force)

apply (rule-tac [3] real-of-nat-fact-ge-zero)

prefer 2 apply force
apply (rule real-of-nat-less-iff [THEN iffD2])
apply (rule fact-less-mono, auto)
done

lemmas cos-two-neg-zero [simp] = cos-two-less-zero [THEN less-imp-neq|
lemmas cos-two-le-zero [simp] = cos-two-less-zero [THEN order-less-imp-le]
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lemma cos-is-zero: EX'z. 0 <z & < 2 & cosxz = 0

apply (subgoal-tac 3z. 0 < z & = < 2 & cosx = 0)

apply (rule-tac [2] IVT2)

apply (auto intro: DERIV-isCont DERIV-cos)

apply (cut-tac x = za and y = y in linorder-less-linear)

apply (rule ccontr)

apply (subgoal-tac (Vz. cos differentiable z) & (Vz. isCont cos x) )

apply (auto intro: DERIV-cos DERIV-isCont simp add: differentiable-def)
apply (drule-tac f = cos in Rolle)

apply (drule-tac [5] f = cos in Rolle)

apply (auto dest!: DERIV-cos [THEN DERIV-unique] simp add: differentiable-def)
apply (drule-tac y1 = za in order-le-less-trans [THEN sin-gt-zero))

apply (assumption, rule-tac y=y in order-less-le-trans, simp-all)

apply (drule-tac y1 = y in order-le-less-trans [THEN sin-gt-zero), assumption,
simp-all)

done

lemma pi-half: pi/2 = (THE z. 0 <z & z < 2 & cosz = 0)
by (simp add: pi-def)

lemma cos-pi-half [simp]: cos (pi / 2) = 0
by (simp add: pi-half cos-is-zero [THEN thel])

lemma pi-half-gt-zero [simp]: 0 < pi | 2

apply (rule order-le-neg-trans)

apply (simp add: pi-half cos-is-zero [THEN thel])
apply (rule notl, drule arg-cong [where f=cos], simp)
done

lemmas pi-half-neg-zero [simp] = pi-half-gt-zero [THEN less-imp-neq, symmetric]
lemmas pi-half-ge-zero [simp] = pi-half-gt-zero [THEN order-less-imp-le]

lemma pi-half-less-two [simp): pi | 2 < 2

apply (rule order-le-neg-trans)

apply (simp add: pi-half cos-is-zero [THEN thel )
apply (rule notl, drule arg-cong [where f=cos], simp)
done

lemmas pi-half-neg-two [simp] = pi-half-less-two [THEN less-imp-neq|
lemmas pi-half-le-two [simp] = pi-half-less-two [THEN order-less-imp-le]

lemma pi-gt-zero [simp]: 0 < pi
by (insert pi-half-gt-zero, simp)

lemma pi-ge-zero [simp]: 0 < pi
by (rule pi-gt-zero [THEN order-less-imp-le])

lemma pi-neg-zero [simp]: pi # 0
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by (rule pi-gt-zero [THEN less-imp-neq, THEN not-sym])

lemma pi-not-less-zero [simp]: — pi < 0
by (simp add: linorder-not-less)

lemma minus-pi-half-less-zero [simp]: —(pi/2) < 0
by auto

lemma sin-pi-half [simp]: sin(pi/2) = 1

apply (cut-tac © = pi/2 in sin-cos-squared-add2)

apply (cut-tac sin-gt-zero [OF pi-half-gt-zero pi-half-less-two))
apply (simp add: power2-eq-square)

done

lemma cos-pi [simp]: cos pi = —1
by (cut-tac x = pi/2 and y = pi/2 in cos-add, simp)

lemma sin-pi [simp]: sin pi = 0
by (cut-tac x = pi/2 and y = pi/2 in sin-add, simp)

lemma sin-cos-eq: sin x = cos (pi/2 — x)
by (simp add: diff-minus cos-add)
declare sin-cos-eq [symmetric, simp]

lemma minus-sin-cos-eq: —sin © = cos (z + pi/2)
by (simp add: cos-add)
declare minus-sin-cos-eq [symmetric, simp]

lemma cos-sin-eq: cos v = sin (pi/2 — )
by (simp add: diff-minus sin-add)
declare cos-sin-eq [symmetric, simp]

lemma sin-periodic-pi [simp]: sin (z + pi) = — sin z
by (simp add: sin-add)

lemma sin-periodic-pi2 [simp]: sin (pi + z) = — sin
by (simp add: sin-add)

lemma cos-periodic-pi [simp]: cos (x + pi) = — cos x
by (simp add: cos-add)

lemma sin-periodic [simp]: sin (z + 2xpi) = sin x
by (simp add: sin-add cos-double)

lemma cos-periodic [simp]: cos (z + 2%pi) = cos
by (simp add: cos-add cos-double)

lemma cos-npi [simp]: cos (real n x pi) = —1 " n
apply (induct n)
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apply (auto simp add: real-of-nat-Suc left-distrib)

done

lemma cos-npi2 [simp]: cos (pi * real n) = —1 " n

proof —
have cos (pi * real n) = cos (real n * pi) by (simp only: mult-commute)
also have ... = —1 " n by (rule cos-npi)
finally show ?thesis .

qed

lemma sin-npi [simp]: sin (real (n:nat) * pi) = 0
apply (induct n)

apply (auto simp add: real-of-nat-Suc left-distrib)
done

lemma sin-npi2 [simp]: sin (pi * real (n:nat)) = 0
by (simp add: mult-commute [of pi])

lemma cos-two-pi [simp]: cos (2 x pi) = 1
by (simp add: cos-double)

lemma sin-two-pi [simp]: sin (2 x pi) = 0
by simp

lemma sin-gt-zero2: [| 0 < z; ¢ < pi/2 || ==> 0 < sin z
apply (rule sin-gt-zero, assumption)

apply (rule order-less-trans, assumption)

apply (rule pi-half-less-two)

done

lemma sin-less-zero:
assumes b: — pi/2 < r and z < 0 shows sin z < 0

proof —
have 0 < sin (— z) using prems by (simp only: sin-gt-zero2)
thus ?thesis by simp

qed

lemma pi-less-4: pi < 4
by (cut-tac pi-half-less-two, auto)

lemma cos-gt-zero: [| 0 < z; x < pi/2 || ==> 0 < cos x

apply (cut-tac pi-less-4)

apply (cut-tac f = cos and ¢« = 0 and b = z and y = 0 in IVT2-0bjl, safe,
stmp-all)

apply (cut-tac cos-is-zero, safe)

apply (rename-tac y z)

apply (drule-tac x = y in spec)

apply (drule-tac x = pi/2 in spec, simp)

done
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lemma cos-gt-zero-pi: || —(pi/2) < z; z < pi/2 || ==> 0 < cos z
apply (rule-tac ¢ = ¢ and y = 0 in linorder-cases)

apply (rule cos-minus [THEN subst))

apply (rule cos-gt-zero)

apply (auto intro: cos-gt-zero)

done

lemma cos-ge-zero: [| —(pi/2) < z;x < pi/2 || ==> 0 < cos x
apply (auto simp add: order-le-less cos-gt-zero-pi)

apply (subgoal-tac © = pi/2, auto)

done

lemma sin-gt-zero-pi: [| 0 < z; 2z < pi || ==> 0 < sinx

apply (subst sin-cos-eq)

apply (rotate-tac 1)

apply (drule real-sum-of-halves [THEN ssubst])

apply (auto introl: cos-gt-zero-pi simp del: sin-cos-eq [symmetric])
done

lemma sin-ge-zero: [| 0 < z; z < pi || ==> 0 < sin z
by (auto simp add: order-le-less sin-gt-zero-pi)

lemma cos-total: [| —1 < y; y < 1|]==>EX!2z. 0 <z &z <pi& (cosz =
y)
apply (subgoal-tac Fz. 0 < z & © < pi & cos x = y)
apply (rule-tac [2] IVT2)
apply (auto intro: order-less-imp-le DERIV-isCont DERIV-cos)
apply (cut-tac x = za and y = y in linorder-less-linear)
apply (rule ccontr, auto)
apply (drule-tac f = cos in Rolle)
apply (drule-tac [5] f = cos in Rolle)
apply (auto intro: order-less-imp-le DERIV-isCont DERIV-cos
dest!: DERIV-cos [THEN DERIV-unique]
simp add: differentiable-def)
apply (auto dest: sin-gt-zero-pi [OF order-le-less-trans order-less-le-trans])
done

lemma sin-total:

-1 <y;y<1]|==>EX!z. —(pi/2) <z &z <pi/2& (sinz=y)
apply (rule ccontr)
apply (subgoal-tac V. (— (pi/2) <z & z < pi/2 & (sinz = y)) = (0
pi/2) & (z + pi/2) < pi & (cos (z + pi/2) = —y)))
apply (erule contrapos-np)
apply (simp del: minus-sin-cos-eq [symmetric])
apply (cut-tac y=—y in cos-total, simp) apply simp
apply (erule ex1F)
(
(

IA
®
_l’_

apply (rule-tac a = z — (pi/2) in ex1])
apply (simp (no-asm) add: add-assoc)
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apply (rotate-tac 3)
apply (drule-tac x = za + pi/2 in spec, safe, simp-all)
done

lemma reals-Archimedeans:
[0<y;0<z]|]==>3Tn.realn*xy <z &z < real (Sucn) *y

apply (auto dest!: reals-Archimedean3)

apply (drule-tac x = z in spec, clarify)

apply (subgoal-tac x < real(LEAST m:nat. x < real m * y) x y)

prefer 2 apply (erule Leastl)

apply (case-tac LEAST m::nat. z < real m * y, simp)

apply (subgoal-tac ~ z < real nat * y)

prefer 2 apply (rule not-less-Least, simp, force)

done

lemma cos-zero-lemma:

|0 <z;cosz=0]| ==>

Ininat. “even n & x = real n x (pi/2)
apply (drule pi-gt-zero [THEN reals-Archimedeant], safe)
apply (subgoal-tac 0 < x — real n * pi &

(z — real n x pi) < pi & (cos (x — real n x pi) = 0) )
apply (auto simp add: compare-rls)
prefer 3 apply (simp add: cos-diff )

prefer 2 apply (simp add: real-of-nat-Suc left-distrib)
apply (simp add: cos-diff)
apply (subgoal-tac EX! . 0 < z & = < pi & cos z = 0)
apply (rule-tac [2] cos-total, safe)
apply (drule-tac z = z — real n * pi in spec)
apply (drule-tac x = pi/2 in spec)
apply (simp add: cos-diff)
apply (rule-tac x = Suc (2 % n) in exl)
apply (simp add: real-of-nat-Suc left-distrib, auto)
done

lemma sin-zero-lemma:
0<zsinz=0]| ==>
In:nat. even n & = real n * (pi/2)
apply (subgoal-tac In:nat. ~ even n & x + pi/2 = real n * (pi/2) )
apply (clarify, rule-tac x = n — 1 in exl)
apply (force simp add: odd-Suc-mult-two-ex real-of-nat-Suc left-distrib)
apply (rule cos-zero-lemma)
apply (simp-all add: add-increasing)
done

lemma cos-zero-iff:
(cosz = 0) =
((3n:nat. ~even n & (z = real n x (pi/2))) |
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(In:nat. ~even n & (z = —(real n x (pi/2)))))
apply (rule iffI)
apply (cut-tac linorder-linear [of 0 z], safe)
apply (drule cos-zero-lemma, assumption+)
apply (cut-tac t=—2x in cos-zero-lemma, simp, simp)
apply (force simp add: minus-equation-iff [of z])
apply (auto simp only: odd-Suc-mult-two-ex real-of-nat-Suc left-distrib)
apply (auto simp add: cos-add)
done

lemma sin-zero-iff :
(sinz =0) =
((3n:nat. even n & (z = real n * (pi/2))) |
(Fn:nat. even n & (x = —(real n x (pi/2)))))
apply (rule iffI)
apply (cut-tac linorder-linear [of 0 z], safe)
apply (drule sin-zero-lemma, assumption+)
apply (cut-tac x=—z in sin-zero-lemma, simp, simp, safe)
(
(

apply (force simp add: minus-equation-iff [of x])
apply (auto simp add: even-mult-two-ex)
done

19.9 Tangent

definition
tan :: real => real where
tan x = (sin x)/(cos x)

lemma tan-zero [simp]: tan 0 = 0
by (simp add: tan-def)

lemma tan-pi [simp]: tan pi = 0
by (simp add: tan-def)

lemma tan-npi [simp]: tan (real (n:nat) % pi) = 0
by (simp add: tan-def)

lemma tan-minus [simp]: tan (—z) = — tan x
by (simp add: tan-def minus-mult-left)

lemma tan-periodic [simp]: tan (x + 2xpi) = tan ©
by (simp add: tan-def)

lemma lemma-tan-add1:
[| cos x # 05 cosy # 0 ]
==> [ — tan(x)xtan(y) = cos (x + y)/(cos x * cos y)
apply (simp add: tan-def divide-inverse)
apply (auto simp del: inverse-mult-distrib
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simp add: inverse-mult-distrib [symmetric] mult-ac)
apply (rule-tac ¢ = cos x * cos y in real-mult-right-cancel [THEN subst])
apply (auto simp del: inverse-mult-distrib

simp add: mult-assoc left-diff-distrib cos-add)
done

lemma add-tan-eq:
[| cosz # 0; cosy # 0 |]
==> tan ¢ + tan y = sin(z + y)/(cos z * cos y)
apply (simp add: tan-def)
apply (rule-tac c1 = cos x * cos y in real-mult-right-cancel [THEN subst))
apply (auto simp add: mult-assoc left-distrib)
apply (simp add: sin-add)
done

lemma tan-add:

[| cos x # 05 cosy # 05 cos (x + y) # 0]

==> tan(z + y) = (tan(z) + tan(y))/(1 — tan(x) * tan(y))
apply (simp (no-asm-simp) add: add-tan-eq lemma-tan-addl)
apply (simp add: tan-def)
done

lemma tan-double:
[| cosz # 0; cos (2 % z) # 0 |]
==> tan (2 * ) = (2 * tan x)/(1 — (tan(z) " 2))
apply (insert tan-add [of = x])
apply (simp add: mult-2 [symmetric])
apply (auto simp add: numeral-2-eq-2)
done

lemma tan-gt-zero: [| 0 < z; x < pi/2 || ==> 0 < tan z
by (simp add: tan-def zero-less-divide-iff sin-gt-zero2 cos-gt-zero-pi)

lemma tan-less-zero:
assumes [b: — pi/2 < z and z < 0 shows tan z < 0
proof —
have 0 < tan (— z) using prems by (simp only: tan-gt-zero)
thus ?thesis by simp
qed

lemma lemma-DERIV-tan:
cos ¥ # 0 ==> DERIV (%x. sin(z)/cos(z)) z :> inverse((cos z)?)
apply (rule lemma-DERIV-subst)
apply (best intro!: DERIV-intros intro: DERIV-chain2)
apply (auto simp add: divide-inverse numeral-2-eq-2)
done

lemma DERIV-tan [simp]: cos © # 0 ==> DERIV tan x :> inverse((cos x)?)
by (auto dest: lemma-DERIV-tan simp add: tan-def [symmetric])
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lemma isCont-tan [simp]: cos © # 0 ==> isCont tan x
by (rule DERIV-tan |[THEN DERIV-isCont))

lemma LIM-cos-div-sin [simp]: (%ox. cos(z)/sin(z)) —— pi/2 ——> 0

apply (subgoal-tac (Ax. cos z * inverse (sin x)) —— pi * inverse 2 ——> 0x1)
apply (simp add: divide-inverse [symmetric])

apply (rule LIM-mult)

apply (rule-tac [2] inverse-1 [THEN subst])

apply (rule-tac [2] LIM-inverse)

apply (simp-all add: divide-inverse [symmetric))

apply (simp-all only: isCont-def [symmetric] cos-pi-half [symmetric] sin-pi-half
[symmetric])

apply (blast intro!: DERIV-isCont DERIV-sin DERIV-cos)+

done

lemma lemma-tan-total: 0 < y ==>3Jz. 0 <z & z < pi/2 & y < tan x
apply (cut-tac LIM-cos-div-sin)

apply (simp only: LIM-def)

apply (drule-tac x = inverse y in spec, safe, force)

apply (drule-tac ?d1.0 = s in pi-half-gt-zero [THEN [2] real-lbound-gt-zero|, safe)
apply (rule-tac z = (pi/2) — e in exl)

apply (simp (no-asm-simp))

apply (drule-tac x = (pi/2) — e in spec)

apply (auto simp add: tan-def)

apply (rule inverse-less-iff-less [THEN iffD1])

apply (auto simp add: divide-inverse)

apply (rule real-mult-order)

apply (subgoal-tac [8] 0 < sin e & 0 < cos e)

apply (auto intro: cos-gt-zero sin-gt-zero2 simp add: mult-commute)

done

Py

lemma tan-total-pos: 0 < y ==>3Jz. 0 <z &z < pi/2 & tanz =y
apply (frule order-le-imp-less-or-eq, safe)

prefer 2 apply force

apply (drule lemma-tan-total, safe)

apply (cut-tac f = tan and ¢« = 0 and b = z and y = y in IVT-objl)
apply (auto intro!: DERIV-tan [THEN DERIV-isCont))

apply (drule-tac y = za in order-le-imp-less-or-eq)

apply (auto dest: cos-gt-zero)

done

lemma lemma-tan-totall: Izx. —(pi/2) < z & = < (pi/2) & tanz =y
apply (cut-tac linorder-linear [of 0 y], safe)

apply (drule tan-total-pos)

apply (cut-tac [2] y——y in tan-total-pos, safe)

apply (rule-tac [3] * = —z in exl)

apply (auto intro!: exI)

done
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lemma tan-total: EX! z. —(pi/2) < z & © < (pi/2) & tan x =y
apply (cut-tac y = y in lemma-tan-totall, auto)
apply (cut-tac ¢ = za and y = y in lmorder—less linear, auto)
apply (subgoal-tac [ 132z y <z & 2z < za & DERIV tan z :> 0)
apply (subgoal-tac 3z. za < z & z < y & DERIV tan z :> 0)
apply (rule-tac [4] Rolle)
apply (rule-tac [2] Rolle)
apply (auto intro!: DERIV-tan DERIV-isCont exl

simp add: differentiable-def )

Now, simulate TRYALL

apply (rule-tac [!] DERIV-tan asm-rl)
apply (auto dest!: DERIV-unique [OF - DERIV-tan]

simp add: cos-gt-zero-pi [THEN less-imp-neq, THEN not-sym))
done

19.10 Inverse Trigonometric Functions

definition
arcsin :: real => real where
arcsiny = (THE z. —(pi/2) <z & x < pi/2 & sinz = y)

definition
arccos :: real => real where
arccos y = (THE z. 0 < z & z < pi & cos x = y)

definition
arctan :: real => real where
arctan y = (THE z. —(pi/2) < z & z < pi/2 & tan z = y)

lemma arcsin:
| -1<yy<1]
==> —(pi/2) < arcsin y &
arcsin y < pi/2 & sin(arcsin y) =y
unfolding arcsin-def by (rule thel’ [OF sin-total])

lemma arcsin-pi:
-1 <y y<1]
==> —(pi/2) < arcsin y & arcsin y < pi & sin(arcsin y) = y
apply (drule (1) arcsin)
apply (force intro: order-trans)
done

lemma sin-arcsin [simp]: [| —1 < y; y < 1 |] ==> sin(arcsin y) =y
by (blast dest: arcsin)

lemma arcsin-bounded:
| -1 <y;y<1| ==>—(pi/2) < arcsiny & arcsin y < pi/2
by (blast dest: arcsin)
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lemma arcsin-lbound: || —1 < y; y < 1 || ==> —(pi/2) < arcsin y
by (blast dest: arcsin)

lemma arcsin-ubound: [| —1 < y; y < 1 |] ==> arcsin y < pi/2
by (blast dest: arcsin)

lemma arcsin-lt-bounded:
| -1 <y;y<1] ==>—(pi/2) < arcsiny & arcsiny < pi/2
apply (frule order-less-imp-le)
apply (frule-tac y = y in order-less-imp-le)
apply (frule arcsin-bounded)
apply (safe, simp)
apply (drule-tac y = arcsin y in order-le-imp-less-or-eq)
apply (drule-tac [2] y = pi/2 in order-le-imp-less-or-eq, safe)
apply (drule-tac [!] f = sin in arg-cong, auto)
done

lemma arcsin-sin: [|—(pi/2) < z; x < pi/2 || ==> arcsin(sin z) = x
apply (unfold arcsin-def)

apply (rule thel-equality)

apply (rule sin-total, auto)

done

lemma arccos:

-1 <yy<1]

==> 0 < arccos y & arccos y < pi & cos(arccos y) = y
unfolding arccos-def by (rule thel’ [OF cos-total])

lemma cos-arccos [simp]: [| =1 < y; y < 1 || ==> cos(arccos y) =y
by (blast dest: arccos)

lemma arccos-bounded: || —1 < y; y < 1 |] ==> 0 < arccos y & arccos y < pi
by (blast dest: arccos)

lemma arccos-lbound: || —1 < y; y < 1 |] ==> 0 < arccos y
by (blast dest: arccos)

lemma arccos-ubound: [| —1 < y; y < 1 |] ==> arccos y < pi
by (blast dest: arccos)

lemma arccos-lt-bounded:
-1 <y y<1]
==> 0 < arccos y & arccos y < pi
apply (frule order-less-imp-le)
apply (frule-tac y = y in order-less-imp-le)
apply (frule arccos-bounded, auto)
apply (drule-tac y = arccos y in order-le-imp-less-or-eq)
apply (drule-tac [2] y = pi in order-le-imp-less-or-eq, auto)
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apply (drule-tac ['] f = cos in arg-cong, auto)
done

lemma arccos-cos: [|0 < z; x < pi || ==> arccos(cos z) =
apply (simp add: arccos-def)

apply (auto intro!: thel-equality cos-total)

done

lemma arccos-cos2: ||z < 0; —pi < x || ==> arccos(cos x) = —x
apply (simp add: arccos-def)

apply (auto intro!: thel-equality cos-total)

done

lemma cos-arcsin: [—1 < z; x < 1] = cos (arcsin z) = sqrt (1 — z?)
apply (subgoal-tac 22 < 1)

apply (rule power2-eq-imp-eq)

apply (simp add: cos-squared-eq)
apply (rule cos-ge-zero)

apply (erule (1) arcsin-lbound)
apply (erule (1) arcsin-ubound)
apply simp

apply (subgoal-tac |z|? < 12, simp)
apply (rule power-mono, simp, simp)
done

lemma sin-arccos: [—1 < z; x < 1] = sin (arccos z) = sqrt (1 — x2)
apply (subgoal-tac 22 < 1)

apply (rule power2-eq-imp-eq)

apply (simp add: sin-squared-eq)
apply (rule sin-ge-zero)

apply (erule (1) arccos-lbound)
apply (erule (1) arccos-ubound)
apply simp

apply (subgoal-tac |z|?> < 12, simp)
apply (rule power-mono, simp, simp)
done

lemma arctan [simp):
— (pi/2) < arctan y & arctan y < pi/2 & tan (arctan y) =y
unfolding arctan-def by (rule thel’ [OF tan-total])

lemma tan-arctan: tan(arctan y) =y
by auto

lemma arctan-bounded: — (pi/2) < arctan y & arctan y < pi/2
by (auto simp only: arctan)

lemma arctan-lbound: — (pi/2) < arctan y
by auto
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lemma arctan-ubound: arctan y < pi/2
by (auto simp only: arctan)

lemma arctan-tan:
[|[—(pi/2) < z; z < pi/2 || ==> arctan(tan z) = x
apply (unfold arctan-def)
apply (rule thel-equality)
apply (rule tan-total, auto)
done

lemma arctan-zero-zero [simp): arctan 0 = 0
by (insert arctan-tan [of 0], simp)

lemma cos-arctan-not-zero [simp]: cos(arctan ©) # 0

apply (auto simp add: cos-zero-iff)

apply (case-tac n)

apply (case-tac [3] n)

apply (cut-tac [2] y = z in arctan-ubound)

apply (cut-tac [4] y = z in arctan-lbound)

apply (auto simp add: real-of-nat-Suc left-distrib mult-less-0-iff)
done

lemma tan-sec: cos © # 0 ==> 1 + tan(z) * 2 = inverse(cos z) " 2
apply (rule power-inverse [THEN subst])
apply (rule-tac c1 = (cos x)? in real-mult-right-cancel [THEN iffD1])
apply (auto dest: field-power-not-zero

simp add: power-mult-distrib left-distrib power-divide tan-def

mult-assoc power-inverse [symmetric]

sitmp del: realpow-Suc)

done

lemma isCont-inverse-function2:
fixes f g :: real = real shows
[a < z; 2 < b;
Vz.a<zANz<b—g(fz)=2z
Vz.a <zANz<b— isCont f 7]
= isCont g (f z)
apply (rule isCont-inverse-function
[where f=f and d=min (z — a) (b — z)])
apply (simp-all add: abs-le-iff)
done

lemma isCont-arcsin: [—1 < z; ¢ < 1] = isCont arcsin
apply (subgoal-tac isCont arcsin (sin (arcsin x)), simp)
apply (rule isCont-inverse-function?2 [where f=sin])
apply (erule (1) arcsin-lt-bounded [THEN conjunctl])
apply (erule (1) arcsin-lt-bounded [THEN conjunct2])
apply (fast intro: arcsin-sin, simp)
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done

lemma isCont-arccos: [—1 < z; ¢ < 1] = isCont arccos x
apply (subgoal-tac isCont arccos (cos (arccos x)), simp)
apply (rule isCont-inverse-function?2 [where f=cos])
apply (erule (1) arccos-lt-bounded [THEN conjunct!])
apply (erule (1) arccos-lt-bounded [THEN conjunct2])
apply (fast intro: arccos-cos, simp)

done

lemma isCont-arctan: isCont arctan x

apply (rule arctan-lbound [of x, THEN dense, THEN ezE], clarify)
apply (rule arctan-ubound [of x, THEN dense THEN ezE), clarify)
apply (subgoal tac isCont arctan (tan (arctan x)), simp)

apply (erule (1) isCont-inverse-function2 [where f=tan])

apply (clarify, rule arctan-tan)

apply (erule (1) order-less-le-trans)

apply (erule (1) order-le-less-trans)

apply (clarify, rule isCont-tan)

apply (rule less-imp-neq [symmetric])

apply (rule cos-gt-zero-pi)

apply (erule (1) order-less-le-trans)

apply (erule (1) order-le-less-trans)

done

lemma DERIV-arcsin:

[-1 < z; x < 1] = DERIV arcsin z :> inverse (sqrt (1 — z?))
apply (rule DERIV-inverse-function [where f=sin and a=—1 and b=1])
apply (rule lemma-DERIV-subst [OF DERIV-sin])
apply (simp add: cos-arcsin)
apply (subgoal-tac |z|? < 12, simp)
apply (rule power-strict-mono, simp, simp, simp)
apply assumption
apply assumption
apply simp
apply (erule (1) isCont-arcsin)
done

lemma DERIV-arccos:

[-1 < z; < 1] = DERIV arccos = :> inverse (— sqrt (1 — z2))
apply (rule DERIV-inverse-function [where f=cos and a=—1 and b=1])
apply (rule lemma-DERIV-subst [OF DERIV-cos])
apply (simp add: sin-arccos)
apply (subgoal-tac |z|* < 12, simp)
apply (rule power-strict-mono, simp, simp, simp)
apply assumption
apply assumption
apply simp
apply (erule (1) isCont-arccos)
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done

lemma DERIV-arctan: DERIV arctan z :> inverse (1 + z2)

apply (rule DERIV-inverse-function [where f=tan and a=z — I and b=z +
1)

apply (rule lemma-DERIV-subst [OF DERIV-tan])

apply (rule cos-arctan-not-zero)

apply (simp add: power-inverse tan-sec [symmetric])

apply (subgoal-tac 0 < 1 + z2, simp)

apply (simp add: add-pos-nonneg)

apply (simp, simp, simp, rule isCont-arctan)

done

19.11 More Theorems about Sin and Cos

lemma cos-45: cos (pi |/ 4) = sqrt 2/ 2
proof —
let ?c = cos (pi / 4) and ?s = sin (pi / 4)
have nonneg: 0 < ?c
by (rule cos-ge-zero, rule order-trans [where y=0], simp-all)
have 0 = cos (pi / 4 + pi [ 4)
by simp
also have cos (pi / 4 + pi | 4) = ?c* — 252
by (simp only: cos-add power2-eq-square)
also have ... = 2 x ?2¢? — 1
by (simp add: sin-squared-eq)
finally have ?c? = (sqrt 2 / 2)?
by (simp add: power-divide)
thus ?thesis
using nonneg by (rule power2-eg-imp-eq) simp
qed

lemma cos-30: cos (pi | 6) = sqrt 8 | 2
proof —
let ?c = cos (pi / 6) and ?s = sin (pi / 6)
have pos-c: 0 < %c
by (rule cos-gt-zero, simp, simp)
have 0 = cos (pi / 6 + pi / 6 + pi / 6)

by simp

also have ... = (%c x %c — %s % %s) % ¢ — (%s % %c + %c x 93) % ?s
by (simp only: cos-add sin-add)

also have ... = ?c x (2c® — 3 x ?52)

by (simp add: ring-simps power2-eq-square)
finally have ?c? = (sqrt 8 / 2)?
using pos-c by (simp add: sin-squared-eq power-divide)
thus ?thesis
using pos-c [THEN order-less-imp-le|
by (rule power2-eq-imp-eq) simp
qed
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lemma sin-45: sin (pi |/ 4) = sqrt 2/ 2
proof —
have sin (pi / 4) = cos (pi / 2 — pi / 4) by (rule sin-cos-eq)
also have pi / 2 — pi / 4 = pi / 4 by simp
also have cos (pi / 4) = sqrt 2 / 2 by (rule cos-45)
finally show ?thesis .
qed

lemma sin-60: sin (pi /| 8) = sqrt 8 / 2
proof —
have sin (pi / 3) = cos (pi / 2 — pi / 3) by (rule sin-cos-eq)
also have pi / 2 — pi / 8 = pi / 6 by simp
also have cos (pi / 6) = sqrt 3 / 2 by (rule cos-30)
finally show ?thesis .
qed

lemma cos-60: cos (pi / 8) =1/ 2

apply (rule power2-eq-imp-eq)

apply (simp add: cos-squared-eq sin-60 power-divide)

apply (rule cos-ge-zero, rule order-trans [where y=0], simp-all)
done

lemma sin-30: sin (pi / 6) =1/ 2
proof —
have sin (pi / 6) = cos (pi / 2 — pi / 6) by (rule sin-cos-eq)
also have pi / 2 — pi / 6 = pi / 3 by simp
also have cos (pi / 3) = 1 / 2 by (rule cos-60)
finally show ?thesis .
qed

lemma tan-30: tan (pi / 6) = 1 [ sqrt 8
unfolding tan-def by (simp add: sin-30 cos-30)

lemma tan-45: tan (pi / 4) = 1
unfolding tan-def by (simp add: sin-45 cos-45)

lemma tan-60: tan (pi / 8) = sqrt 3
unfolding tan-def by (simp add: sin-60 cos-60)

NEEDED??

lemma [simp]:
sin (x + 1/ 2 % real (Suc m) * pi) =
cos (x + 1/ 2 % real (m) * pi)

by (simp only: cos-add sin-add real-of-nat-Suc left-distrib right-distrib, auto)

NEEDED??

lemma [simp]:
sin (z + real (Suc m) x pi / 2) =
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cos (x + real (m) * pi / 2)
by (simp only: cos-add sin-add real-of-nat-Suc add-divide-distrib left-distrib, auto)

lemma DERIV-sin-add [simp): DERIV (%z. sin (z + k)) za :> cos (za + k)
apply (rule lemma-DERIV-subst)
apply (rule-tac f = sin and g = %x. © + k in DERIV-chain2)
apply (best intro!: DERIV-intros intro: DERIV-chain2)+
apply (simp (no-asm))
done
lemma sin-cos-npi [simp]: sin (real (Suc (2 * n)) xpi / 2) = (=1) "n
proof —
have sin ((real n + 1/2) * pi) = cos (real n * pi)
by (auto simp add: right-distrib sin-add left-distrib mult-ac)
thus ?thesis
by (simp add: real-of-nat-Suc left-distrib add-divide-distrib
mult-commute [of pi])
qed

lemma cos-2npi [simp]: cos (2 * real (n:nat) * pi) = 1
by (simp add: cos-double mult-assoc power-add [symmetric] numeral-2-eq-2)

lemma cos-3over2-pi [simp]: cos (3 / 2 % pi) = 0
apply (subgoal-tac cos (pi + pi/2) = 0, simp)
apply (subst cos-add, simp)

done

lemma sin-2npi [simp]: sin (2 * real (n:nat) * pi) = 0
by (auto simp add: mult-assoc)

lemma sin-Sover2-pi [simpl: sin (3 / 2 % pi) = — 1
apply (subgoal-tac sin (pi + pi/2) = — 1, simp)
apply (subst sin-add, simp)

done

lemma [simp]:
cos(z + 1 / 2 x real(Suc m) * pi) = —sin (x + 1 / 2 * real m * pi)
apply (simp only: cos-add sin-add real-of-nat-Suc right-distrib left-distrib minus-mult-right,
auto)
done

lemma [simp]: cos (x + real(Suc m) * pi / 2) = —sin (z + real m * pi | 2)
by (simp only: cos-add sin-add real-of-nat-Suc left-distrib add-divide-distrib, auto)

lemma cos-pi-eq-zero [simp]: cos (pi x real (Suc (2 xm)) / 2) =0
by (simp only: cos-add sin-add real-of-nat-Suc left-distrib right-distrib add-divide-distrib,
auto)
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lemma DERIV-cos-add [simp]: DERIV (%x. cos (x + k)) za :> — sin (za + k)

apply (rule lemma-DERIV-subst)

apply (rule-tac f = cos and g = %z. © + k in DERIV-chain2)
apply (best introl: DERIV-intros intro: DERIV-chain2)+
apply (simp (no-asm))

done

lemma sin-zero-abs-cos-one: sin x = 0 ==> |cos x| = 1
by (auto simp add: sin-zero-iff even-mult-two-ex)

lemma exp-eq-one-iff [simp|: (exp (z::real) = 1) = (x = 0)
apply auto

apply (drule-tac f = In in arg-cong, auto)

done

lemma cos-one-sin-zero: cos t = 1 ==> sinx = 0
by (cut-tac © = z in sin-cos-squared-add3, auto)

19.12 Existence of Polar Coordinates

lemma cos-z-y-le-one: |z / sqrt (z? + y?)| < 1
apply (rule power2-le-imp-le [OF - zero-le-one])

apply (simp add: abs-divide power-divide divide-le-eq not-sum-power2-lt-zero)

done

lemma cos-arccos-abs: |y| < 1 = cos (arccos y) =y
by (simp add: abs-le-iff)

lemma sin-arccos-abs: |y| < 1 = sin (arccos y) = sqrt (1 — y?)

by (simp add: sin-arccos abs-le-iff)
lemmas cos-arccos-lemmal = cos-arccos-abs [OF cos-z-y-le-one]
lemmas sin-arccos-lemmal = sin-arccos-abs [OF cos-z-y-le-one]

lemma polar-ex1:
0O<y==>dra.z=rx*xcosa& y=rx*sina
apply (rule-tac © = sqrt (22 + y?) in exl)
apply (rule-tac © = arccos (z / sqrt (z® + y?)) in exl)
apply (simp add: cos-arccos-lemmal)
apply (simp add: sin-arccos-lemmal)
apply (simp add: power-divide)
apply (simp add: real-sqrt-mult [symmetric])
apply (simp add: right-diff-distrib)
done

lemma polar-ex2:
y<0==>3ra.z=r*xcosa&y=rx*sina
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apply (insert polar-exl [where z=x and y=—y]|, simp, clarify)
apply (rule-tac z = r in exl)

apply (rule-tac z = —a in ez, simp)

done

lemma polar-Ex: 3ra. x = r x cosa & y =1 * sin a
apply (rule-tac z=0 and y=y in linorder-cases)
apply (erule polar-ex1)

apply (rule-tac x=z in exl, rule-tac x=0 in exl, simp)
apply (erule polar-ex2)

done

19.13 Theorems about Limits

lemma isCont-inv-fun:
fixes f g :: real = real
shows [| 0 < d;Vz. |z —z| < d ——> g(f(2)) = z;
Vz. |z —z| < d ——>isCont f z |]
==> isCont g (f x)
by (rule isCont-inverse-function)

lemma isCont-inv-fun-inv:
fixes f g :: real = real
shows [| 0 < d;
Ve lz — 2| <d ——>g(f(2) = z
Vz. |z — x| < d——>isCont f z ||
==>de. 0<e&
(Vy. 0 <|y = fl@)] &y — flz)| < e ==> fg(y)) = y)
apply (drule isCont-inj-range)
prefer 2 apply (assumption, assumption, auto)
apply (rule-tac = e in exl, auto)
apply (rotate-tac 2)
apply (drule-tac x = y in spec, auto)
done

Bartle/Sherbert: Introduction to Real Analysis, Theorem 4.2.9, p. 110

lemma LIM-fun-gt-zero:

| f——c¢c——> (lureal); 0 < 1]

==>3dr. 0 <r & Vaurel. z # c&|c —z| <r ——> 0 < fz)

apply (auto simp add: LIM-def)
apply (drule-tac x = 1/2 in spec, safe, force)
apply (rule-tac x = s in exl)
apply (auto simp only: abs-less-iff)
done

lemma LIM-fun-less-zero:

| f—— ¢ ——> (lureal); 1 < 0 |]

==>3r. 0<r& Vaurel. 2 #c&|c—z| <r——>fz <0)
apply (auto simp add: LIM-def)
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apply (drule-tac x = —1/2 in spec, safe, force)
apply (rule-tac z = s in exl)

apply (auto simp only: abs-less-iff )

done

lemma LIM-fun-not-zero:
| f—— ¢ ——> (lzreal); 1 # 0 |]
==>3r. 0 <r& Vaureal. z £ c & |c — z| < r ——> fa # 0)
apply (cut-tac z = [ and y = 0 in linorder-less-linear, auto)
apply (drule LIM-fun-less-zero)
apply (drule-tac [3] LIM-fun-gt-zero)

apply force+
done

end

20 Complex: Complex Numbers: Rectangular and
Polar Representations

theory Complex

imports ../ Hyperreal/ Transcendental

begin

datatype complex = Complex real real

consts Re :: complex = real
primrec Re: Re (Complez z y) = z

consts Im :: complex = real
primrec Im: Im (Complex z y) = y

lemma complez-surj [simp]: Complex (Re z) (Im z) = z
by (induct z) simp

lemma complex-equality [intro?]: [Rex = Re y; Imz = Im y] = = =y
by (induct z, induct y) simp

lemma expand-complex-eq: (x = y) = (Rex = Re y A Im z = Im y)
by (induct x, induct y) simp

lemmas complex-Re-Im-cancel-iff = expand-complex-eq

20.1 Addition and Subtraction

instance complex :: zero
complex-zero-def:
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0 = Complex 0 0 ..

instance complex :: plus
complex-add-def:
z + y = Complex (Re x + Re y) (Im x + Im y) ..

instance complex :: minus
complex-minus-def:
— z = Complex (— Re z) (— Im x)
complex-diff-def
T—Y=r+ —y..

lemma Complex-eq-0 [simp]: (Complez a b = 0) = (a = 0 AN b = 0)
by (simp add: complex-zero-def)

lemma complex-Re-zero [simp]: Re 0 = 0
by (simp add: complex-zero-def)

lemma complez-Im-zero [simp]: Im 0 = 0
by (simp add: complezx-zero-def)

lemma complez-add [simp]:
Complez a b + Complex ¢ d = Complex (a + ¢) (b + d)
by (simp add: complex-add-def)

lemma complex-Re-add [simp]: Re (x + y) = Rex + Re y
by (simp add: complex-add-def)

lemma complez-Im-add [simp]: Im (z + y) = Imz + Im y
by (simp add: complex-add-def)

lemma complex-minus [simp]: — (Complex a b) = Complex (— a) (— b)
by (simp add: complex-minus-def)

lemma complez-Re-minus [simp]: Re (— z) = — Re x
by (simp add: complex-minus-def)

lemma complex-Im-minus [simp]: Im (— z) = — Im «
by (simp add: complex-minus-def)

lemma complex-diff [simp):
Complex a b — Complex ¢ d = Complex (a — ¢) (b — d)
by (simp add: complex-diff-def)

lemma complez-Re-diff [simp]: Re (x — y) = Rex — Re y
by (simp add: complex-diff-def)

lemma complex-Im-diff [simp]: Im (z — y) = Imz — Im y
by (simp add: complex-diff-def)
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instance complex :: ab-group-add
proof
fix x y z it complex
show (z + y) + z =z + (y + 2)
by (simp add: expand-compler-eq add-assoc)
showz +y=y +z
by (simp add: expand-complez-eq add-commute)
show 0 + z =z
by (simp add: expand-complex-eq)
show —z + 2 =0
by (simp add: expand-complez-eq)
showz —y=z+4+ —y
by (simp add: expand-complex-eq)
qed

20.2 Multiplication and Division

instance complex :: one
complex-one-def:
1 = Complex 10 ..

instance complex :: times
complex-mult-def :
z xy = Complexr (Rex * Rey — Imx x Imy) (Rexz x Imy + Im z x Re y)

instance complex :: inverse
complezx-inverse-def
mverse ¥ =
Complez (Re z |/ ((Re z)? + (Im z)?)) (— Im z / ((Re ) + (Im z)?))
complez-divide-def
T [y =z *inversey ..

lemma Complex-eq-1 [simp]: (Complez a b =1)=(a =1 N b= 0)
by (simp add: complex-one-def)

lemma complez-Re-one [simp]: Re I = 1
by (simp add: complex-one-def)

lemma complex-Im-one [simp]: Im 1 = 0
by (simp add: complex-one-def)

lemma complex-mult [simp]:
Complex a b « Complex ¢ d = Complex (a x ¢ — b d) (a*d+ b * ¢c)
by (simp add: complex-mult-def)

lemma complez-Re-mult [simp]: Re (z *x y) = Rex «x Rey — Im x * Im y
by (simp add: complex-mult-def)
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lemma complez-Im-mult [simp]: Im (z x y) = Rex * Imy + Im z * Re y
by (simp add: complex-mult-def)

lemma complex-inverse [simp]:
inverse (Complex a b) = Complex (a / (a® + b2)) (= b / (a? + b?))
by (simp add: complex-inverse-def)

lemma complex-Re-inverse:
Re (inverse ) = Re z / ((Re x)? + (Im )?)
by (simp add: complex-inverse-def)

lemma complex-Im-inverse:
Im (inverse x) = — Im z / ((Re ) + (Im x)?)
by (simp add: complex-inverse-def)

instance complez :: field
proof
fix x y z :: complex
show (z x y) x 2 = z * (y * 2)
by (simp add: expand-complex-eq ring-simps)
show z x y =y x x
by (simp add: expand-complex-eq mult-commute add-commute)
show 1 xz ==z
by (simp add: expand-complex-eq)
show 0 # (1::complex)
by (simp add: expand-complez-eq)
show (z + y)*x 2=z %2+ yx 2
by (simp add: expand-complez-eq ring-simps)
show z / y = z * inverse y
by (simp only: complez-divide-def)
show z # 0 = inverse x x x = 1
by (induct z, simp add: power2-eq-square add-divide-distrib [symmetric])
qed

instance complex :: division-by-zero
proof
show inverse 0 = (0::complex)
by (simp add: complez-inverse-def)
qed

20.3 Exponentiation

instance complex :: power ..

primrec
complexpow-0: z ~ 0 =1

complexpow-Suc: z ~ (Suc n) = (z::complex) * (z * n)
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instance complex :: recpower
proof

fix x :: compler and n :: nat

show z ~ 0 = 1 by simp

show z " Sucn =2z * z "~ n by simp
qed

20.4 Numerals and Arithmetic

instance complex :: number
complex-number-of-def
number-of w = of-int w ..

instance complex :: number-ring
by (intro-classes, simp only: complez-number-of-def)

lemma complex-Re-of-nat [simp]: Re (of-nat n) = of-nat n
by (induct n) simp-all

lemma complex-Im-of-nat [simp]: Im (of-nat n) = 0
by (induct n) simp-all

lemma complex-Re-of-int [simp]: Re (of-int z) = of-int z
by (cases z rule: int-diff-cases) simp

lemma complez-Im-of-int [simp]: Im (of-int z) = 0
by (cases z rule: int-diff-cases) simp

lemma complex-Re-number-of [simp]: Re (number-of v) = number-of v
unfolding number-ring-class.axioms by (rule complez-Re-of-int)

lemma complex-Im-number-of [simp]: Im (number-of v) = 0
unfolding number-ring-class.azioms by (rule complex-Im-of-int)

lemma Complez-eqg-number-of [simp]:
(Complex a b = number-of w) = (a = number-of w A b = 0)
by (simp add: expand-complez-eq)

20.5 Scalar Multiplication

instance complex :: scaleR
complex-scaleR-def:
scaleR vz = Complex (r * Re z) (r x Im z) ..

lemma complex-scaleR [simp]:
scaleR r (Complex a b) = Complex (r * a) (r * b)
unfolding complex-scaleR-def by simp

lemma complex-Re-scaleR [simp): Re (scaleR rx) = r * Re x
unfolding complex-scaleR-def by simp
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lemma complex-Im-scaleR [simp): Im (scaleR r z) = r « Im x
unfolding complex-scaleR-def by simp

instance complez :: real-field
proof
fix a b :: real and x y :: complex
show scaleR a (z + y) = scaleR a © + scaleR a y
by (simp add: expand-complex-eq right-distrib)
show scaleR (a + b) x = scaleR a © + scaleR b x
by (simp add: expand-complez-eq left-distrib)
show scaleR a (scaleR b x) = scaleR (a * b)
by (simp add: expand-complez-eq mult-assoc)
show scaleR 1z =z
by (simp add: expand-complex-eq)
show scaleR a z * y = scaleR a (z * y)
by (simp add: expand-complez-eq ring-simps)
show z * scaleR a y = scaleR a (z * y)
by (simp add: expand-complez-eq ring-simps)
qed

20.6 Properties of Embedding from Reals

abbreviation
complex-of-real :: real = compler where
complex-of-real = of-real

lemma complex-of-real-def: complex-of-real r = Complex r 0
by (simp add: of-real-def complex-scaleR-def)

lemma Re-complezx-of-real [simp]: Re (complex-of-real z) = z
by (simp add: complex-of-real-def)

lemma I'm-complez-of-real [simp]: Im (complex-of-real z) = 0
by (simp add: complex-of-real-def)

lemma Complez-add-complez-of-real [simp]:
Complex © y + complex-of-real r = Complex (z+71) y
by (simp add: complex-of-real-def)

lemma complex-of-real-add-Complez [simp]:
complez-of-real r + Complex v y = Complex (r+z) y
by (simp add: complex-of-real-def)

lemma Complez-mult-complez-of-real:
Complex x y * complex-of-real r = Complex (xx1) (y*7)

by (simp add: complex-of-real-def)

lemma complez-of-real-mult-Complex:
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complezx-of-real v * Complex x y = Complex (r*z) (rxy)
by (simp add: complex-of-real-def)

20.7 Vector Norm

instance complex :: norm
complex-norm-def:
norm z = sqrt ((Re z)? + (Im 2)?) ..

abbreviation
cmod :: complex = real where
cmod = norm

instance complez :: sgn
complez-sgn-def: sgn x == x /g cmod T ..

lemmas cmod-def = complez-norm-def

lemma complez-norm [simp]: cmod (Complez z y) = sqrt (2% + y?)
by (simp add: complex-norm-def)

instance complez :: real-normed-field
proof
fix r :: real and = y :: complex
show 0 < norm z
by (induct z) simp
show (norm z = 0) = (z = 0)
by (induct ) simp
show norm (z + y) < norm x + norm y
by (induct z, induct y)
(simp add: real-sqrt-sum-squares-triangle-ineq)
show norm (scaleR r z) = |r| * norm z
by (induct z)
(simp add: power-mult-distrib right-distrib [symmetric] real-sqrt-mult)
show norm (z % y) = norm © * norm y
by (induct z, induct y)
(simp add: real-sqri-mult [symmetric] power2-eq-square ring-simps)
show sgn x = = /g cmod z by(simp add: complex-sgn-def)
qed

lemma cmod-unit-one [simp]: cmod (Complex (cos a) (sin a)) = 1
by simp

lemma cmod-complex-polar [simp]:
emod (complex-of-real v x Complex (cos a) (sin a)) = abs r
by (simp add: norm-mult)

lemma complex-Re-le-cmod: Re © < cmod x
unfolding complex-norm-def
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by (rule real-sqrt-sum-squares-gel )

lemma complex-mod-minus-le-complez-mod [simp]: — cmod © < cmod x
by (rule order-trans [OF - norm-ge-zero], simp)

lemma complez-mod-triangle-ineq2 [simp]: cmod(b + a) — cmod b < cmod a
by (rule ord-le-eg-trans [OF norm-triangle-ineq2], simp)

lemmas real-sum-squared-ezpand = power2-sum [where 'a=real]

20.8 Completeness of the Complexes

interpretation Re: bounded-linear [Re]
apply (unfold-locales, simp, simp)
apply (rule-tac z=1 in exl)

apply (simp add: complez-norm-def)
done

interpretation Im: bounded-linear [Im]
apply (unfold-locales, simp, simp)
apply (rule-tac z=1 in exl)

apply (simp add: complez-norm-def)
done

lemma LIMSEQ-Complez:
[X ————>a; Y ————> b] = (An. Complez (X n) (Y n)) ————> Complex
abd
apply (rule LIMSEQ-T)
apply (subgoal-tac 0 < r / sqrt 2)
apply (drule-tac r=r / sqrt 2 in LIMSEQ-D, safe)
apply (drule-tac r=r / sqrt 2 in LIMSEQ-D, safe)
apply (rename-tac M N, rule-tac x=maz M N in ezl, safe)
apply (simp add: real-sqrt-sum-squares-less)
apply (simp add: divide-pos-pos)
done

instance complex :: banach
proof
fix X :: nat = complex
assume X: Cauchy X
from Re.Cauchy [OF X] have 1: (An. Re (X n)) ————> lim (An. Re (X n))
by (simp add: Cauchy-convergent-iff convergent-LIMSEQ-iff )
from Im.Cauchy [OF X] have 2: (An. Im (X n)) ————> lim (An. Im (X n))
by (simp add: Cauchy-convergent-iff convergent-LIMSEQ-iff)
have X ————> Complez (lim (An. Re (X n))) (lim (An. Im (X n)))
using LIMSEQ-Complex [OF 1 2] by simp
thus convergent X
by (rule convergentl)
qed
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20.9 The Complex Number i

definition
ii : complex (i) where
i-def: 15 = Complex 0 1

lemma complex-Re-i [simp]: Re ii = 0
by (simp add: i-def)

lemma complex-Im-i [simp]: Im @i = 1
by (simp add: i-def)

lemma Complez-eq-i [simp]: (Complex zy = it) = (x =0 Ay = 1)
by (simp add: i-def)

lemma complex-i-not-zero [simp): i # 0
by (simp add: expand-complex-eq)

lemma complex-i-not-one [simp]: i1 # 1
by (simp add: expand-complex-eq)

lemma complez-i-not-number-of [simp]: it # number-of w
by (simp add: expand-complez-eq)

lemma i-mult-Complex [simp): i * Complex a b = Complex (— b) a
by (simp add: expand-complex-eq)

lemma Complex-mult-i [simp]: Complex a b x ii = Complex (— b) a
by (simp add: expand-complez-eq)

lemma i-complex-of-real [simp]: ii * complex-of-real r = Complex 0 r
by (simp add: i-def complex-of-real-def)

lemma complez-of-real-i [simp|: complez-of-real v x it = Complex 0 r
by (simp add: i-def complex-of-real-def)

lemma i-squared [simp]: @ * 4 = —1
by (simp add: i-def)

lemma power2-i [simp]: 42 = —1
by (simp add: power2-eq-square)

lemma inverse-i [simp]: inverse ii = — i
by (rule inverse-unique, simp)

20.10 Complex Conjugation

definition
cng :: compler = compler where
enj z = Complex (Re z) (— Im z)
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lemma complex-cng [simp]: cnj (Complex a b) = Complex a (— b)
by (simp add: cnj-def)

lemma complex-Re-cnj [simp]: Re (¢nj ) = Re x
by (simp add: cnj-def)

lemma complex-Im-cnj [simp]: Im (enjz) = — Im z
by (simp add: cnj-def)

lemma complex-cng-cancel-iff [simp]: (enjx = enj y) = (z = y)
by (simp add: expand-complez-eq)

lemma complex-cnj-cnj [simp]: enj (enj z) = z
by (simp add: cnj-def)

lemma complex-cnj-zero [simp]: c¢cnj 0 = 0
by (simp add: expand-complez-eq)

lemma complex-cnj-zero-iff [iff]: (enjz = 0) = (2 = 0)
by (simp add: expand-complex-eq)

lemma complez-cnj-add: cnj (x + y) = cnjx + cnj y
by (simp add: expand-complez-eq)

lemma complex-cnj-diff: cnj (x — y) = enjz — cnj y
by (simp add: expand-complex-eq)

lemma complez-cnj-minus: cnj (— z) = — cnj
by (simp add: expand-complez-eq)

|
~

lemma complex-cng-one [simp]: cnj 1 =
by (simp add: expand-complex-eq)

lemma complez-cnj-mult: cnj (z * y) = enjx * cnj y
by (simp add: expand-complex-eq)

lemma complez-cnj-inverse: cnj (inverse x) = inverse (c¢nj x)
by (simp add: complex-inverse-def)

lemma complex-cnj-divide: c¢cnj (z [ y) = enjx [ enj y
by (simp add: complex-divide-def complex-cnj-mult complez-cnj-inverse)

lemma complez-cnj-power: cnj (x “n) = cnjz " n
by (induct n, simp-all add: complezx-cnj-mult)

lemma complex-cnj-of-nat [simp]: cnj (of-nat n) = of-nat n
by (simp add: expand-complex-eq)

313
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lemma complez-cnj-of-int [simp]: enj (of-int z) = of-int z
by (simp add: expand-complez-eq)

lemma complex-cnj-number-of [simp]: enj (number-of w) = number-of w
by (simp add: expand-complex-eq)

lemma complex-cng-scaleR: cnj (scaleR r z) = scaleR 1 (cnj x)
by (simp add: expand-complez-eq)

lemma complex-mod-cnj [simp]: cmod (cnj z) = cmod z
by (simp add: complex-norm-def’)

lemma complez-cnj-complex-of-real [simp]: enj (of-real ) = of-real
by (simp add: expand-complez-eq)

lemma complex-cng-i [simp]: cnj it = — i
by (simp add: expand-complex-eq)

lemma complez-add-cnj: z + cnj z = complex-of-real (2 * Re 2)
by (simp add: expand-complex-eq)

lemma complez-diff-cnj: z — cnj z = complex-of-real (2 x Im z) * i
by (simp add: expand-complez-eq)

lemma complex-mult-cnj: z * cnj z = complex-of-real ((Re z)? + (Im 2)?)
by (simp add: expand-complex-eq power2-eq-square)

lemma complex-mod-mult-cnj: cmod (z x cnj z) = (cmod z)?
by (simp add: norm-mult power2-eq-square)

interpretation cnj: bounded-linear [cnj]
apply (unfold-locales)

apply (rule complezx-cnj-add)

apply (rule complezx-cnj-scaleR)

apply (rule-tac z=1 in exl, simp)
done

20.11 The Functions sgn and arg

Argand ——

definition

arg :: compler => real where

arg z = (SOME a. Re(sgn z) = cos a & Im(sgn z) = sin a & —pi < a & a <
pi)

lemma sgn-eq: sgn z = z / complex-of-real (cmod 2)
by (simp add: complex-sgn-def divide-inverse scaleR-conv-of-real mult-commute)

lemma i-mult-eq: it * i = complex-of-real (—1)
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by (simp add: i-def complex-of-real-def)

lemma i-mult-eq2 [simp]: 4 = i = —(1::complex)
by (simp add: i-def complex-one-def)

lemma complez-eq-cancel-iff2 [simp):
(Complex x y = complez-of-real za) = (x = za & y = 0)
by (simp add: complex-of-real-def)

lemma Re-sgn [simp]: Re(sgn z) = Re(z)/cmod 2z
by (simp add: complex-sgn-def divide-inverse)

lemma Im-sgn [simp]: Im(sgn z) = Im(z)/cmod z
by (simp add: complex-sgn-def divide-inverse)

lemma complex-inverse-complex-split:
inverse(complex-of-real © + i * complex-of-real y) =
complez-of-real(z/(z ~ 2 +y "~ 2)) —
it * complex-of-real(y/(x ~ 2 +y = 2))

by (simp add: complex-of-real-def i-def diff-minus divide-inverse)

lemma cos-arg-i-mult-zero-pos:

0 <y ==> cos (arg(Complex 0 y)) = 0
apply (simp add: arg-def abs-if)
apply (rule-tac a = pi/2 in somel2, auto)
apply (rule order-less-trans [of - 0], auto)
done

lemma cos-arg-i-mult-zero-neg:
y < 0 ==> cos (arg(Complex 0 y)) = 0
apply (simp add: arg-def abs-if)

apply (rule-tac a = — pi/2 in somel2, auto)
apply (rule order-trans [of - 0], auto)
done

lemma cos-arg-i-mult-zero [simp):

y # 0 ==> cos (arg(Complex 0 y)) = 0
by (auto simp add: linorder-neg-iff cos-arg-i-mult-zero-pos cos-arg-i-mult-zero-neg)
20.12 Finally! Polar Form for Complex Numbers

definition
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cis :: real => compler where
cis a = Complex (cos a) (sin a)

definition

reis :: [real, real] => complex where
rcis v a = complex-of-real r * cis a

definition

expi :: compler => compler where
expi z = complex-of-real(exp (Re z)) * cis (Im z)

lemma complex-split-polar:

Ar a. z = complez-of-real r * (Complex (cos a) (sin a))
apply (induct z)
apply (auto simp add: polar-Ex complez-of-real-mult-Complez)
done

lemma rcis-Ezx: dr a. z = rcis r a

apply (induct z)

apply (simp add: rcis-def cis-def polar-Ex complex-of-real-mult-Complex)
done

lemma Re-rcis [simp]: Re(rcis v a) = 1 % cos a
by (simp add: rcis-def cis-def)

lemma Im-rcis [simp]: Im(rcis ra) = 1 * sin a
by (simp add: rcis-def cis-def)
lemma sin-cos-squared-add2-mult: (r * cos a)> + (r x sin a)? = r?
proof —

have (r * cos a)? + (r * sin a)®> = r? * ((cos a)? + (sin a)?)

by (simp only: power-mult-distrib right-distrib)

thus ?thesis by simp

qed

lemma complex-mod-rcis [simp]: cmod(rcis v a) = abs r
by (simp add: rcis-def cis-def sin-cos-squared-add2-mult)

lemma complex-Re-cnj [simp]: Re(cnj z) = Re z
by (induct z, simp add: complex-cnyj)

lemma complez-Im-cnj [simpl: Im(cnj 2) = — Im 2
by (induct z, simp add: complex-cnyj)

lemma complex-mod-sqrt-Re-mult-cnj: emod z = sqrt (Re (z * cnj z))
by (simp add: cmod-def power2-eq-square)
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lemma complez-In-mult-cnj-zero [simp]: Im (z x ¢nj z) = 0
by simp

lemma cis-rcis-eq: cis a = rcis 1 a
by (simp add: rcis-def)

lemma rcis-mult: rcis r1 a x rcis r2 b = reis (r1xr2) (a + b)
by (simp add: rcis-def cis-def cos-add sin-add right-distrib right-diff-distrib
complex-of-real-def )

lemma cis-mult: cis a * cis b = cis (a + b)
by (simp add: cis-rcis-eq rcis-mult)

lemma cis-zero [simp]: cis 0 = 1
by (simp add: cis-def complex-one-def)

lemma rcis-zero-mod [simp]: rcis 0 a = 0
by (simp add: rcis-def)

lemma rcis-zero-arg [simp)|: rcis r 0 = complex-of-real v
by (simp add: rcis-def)

lemma complex-of-real-minus-one:
complez-of-real (—(1::real)) = —(1::complex)
by (simp add: complex-of-real-def complez-one-def)

lemma complez-i-mult-minus [simp]: @ * (it * ) = — x

by (simp add: mult-assoc [symmetric])

lemma cis-real-of-nat-Suc-mult:
cis (real (Suc n) * a) = cis a x cis (real n * a)

by (simp add: cis-def real-of-nat-Suc left-distrib cos-add sin-add right-distrib)

lemma DeMoivre: (cis a) "~ n = cis (real n x a)
apply (induct-tac n)

apply (auto simp add: cis-real-of-nat-Suc-mult)
done

lemma DeMoivre2: (rcis v a) ~n = rcis (r " n) (real n * a)
by (simp add: rcis-def power-mult-distrib DeMoivre)

lemma cis-inverse [simp]: inverse(cis a) = cis (—a)
by (simp add: cis-def complex-inverse-complez-split diff-minus)

317
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lemma rcis-inverse: inverse(rcis r a) = rcis (1/r) (—a)
by (simp add: divide-inverse rcis-def)

lemma cis-divide: cis a / cis b = cis (a — b)
by (simp add: complex-divide-def cis-mult real-diff-def)

lemma rcis-divide: rcis r1 a [/ reis r2 b = rcis (r1/r2) (a — b)
apply (simp add: complez-divide-def)

apply (case-tac 12=0, simp)

apply (simp add: rcis-inverse rcis-mult real-diff-def)

done

lemma Re-cis [simp]: Re(cis a) = cos a
by (simp add: cis-def)

lemma Im-cis [simp]: Im(cis a) = sin a

by (simp add: cis-def)

lemma cos-n-Re-cis-pow-n: cos (real n * a) = Re(cis a " n)
by (auto simp add: DeMoivre)

lemma sin-n-Im-cis-pow-n: sin (real n * a) = Im(cis a " n)
by (auto simp add: DeMoivre)

lemma expi-add: expi(a + b) = expi(a) * expi(b)
by (simp add: expi-def exp-add cis-mult [symmetric] mult-ac)

lemma expi-zero [simp): expi (0::complex) = 1
by (simp add: expi-def)

lemma complex-expi-Ex: 3 a r. z = complezx-of-real v * expi a
apply (insert rcis-Ex [of z])

apply (auto simp add: expi-def rcis-def mult-assoc [symmetric])
apply (rule-tac & = it *x complez-of-real a in exl, auto)

done

lemma expi-two-pi-i [simp]: expi((2::complex) * complex-of-real pi * i) = 1
by (simp add: expi-def cis-def)

end

21 Zorn: Zorn’s Lemma

theory Zorn
imports Main
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begin

The lemma and section numbers refer to an unpublished article [?].

definition
chain : 'a set set => 'a set set set where
chain S ={F. FCS & Vz e F.Yye F.zCy|yCua)}

definition
super  : ['a set set,’a set set] => 'a set set set where

super S ¢ = {d. d € chain S & ¢ C d}

definition
mazxchain :: 'a set set => 'a set set set where
mazchain S = {c. ¢ € chain S & super S ¢ = {}}

definition
suce 0 ['a set set,’a set set] => 'a set set where
succ S ¢ =
(if ¢ ¢ chain S | ¢ € mazxchain S
then c else SOME c¢'. ¢’ € super S c)

inductive-set
TFin :: 'a set set => 'a set set set
for S :: 'a set set
where
succl : x € TFin S ==> succ Sz € TFin S
| Pow-Unionl: Y € Pow(TFin S) ==> Union(Y) € TFin S

monos Pow-mono

21.1 Mathematical Preamble

lemma Union-lemma0:
Mz e C.x CA|BCzx)==> Union(C) C A| B C Union(C)
by blast

This is theorem increasingD2 of ZF /Zorn.thy

lemma Abrial-axioml: v C succ S x
apply (unfold succ-def)
apply (rule split-if [THEN iffD2])
apply (auto simp add: super-def mazchain-def psubset-def)
apply (rule contrapos-np, assumption)
apply (rule somel?2, blast+)
done

lemmas TFin-Unionl = TFin.Pow-Unionl [OF Powl]
lemma TFin-induct:

[| n € TFin S,
Na. [| x € TFin S; P(z) |] ==> P(succ S x);
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NY.[| Y C TFin S; Ball Y P || ==> P(Union Y) |]
==> P(n)
apply (induct set: TFin)
apply blast+
done

lemma succ-trans: * C y ==> x C succ S y
apply (erule subset-trans)
apply (rule Abrial-aziom1)
done

Lemma 1 of section 3.1

lemma TFin-linear-lemmal:
[| n € TFin S; m € TFin S,
Vee TFinS.2 Cm ——>xz=m | succ Sz Cm
| ==>nCm|succSmCn
apply (erule TFin-induct)
apply (erule-tac [2] Union-lemma0)
apply (blast del: subsetl intro: succ-trans)
done

Lemma 2 of section 3.2

lemma TFin-linear-lemma?2:
m € TFin S ==>Vnée€ TFinS.n Cm ——>n=m | succ Sn Cm
apply (erule TFin-induct)
apply (rule impI [THEN balll])

case split using TFin-linear-lemmal

apply (rule-tac nl = n and ml = z in TFin-linear-lemmal [THEN disjE],
assumption+)

apply (drule-tac x = n in bspec, assumption)

apply (blast del: subsetl intro: succ-trans, blast)

second induction step

apply (rule impI [THEN balll])

apply (rule Union-lemma0 [THEN disjE])
apply (rule-tac [3] disjl2)
prefer 2 apply blast

apply (rule balll)

apply (rule-tac n1 = n and m1 = z in TFin-linear-lemmal [THEN disjE],
assumption+, auto)

apply (blast intro!: Abrial-aziom! [THEN subsetD))

done

Re-ordering the premises of Lemma 2

lemma TFin-subsetD:
[nCm; meTFinS; ne€ TFin S |] ==> n=m | succ Sn Cm
by (rule TFin-linear-lemmaZ2 [rule-format))
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Consequences from section 3.3 — Property 3.2, the ordering is total

lemma TFin-subset-linear: [| m € TFin S; n € TFin S|]==>nCm|mCn
apply (rule disjE)
apply (rule TFin-linear-lemmal [OF - -TFin-linear-lemmaZ2])
apply (assumption+, erule disjI2)
apply (blast del: subset]
intro: subsetl Abrial-axioml [THEN subset-trans])
done

Lemma 3 of section 3.3

lemma eg-succ-upper: [| n € TFin S; m € TFin S; m = succ Sm || ==>n C
m
apply (erule TFin-induct)
apply (drule TFin-subsetD)
apply (assumption+, force, blast)
done

Property 3.3 of section 3.3

lemma equal-succ-Union: m € TFin S ==> (m = succ S m) = (m = Union(TFin
S))

apply (rule iffI)

apply (rule Union-upper [THEN equalityl))

apply assumption

apply (rule eq-succ-upper [THEN Union-least], assumption+)

apply (erule ssubst)

apply (rule Abrial-axiom1 [THEN equalityl])

apply (blast del: subsetl intro: subset] TFin-Unionl TFin.succl)

done

21.2 Hausdorff’s Theorem: Every Set Contains a Maximal
Chain.

NB: We assume the partial ordering is C, the subset relation!
lemma empty-set-mem-chain: ({} :: 'a set set) € chain S

by (unfold chain-def) auto

lemma super-subset-chain: super S ¢ C chain S
by (unfold super-def) blast

lemma maxchain-subset-chain: maxchain S C chain S
by (unfold mazchain-def) blast

lemma mem-super-Ez: ¢ € chain S — mazchain S ==> ¢ d. d € super S ¢
by (unfold super-def maxchain-def) auto

lemma select-super:
¢ € chain S — mazchain S ==> (ec'. ¢".
apply (erule mem-super-Ex [THEN ezE))

super S ¢): super S ¢
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apply (rule somel2, auto)
done

lemma select-not-equals:
¢ € chain S — mazxchain S ==> (ec’. ¢’ super S ¢) # ¢

apply (rule notl)

apply (drule select-super)

apply (simp add: super-def psubset-def)

done
lemma succl3: ¢ € chain S — maxchain S ==> succ S ¢ = (ec’.
by (unfold succ-def) (blast intro!: if-not-P)

¢’ super S c)

lemma succ-not-equals: ¢ € chain S — mazxchain S ==> succ S ¢ # ¢
apply (frule succl3)
apply (simp (no-asm-simp))
apply (rule select-not-equals, assumption)
done

lemma TFin-chain-lemmas: ¢ € TFin S ==> (¢ :: 'a set set): chain S

apply (erule TFin-induct)

apply (simp add: succ-def select-super [THEN super-subset-chain| THEN sub-
setD]])

apply (unfold chain-def)

apply (rule Collectl, safe)

apply (drule bspec, assumption)

apply (rule-tac [2] m1 = Xa and nl = X in TFin-subset-linear [THEN disjE)|,

blast+)
done

theorem Hausdorff: Jc. (¢ :: 'a set set): mazchain S
apply (rule-tac z = Union (TFin S) in exl)
apply (rule classical)
apply (subgoal-tac succ S (Union (TFin S)) = Union (TFin S) )
prefer 2
apply (blast intro!: TFin-Unionl equal-succ-Union [THEN iffD2, symmetric])
apply (cut-tac subset-refl [THEN TFin-Unionl, THEN TFin-chain-lemma4))
apply (drule Diffl [THEN succ-not-equals], blast+)
done

21.3 Zorn’s Lemma: If All Chains Have Upper Bounds Then
There Is a Maximal Element
lemma chain-extend:
[| ¢ € chain S; z € S;

Ve €c x C (2 'aset) || ==>{z} Unc € chain S
by (unfold chain-def) blast

lemma chain-Union-upper: [| ¢ € chain S; x € ¢ || ==> z C Union(c)



THEORY “Zorn” 323

by (unfold chain-def) auto

lemma chain-ball-Union-upper: ¢ € chain S ==> Yz € c. z C Union(c)
by (unfold chain-def) auto

lemma mazchain-Zorn:
[| ¢ € mazchain S; u € S; Union(c) C u || ==> Union(c) = u
apply (rule ccontr)
apply (simp add: maxchain-def)
apply (erule conjE)
apply (subgoal-tac ({u} Un c) € super S c)
apply simp
apply (unfold super-def psubset-def)
apply (blast intro: chain-extend dest: chain-Union-upper)
done

theorem Zorn-Lemma:
V¢ € chain S. Union(c): S ==>3Jyec S.Vze S. yCz——>y=z
apply (cut-tac Hausdorff mazchain-subset-chain)
apply (erule exE)
apply (drule subsetD, assumption)
apply (drule bspec, assumption)
apply (rule-tac x = Union(c) in bexI)
apply (rule balll, rule impI)
apply (blast dest!: mazchain-Zorn, assumption)
done

21.4 Alternative version of Zorn’s Lemma

lemma Zorn-LemmaZ2:
Vecéechain S.3ye S. Ve ec.x Cy
==>dyeS. VreS (y:laset)Czx——>y==x
apply (cut-tac Hausdorff mazchain-subset-chain)
apply (erule ezE)
apply (drule subsetD, assumption)
apply (drule bspec, assumption, erule bexE)
apply (rule-tac z = y in bexl)
prefer 2 apply assumption
apply clarify
apply (rule ccontr)
apply (frule-tac z = z in chain-extend)
apply (assumption, blast)
apply (unfold mazchain-def super-def psubset-def)
apply (blast elim!: equalityCFE)
done

Various other lemmas

lemma chainD: [| ¢ € chain S;z € c;y€c||==>zCy|yCx
by (unfold chain-def) blast
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lemma chainD2: (¢ :: 'a set set). ¢ € chain S ==> ¢ C S
by (unfold chain-def) blast

end

22 Filter: Filters and Ultrafilters

theory Filter
imports Zorn Infinite-Set
begin

22.1 Definitions and basic properties

22.1.1 Filters

locale filter =
fixes F :: 'a set set
assumes UNIV [iff]: UNIV € F
assumes empty [iff]: {} ¢ F
assumes Int: [ue Five F]—= unuveF
assumes subset: [ue F;uCv]=veF

lemma (in filter) memD: A € FF = — A ¢ F
proof

assume A € Fand — A€ F

hence A N (— A) € F by (rule Int)

thus Fulse by simp
qed

lemma (in filter) not-meml: — A€ F = A ¢ F
by (drule memD, simp)

lemma (in filter) Int-iff: (zx Ny € F)=(x € F ANy € F)
by (auto elim: subset intro: Int)

22.1.2 Ultrafilters

locale ultrafilter = filter +
assumes ultra: A€ FV — A€ F

lemma (in wltrafilter) meml: — A ¢ F — A€ F
by (cut-tac ultra [of A], simp)

lemma (in witrafilter) not-memD: A ¢ F —= — A€ F
by (rule memlI, simp)

lemma (in witrafilter) not-mem-iff: (A ¢ F) = (— A€ F)
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by (rule iffl [OF not-memD not-meml|)

lemma (in witrafilter) Compl-iff: (— A€ F) = (A ¢ F)
by (rule iffl [OF not-memlI not-memD])

lemma (in witrafilter) Un-iff: (z Uy € F)=(x € FV y € F)
apply (rule iffI)
apply (erule contrapos-pp)
apply (simp add: Int-iff not-mem-iff)
apply (auto elim: subset)
done

22.1.3 Free Ultrafilters

locale freeultrafilter = ultrafilter +
assumes infinite: A € F = infinite A

lemma (in freeultrafilter) finite: finite A — A ¢ F
by (erule contrapos-pn, erule infinite)

lemma (in freeultrafilter) singleton: {z} ¢ F
by (rule finite, simp)

lemma (in freeultrafilter) insert-iff [simp]: (insert 1 A € F) = (A € F)
apply (subst insert-is-Un)

apply (subst Un-iff)

apply (simp add: singleton)

done

lemma (in freeultrafilter) filter: filter F' by unfold-locales

lemma (in freeultrafilter) ultrafilter: ultrafilter F
by unfold-locales

22.2 Collect properties

lemma (in filter) Collect-ex:
{n.3z. Pnaz} e F)=(3X. {n. Pn(Xn)} €F)
proof
assume {n. 3z. Pnz} € F
hence {n. Pn (SOME z. Pnx)} € F
by (auto elim: somel subset)
thus 3X. {n. Pn (X n)} € F by fast
next
show 3X. {n. Pn (Xn)} € F = {n.3z. Pnz} € F
by (auto elim: subset)
qed

lemma (in filter) Collect-conj:
{n.PnAQ@Qn}eF)=({n.Pnte FA{n Qn} eF)
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by (subst Collect-conj-eq, rule Int-iff)

lemma (in witrafilter) Collect-not:
{n.-Pn}eF)=({n Pn} ¢&F)
by (subst Collect-neg-eq, rule Compl-iff)

lemma (in wltrafilter) Collect-disj:
{n.Pnv @nteF)=({n.Pn} e FV{n Qn}eF)
by (subst Collect-disj-eq, rule Un-iff)

lemma (in wltrafilter) Collect-all:
{n.Ve. Pnz} e F)=NVX.{n.Pn(Xn)} €F)
apply (rule Not-eq-iff [THEN iffD1])
apply (simp add: Collect-not [symmetric])
apply (rule Collect-ex)
done

22.3 Maximal filter = Ultrafilter

A filter F is an ultrafilter iff it is a maximal filter, i.e. whenever G is a filter
and F' C G then F = G

Lemmas that shows existence of an extension to what was assumed to be a
maximal filter. Will be used to derive contradiction in proof of property of
ultrafilter.

lemma extend-lemmal: UNIV € F = A € {X.3feF. AnfC X}
by blast

lemma extend-lemma2: F C {X.3feF. Anf C X}
by blast

lemma (in filter) extend-filter:
assumes A: — A ¢ F
shows filter {X. 3feF. AN f C X} (is filter ?X)
proof (rule filter.intro)
show UNIV € ?X by blast
next
show {} ¢ ?X
proof (clarify)
fix f assume f: f € Fand Af: Anf C{}
from Af have fA: f C — A by blast
from f fA have — A € F by (rule subset)
with A show Fualse by simp
qed
next
fix v and v
assume u: v € X and v: v € ?X
from u obtain f where f: f € F'and Af: AN f C u by blast
from v obtain g where g: ¢ € F and Ag: A N g C v by blast
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from f g have fg: f N g € F by (rule Int)
from Af Ag have Afg: AN (f N g) C u N v by blast
from fg Afg show v N v € ?X by blast

next
fix v and v
assume uv: v C v and u: u € 2X
from u obtain f where f: f € F' and Afu: AN f C u by blast
from Afu uwv have Afv: AN f C v by blast
from f Afv have 3feF. AN f C v by blast
thus v € ?X by simp

qed

lemma (in filter) maz-filter-ultrafilter:
assumes maz: AG. [filter G; F C G] = F =G
shows ultrafilter-axioms F
proof (rule ultrafilter-azioms.intro)
fix Ashow Aec FV—-AeF
proof (rule disjCI)
let 72X = {X.3feF. AnfC X}
assume AF: — A ¢ F
from AF have X: filter ?X by (rule extend-filter)
from UNIV have AX: A € ?X by (rule extend-lemmal)
have FX: F C ?X by (rule extend-lemmaZ2)
from X FX have F' = ?X by (rule maz)
with AX show A € F by simp
qged
qed

lemma (in wltrafilter) max-filter:
assumes G: filter G and sub: F C G shows F = G
proof
show F C @ using sub .
show G C F
proof
fix A assume A: A € G
from G A have — A ¢ G by (rule filter.memD)
with sub have B: — A ¢ F by blast
thus A € F by (rule memlI)
qed
qged

22.4 Ultrafilter Theorem

A locale makes proof of ultrafilter Theorem more modular

locale (open) UFT =
fixes frechet :: 'a set set
and superfrechet :: 'a set set set

assumes infinite-UNIV: infinite (UNIV :: 'a set)
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defines frechet-def: frechet = {A. finite (— A)}
and superfrechet-def: superfrechet = {G. filter G A frechet C G}

lemma (in UFT) superfrechetl:
[filter G; frechet C G] = G € superfrechet
by (simp add: superfrechet-def)

lemma (in UFT) superfrechetD1:
G € superfrechet = filter G
by (simp add: superfrechet-def)

lemma (in UFT) superfrechetD2:
G € superfrechet = frechet C G
by (simp add: superfrechet-def)

A few properties of free filters

lemma filter-cofinite:
assumes inf: infinite (UNIV :: 'a set)
shows filter {A:: 'a set. finite (— A)} (is filter ?F)
proof (rule filter.intro)
show UNIV € ?F by simp
next
show {} ¢ ?F using inf by simp
next
fix «w v assume u € ?F and v € ?F
thus u N v € ?F by simp
next
fix v v assume uv: v C v and u: u € 2F
from wv have vu: — v C — u by simp
from u show v € ?F
by (simp add: finite-subset [OF vul)
qed

We prove: 1. Existence of maximal filter i.e. ultrafilter; 2. Freeness property
i.e ultrafilter is free. Use a locale to prove various lemmas and then export
main result: The ultrafilter Theorem

lemma (in UFT) filter-frechet: filter frechet
by (unfold frechet-def, rule filter-cofinite [OF infinite-UNIV])

lemma (in UFT) frechet-in-superfrechet: frechet € superfrechet
by (rule superfrechetl [OF filter-frechet subset-refi])

lemma (in UFT) lemma-mem-chain-filter:
[c € chain superfrechet; x € c]| = filter x
by (unfold chain-def superfrechet-def, blast)
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22.4.1 Unions of chains of superfrechets

In this section we prove that superfrechet is closed with respect to unions of
non-empty chains. We must show 1) Union of a chain is a filter, 2) Union
of a chain contains frechet.

Number 2 is trivial, but 1 requires us to prove all the filter rules.

lemma (in UFT) Union-chain-UNIV:
[c € chain superfrechet; ¢ # {}] = UNIV € J¢
proof —
assume 1: ¢ € chain superfrechet and 2: ¢ # {}
from 2 obtain z where 3: z € ¢ by blast
from 1 3 have filter x by (rule lemma-mem-chain-filter)
hence UNIV € z by (rule filter. UNIV)
with 3 show UNIV € |Jc¢ by blast
qed

lemma (in UFT) Union-chain-empty:

¢ € chain superfrechet = {} ¢ U ¢

proof
assume 1: ¢ € chain superfrechet and 2: {} € Jc
from 2 obtain z where 3: z € cand 4: {} € z ..
from 1 3 have filter x by (rule lemma-mem-chain-filter)
hence {} ¢ z by (rule filter.empty)
with / show Fulse by simp

qed

lemma (in UFT) Union-chain-Int:
[c € chain superfrechet; v € Je; v € U] = unwvelJe
proof —
assume c: ¢ € chain superfrechet
assume u € (J¢
then obtain z where uz: v € z and zc: z € ¢ ..
assume v € |J¢
then obtain y where vy: v € y and yc: y € ¢ ..
from ¢ zc yc have z C y V y C z by (rule chainD)
with zc yc have zyc: t Uy € ¢
by (auto simp add: Un-absorbl Un-absorb2)
with ¢ have fzy: filter (z U y) by (rule lemma-mem-chain-filter)
from wuz have uxy: u € z U y by simp
from vy have vzy: v € z U y by simp
from fry uzy vey have v N v € z U y by (rule filter.Int)
with zyc show u Nv e Jc ..
qed

lemma (in UFT) Union-chain-subset:
lc € chain superfrechet; u € |Jc; u Cv] = v e Je
proof —

assume c: ¢ € chain superfrechet
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and u: v € Jcand uwv: u C v
from u obtain z where uz: u € z and zc: z € ¢ ..
from ¢ zc have fz: filter x by (rule lemma-mem-chain-filter)
from fr uz wv have vz: v € z by (rule filter.subset)
with zc show v € Jc ..
qed

lemma (in UFT) Union-chain-filter:
assumes chain: ¢ € chain superfrechet and nonempty: ¢ # {}
shows filter (| ¢)
proof (rule filter.intro)

show UNIV € | ¢ using chain nonempty by (rule Union-chain-UNIV')
next

show {} ¢ |J ¢ using chain by (rule Union-chain-empty)
next

fix u v assume u € [Jcand v € J¢

with chain show u N v € |J ¢ by (rule Union-chain-Int)
next

fix u v assume u € [Jcand u C v

with chain show v € J ¢ by (rule Union-chain-subset)
qed

lemma (in UFT) lemma-mem-chain-frechet-subset:
[c € chain superfrechet; x € ¢] = frechet C x
by (unfold superfrechet-def chain-def, blast)

lemma (in UFT) Union-chain-superfrechet:
[e # {}; ¢ € chain superfrechet] = |J ¢ € superfrechet
proof (rule superfrechetl)
assume [: ¢ € chain superfrechet and 2: ¢ # {}
thus filter (|J ¢) by (rule Union-chain-filter)
from 2 obtain z where 3: z € ¢ by blast
from 1 3 have frechet C z by (rule lemma-mem-chain-frechet-subset)
also from 3 have z C |J ¢ by blast
finally show frechet C (Jc .
qed

22.4.2 Existence of free ultrafilter

lemma (in UFT) maz-cofinite-filter-Ex:
3 Uesuperfrechet. ¥ Gesuperfrechet. U C G — U = G
proof (rule Zorn-LemmaZ2 [rule-format])
fix ¢ assume c: ¢ € chain superfrechet
show 3 Uesuperfrechet. YV Gec. G C U (is ?U)
proof (cases)
assume ¢ = {}
with frechet-in-superfrechet show ?U by blast
next

assume A: ¢ # {}
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from A ¢ have |J ¢ € superfrechet
by (rule Union-chain-superfrechet)
thus ?U by blast
qed
qed

lemma (in UFT) mem-superfrechet-all-infinite:
[U € superfrechet; A € U] = infinite A
proof
assume U: U € superfrechet and A: A € U and fin: finite A
from U have fil: filter U and fre: frechet C U
by (simp-all add: superfrechet-def)
from fin have — A € frechet by (simp add: frechet-def)
with fre have cA: — A € U by (rule subsetD)
from fil A cA have AN — A € U by (rule filter.Int)
with fil show False by (simp add: filter.empty)
qed

There exists a free ultrafilter on any infinite set

lemma (in UFT) freeultrafilter-ex:
3 U::"a set set. freeultrafilter U
proof —
from maz-cofinite-filter-Ex obtain U
where U: U € superfrechet
and max [rule-format]: ¥ G€superfrechet. U C G — U = G ..
from U have fil: filter U by (rule superfrechetD1)
from U have fre: frechet C U by (rule superfrechetD2)
have ultra: ultrafilter-azioms U
proof (rule filter.maz-filter-ultrafilter [OF fil])
fix G assume G: filter G and UG: U C G
from fre UG have frechet C G by simp
with G have G € superfrechet by (rule superfrechetl)
from this UG show U = G by (rule max)
qged
have free: freeultrafilter-axioms U
proof (rule freeultrafilter-axioms.intro)
fix A assume A € U
with U show infinite A by (rule mem-superfrechet-all-infinite)
qged
from fil ultra free have freeultrafilter U
by (rule freeultrafilter.intro [OF ultrafilter.intro])

thus ?thesis ..
qed

lemmas freeultrafilter-Ex = UFT.freeultrafilter-ex

hide (open) const filter
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end

23 StarDef: Construction of Star Types Using Ul-
trafilters

theory StarDef
imports Filter
uses (transfer. ML)
begin

23.1 A Free Ultrafilter over the Naturals

definition
FreeUltrafilterNat :: nat set set (U) where
U = (SOME U. freeultrafilter U)

lemma freeultrafilter-FreeUltrafilterNat: freeultrafilter U
apply (unfold FreeUltrafilterNat-def)

apply (rule somel-ex)

apply (rule freeultrafilter-Ex)

apply (rule nat-infinite)

done

interpretation FreeUltrafilterNat: freeultrafilter [FreeUltrafilter Nat]
by (rule freeultrafilter-FreeUltrafilterNat)

This rule takes the place of the old ultra tactic

lemma ultra:
Kn. Pn}eld;{n.Pn— Qn}eld] = {n.Q@n} el
by (simp add: Collect-imp-eq
FreeUltrafilterNat. Un-iff FreeUltrafilter Nat. Compl-iff )

23.2 Definition of star type constructor

definition
starrel :: ((nat = 'a) x (nat = 'a)) set where
starrel = {(X,Y). {n. X n = Y n} € U}

typedef ‘a star = (UNIV :: (nat = 'a) set) // starrel
by (auto intro: quotientI)

definition
star-n :: (nat = 'a) = 'a star where
star-n X = Abs-star (starrel < {X})

theorem star-cases [case-names star-n, cases type: star]:
(NX. z =star-n X = P) =P
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by (cases z, unfold star-n-def star-def, erule quotientE, fast)

lemma all-star-eq: Vz. Pz) = (VX. P (star-n X))
by (auto, rule-tac z=x in star-cases, simp)

lemma ex-star-eq: (3z. P z) = (3X. P (star-n X))
by (auto, rule-tac x=x in star-cases, auto)

Proving that starrel is an equivalence relation

lemma starrel-iff [iff]: (X,Y) € starrel) = ({n. X n =Y n} € U)
by (simp add: starrel-def)

lemma equiv-starrel: equiv UNIV starrel
proof (rule equiv.intro)
show reflexive starrel by (simp add: refl-def)
show sym starrel by (simp add: sym-def eq-commute)
show trans starrel by (auto intro: transl elim!: ultra)
qed

lemmas equiv-starrel-iff =
eq-equiv-class-iff [OF equiv-starrel UNIV-I UNIV-I]

lemma starrel-in-star: starrel*{z} € star
by (simp add: star-def quotientI)

lemma star-n-eq-iff: (star-n X = star-n V) = ({n. Xn =Y n} € l)
by (simp add: star-n-def Abs-star-inject starrel-in-star equiv-starrel-iff)

23.3 Transfer principle

This introduction rule starts each transfer proof.

lemma transfer-start:
P ={n. Q} € U = Trueprop P = Trueprop Q
by (subgoal-tac P = Q, simp, simp add: atomize-eq)

Initialize transfer tactic.

use transfer.ML
setup Transfer.setup

Transfer introduction rules.

lemma transfer-ex [transfer-intro|:
[ANX. p (star-n X) = {n. Pn (X n)} € U]
= Juzi’a star. px = {n. Jz. Pnz} €U
by (simp only: ex-star-eq FreeUltrafilterNat.Collect-ex)

lemma transfer-all [transfer-intro:
[ANX. p (star-n X) = {n. Pn (X n)} € U]
= Va:'a star. px ={n.Vz. Pnz} el
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by (simp only: all-star-eq FreeUltrafilterNat.Collect-all)

lemma transfer-not [transfer-introl:
[p={n.Pn}eU] = -p={n.-Pn}eld
by (simp only: FreeUltrafilterNat. Collect-not)

lemma transfer-conj [transfer-intro]:
[p={n.Pn}el; g={n Qn} U]
= pAqg={n.PnAQntelu
by (simp only: FreeUltrafilterNat. Collect-conj)

lemma transfer-disj [transfer-intro]:
[p={n.Pn}el; g={n Qn} U]
= pVg={n.PnvQ@ntel
by (simp only: FreeUltrafilterNat.Collect-disj)

lemma transfer-imp [transfer-introl:
[p={n.Pn}el;qg={n Qn} el
= p-—q={n.Pn— Qn}el
by (simp only: imp-conv-disj transfer-disj transfer-not)

lemma transfer-iff [transfer-intro|:
[p={n.Pn}el;qg={n. Qn} U]
= p=q={n.Pn=Qn}t el
by (simp only: iff-conv-conj-imp transfer-conj transfer-imp)

lemma transfer-if-bool [transfer-introl:
[p={n Pn}eclU;z={n Xn} el; y={n. Yn}ecl]
= (if p then x else y) = {n. if P n then X nelse Y n} € U
by (simp only: if-bool-eq-conj transfer-conj transfer-imp transfer-not)

lemma transfer-eq [transfer-intro):
[x = star-n X;y=starmn Y] =2=y={n. Xn=Yn} el
by (simp only: star-n-eq-iff )

lemma transfer-if [transfer-introl:
[p={n. Pn}el;z=star-n X; y = star-n Y]
= (if p then x else y) = star-n (An. if P n then X n else Y n)
apply (rule eg-reflection)
apply (auto simp add: star-n-eq-iff transfer-not elim!: ultra)
done

lemma transfer-fun-eq [transfer-intro):
IANX. f (star-n X) = g (star-n X)
={n. Fn(Xn)=Gn (Xn)}elU]
= f=g={n.Fn=Gn} el
by (simp only: expand-fun-eq transfer-all)

lemma transfer-star-n [transfer-intro]: star-n X = star-n (An. X n)
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by (rule reflexive)

lemma transfer-bool [transfer-intro]: p = {n. p} € U
by (simp add: atomize-eq)

23.4 Standard elements

definition
star-of :: 'a = 'a star where
star-of x == star-n (An. x)
definition

Standard :: 'a star set where
Standard = range star-of
Transfer tactic should remove occurrences of star-of

setup ( Transfer.add-const StarDef .star-of ))
declare star-of-def [transfer-intro]

lemma star-of-inject: (star-of v = star-of y) = (z = y)
by (transfer, rule refl)

lemma Standard-star-of [simp]: star-of x € Standard
by (simp add: Standard-def)

23.5 Internal functions

definition
Ifun :: (a = 'b) star = 'a star = 'b star (- * - [300,301] 300) where
Ifun f = A\z. Abs-star
(U FeRep-star f. | X €Rep-star . starrel“{An. Fn (X n)})

lemma Ifun-congruent?2:
congruent?2 starrel starrel (AF X. starrel“{An. Fn (X n)})
by (auto simp add: congruent2-def equiv-starrel-iff elim!: ultra)

lemma Ifun-star-n: star-n F % star-n X = star-n (An. F'n (X n))

by (simp add: Ifun-def star-n-def Abs-star-inverse starrel-in-star
UN-equiv-class2 [OF equiv-starrel equiv-starrel Ifun-congruent2))

Transfer tactic should remove occurrences of Ifun

setup {( Transfer.add-const StarDef .Ifun )

lemma transfer-Ifun [transfer-introl:

[f = star-n F; z = star-n X] = f * © = star-n (An. Fn (X n))
by (simp only: Ifun-star-n)

lemma Ifun-star-of [simp]: star-of f x star-of © = star-of (f x)
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by (transfer, rule refl)

lemma Standard-Ifun [simp]:
[f € Standard; z € Standard] = f x « € Standard